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How to Use This Book 


Learn by Solving Problems 


This book is probably very different from most of the math books that you have read before. We believe 
that the best way to learn mathematics is by solving problems. Lots and lots of problems. In fact, we 
believe that the best way to learn mathematics is to try to solve problems that you don’t know how to 
do. When you discover something on your own, you'll understand it much better than if someone just 
tells it to you. 


Most of the sections of this book begin with several problems. The solutions to these problems will 
be covered in the text, but try to solve the problems before reading the section. If you can’t solve some 
of the problems, that’s OK, because they will all be fully solved as you read the section. Even if you 
solve all of the problems, it’s still important to read the section, both to make sure that your solution is 
correct, and also because you may find that the book’s solution is simpler or easier to understand than 
your own. 


If you find that the problems are too easy, this means that you should try harder problems. Nobody 
learns very much by solving problems that are too easy for them. 


Explanation of Icons 


Throughout the book, you will see various shaded boxes and icons. 


| le This will be a general problem-solving technique or strategy. These are the 
2 “keys” to becoming a better problem solver! 


Important: This will be something important that you should learn. It might be a| i 
YY formula, a solution technique, or a caution. 


WARNING! Beware if you see this box! This will point out a common mistake or 
ae 
pitfall. 
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‘Game: Remember, math is fun! This box will contain a game to think about. 


Sidenote: This box will contain material which, although interesting, is not part of 
the main material of the text. It’s OK to skip over these boxes, but if you 
read them, you might learn something interesting! 


Bogus Solution: Just like the impossible cube shown to the left, there’s something 
wrong with any “solution” that appears in this box. 


Exercises, Review Problems, and Challenge Problems 


Most sections end with several Exercises. These will test your understanding of the material that was 
covered in the section that you just finished. You should try to solve all of the exercises. Exercises 
marked with a * are more difficult. 


Most chapters have several Review Problems. These are problems which test your basic under- 
standing of the material covered in the chapter. Your goal should be to solve most or all of the Review 
Problems for every chapter — if you’re unable to do this, it means that you haven’t yet mastered the 
material, and you should probably go back and read the chapter again. 


All of the chapters end with Challenge Problems. These problems are generally more difficult than 
the other problems in the book, and will really test your mastery of the material. Some of them are very, 
very hard — the hardest ones are marked with a x. Don’t necessarily expect to be able to solve all of 
the Challenge Problems on your first try — these are difficult problems even for experienced problem 
solvers. If you are able to solve a large number of Challenge Problems, then congratulations, you are on 
you way to becoming an expert problem solver! 


Hints 


Many problems come with one or more hints. You can look up the hints in the Hints section in the 
back of the book. The hints are numbered in random order, so that when you're looking up a hint to a 
problem you don’t accidentally glance at the hint to the next problem at the same time. 


It is very important that you first try to solve the problem without resorting to the hints. Only after 
you've seriously thought about a problem and are stuck should you seek a hint. Also, for problems 
which have multiple hints, use the hints one at a time; don’t go to the second hint until you’ve thought 
about the first one. 
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Solutions 


The solutions to all of the Exercises, Review Problems, and Challenge Problems are in the separate 
solution book. If you are using this textbook in a regular school class, then your teacher may decide not 
to make this solution book available to you, and instead present the solutions him/herself. However, 
if you are using this book on your own to learn independently, then you probably have a copy of the 
solution book, in which case there are some very important things to keep in mind: 


1. Make sure that you make a serious attempt at the problem before looking at the solution. Don’t 
use the solution book as a crutch to avoid really thinking about a problem first. You should think 
hard about a problem before deciding to give up and look at the solution. 


2. After you solve a problem, it’s usually a good idea to read the solution, even if you think you know 
how to solve the problem. The solution that’s in the solution book might show you a quicker or 
more concise way to solve the problem, or it might have a completely different solution method 
that you might not have thought of. 


3. If you have to look at the solution in order to solve a problem, make sure that you make a note of 
that problem. Come back to it in a week or two to make sure that you are able to solve it on your 
own, without resorting to the solution. 


Resources 
Here are some other good resources for you to further pursue your study of mathemtics: 


e The Art of Problem Solving books, by Sandor Lehoczky and Richard Rusczyk. Whereas the book 
that you’re reading right now will go into great detail of one specific subject area — counting and 
probability — the Art of Problem Solving books cover a wide range of problem solving topics across 
many different areas of mathematics. 


e The www.artofproblemsolving.com website. The authors of this book are also the webmasters of 
the Art of Problem Solving website, which contains many resources for students: 
— a discussion forum 
— online classes 
— resource lists of books, contests, and other websites 
a ATEX tutorial 


— and much more! 


e You can hone your problem solving skills (and perhaps win prizes!) by participating in various 
math contests. For middle school students in the United States, the major contests are MATH- 
COUNTS, MOEMS, and the AMC 8. For U.S. high school students, some of the best-known contests 
are the AMC/AIME/USAMO series of contests (which choose the U.S. team for the International 
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Mathematics Olympiad), the American Regions Math League (ARML), the Mandelbrot Competi- 
tion, the Harvard-MIT Mathematics Tournament, and the USA Mathematical Talent Search. More 
details about these contests are on page vii, and links to these and many other contests are available 
on the Art of Problem Solving website. 


A Note to Teachers 


We believe that students learn best when they are challenged with hard problems that at first they may 
not know how to do. This is the motivating philosophy behind this book. 


Rather than first introducing new material and then giving students exercises, we present problems 
at the start of each section that students should try to solve before the new material is presented. The 
goal is to get students to discover the new material on their own. Often, complicated problems are 
broken into smaller parts, so that students can discover new techniques one piece at a time. Then the 
new material is formally presented in the text, and full solutions to each problem are explained, along 
with problem-solving strategies. 


We hope that teachers will find that their stronger students will discover most of the material in this 
book on their own by working through the problems. Other students may learn better from a more 
traditional approach of first seeing the new material, then working the problems. Teachers have the 
flexibility to use either approach when teaching from this book. 


The book is linear in coverage. Generally, students and teachers should progress straight through the 
book in order, without skipping chapters. Sections denoted with a * contain supplementary material 
that may be safely skipped. In general, chapters are not equal in length, so different chapters may take 
different amounts of classroom time. 


Extra! Occasionally, you'll see a box like this at the bottom of a page. This is an “Extra!” and 
mpi § might be a quote, some biographical or historical background, or perhaps an interesting 
idea to think about. 
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He who refuses to do arithinetic ts doomed to talk nonsense — John McCarthy 


CHAPTER 


Punting Is Arithmetic 


1.1 Introduction 


In this book, we'll learn how to count! 


/ 


You may be saying: “But I already know how to count: one, two, three, ... ’ 


True. But most counting problems do not involve simply counting a list or group of items. Usually 
we have to first figure out what we’re counting, then we have to figure out how to count it. 


One thing that we will repeat over and over in this chapter, and indeed in the course of the entire 
book, is: 


Important: Don’t memorize! 


We’re going to discuss a lot of counting techniques, and many of them will involve formulas, 
definitions, or “tricks” that we'll use to solve problems. Don’t view this book as a series of problems in 
which you learn the “trick” for each problem type. Instead, you should learn and understand that all of 
these counting problems call for appropriate use of addition, subtraction, multiplication, and division. 


If you understand what you are adding, subtracting, multiplying, or dividing, and when to do what, 
then you won't need to memorize 45 different “tricks” for 45 different problems. Instead, you'll know 
how to do hundreds of different problems because you will understand how to count. 


We may have some fancy names for some of the techniques that we learn, but remember: at heart, 
it’s just arithmetic. Nothing fancy. 
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1.2 Counting Lists of Numbers 


Problems 
Ty get eh aS et tits died a taal 


Problem 1.1: How many numbers are in the list 
1,2,3,4,5,6,7,8,9, 10, 11,12, 13, 14, 15, 16, 17, 18? 
Problem 1.2; How many numbers are in the list 
7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29? 


In words, we could ask this problem as “How many numbers are there between 7 and 29 inclusive?” 
(Inclusive means that we include the 7 and the 29 in our count.) 


Problem 1.3: Given two positive numbers a and b, with b > a, find a formula for how many numbers 
there are between a and b inclusive. (Remember, inclusive means that we include a and b in our count.) 


Problem 1.4: How many multiples of 3 are between 62 and 215? 


Problem 1.5: 
(a) How many multiples of 10 are between 9 and 101? 


(b) How many multiples of 10 are between 11 and 103? 


(c) We know that (101 — 9) = (103 — 11) = 92, so shouldn’t your answers to (a) and (b) be the same? 
Why aren’t they? 


Problem 1.6: How many 4-digit numbers are perfect cubes? 


We'll start with what is perhaps the simplest counting task: counting lists of numbers. Some lists of 
numbers are really easy to count. 


‘Problem 1.1: How many numbers are in the list — 
| | 1,2,3,4,5, 6,7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18? 


Solution for Problem 1.1: Obviously, there are 18 numbers. 0 
That was pretty easy. The counting was already done for us! 


Many other counting problems can be reduced to this type of counting. 


Extra! If people do not believe that mathematics is simple, it is only because they do not realize how 
iat complicated life is. -John von Neumann 
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Problem 1.2: How many numbers are in the list _ 
| 7,8,9,10, 11, 12,13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27,28, 29? 
In words, we could ask this problem as “How many numbers are there between 7 and 29 inclusive?” 
(Inclusive means that we include the 7 and the 29 in our count.) 


Solution for Problem 1.2: We could just count them from left to right and find that there are 23 numbers. 
However, a more clever way to approach this problem is to convert this problem into a problem like 
Problem 1.1, by subtracting 6 from every number in our list: 


7 8 9 +. 29 
6. 26 26 sam 6 
1. 2 3. 23 


We know how to count the new list! There are 23 items in the list. So, there are 23 items in our original 
list. O 


This problem illustrates a very important problem solving idea. 
‘Concept: When presented with a complicated problem, try to reduce or simplify " 


to a simpler problem that you know how to solve. 


i a a a ie ee ee i i en nn ne a a 


You may also notice that in Problem 1.2, we found that there are 29 — 7 + 1 = 23 numbers from 7 to 
29, inclusive. Perhaps such a formula holds for any two numbers. 


‘Problem ‘ 1.3: Given n two positive numbers @ a and b, with b > a, find a formula for how. many numbers 
there are between a and b inclusive. 


Solution for Problem 1.3: We can subtract a—1 from our list of numbers from a to b to get a list of numbers 
starting at 1: 


a a+1 a+2 -::- b 
—(a-—1) -(a-1) -(a-1) ::- -(a-1) 
1 2 3 ++» b-at+l 


Our new list then has b — a + 1 numbers in it, so our old list does too. So the answer is b-—a+1.0 


Many other counting problems can be solved using the concept “convert the problem into a simpler 
problem that we know how to solve.” 


‘Problem 1.4: How many multiples of 3 are between 62and 215? 7 J 
Solution for Problem 1.4: We see that & = 204, so the smallest multiple of 3 in our list is 3 x 21 = 63. 


212 = = 71%, so the largest multiple of 3 in our list is 3 x 71 = 213. So our list is 


63, 66, 69,...,213. 


Similarly, 3° 


To convert it into a list that we know how to count, we can divide our list by 3: 


DN GDL DO pcarsey Us 
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We know how to count this list! Subtracting 20 from each number in the list gives 
L 2, ojsecpols 


So there are 51 numbers in the list. O 


You might have been tempted to use a little shortcut for Problem 1.4: 


‘Bogus Solution: We can just compute 
| 
: 215-62 153 


2 oo 


to see there are 51 numbers in the list. 


But that “shortcut” doesn’t always work very well, as we can see in the next problem: 
Problem 1.5: . 
(a) How many multiples of 10 are between 9 and 101? 
(b) How many multiples of 10 are between 11 and 103? 


(c) We know that 101 — 9 = 103 —- 11 = 92, so shouldn’t your answers to (a) and (b) be the same? 
Why aren’t they? : 


Solution for Problem 1.5: For this problem, it’s easy enough to just list the multiples of 10. 
(a) Our list is 
10, 20, 30,..., 100, 
so there are 10 multiples. 


(b) Our list is 
20,30,..., 100, 


so there are 9 multiples. 

(c) The reason these answers are different is because the “shortcut” solution doesn’t work! You can’t 
count the number of multiples of 10 simply by calculating 

101-9 103-11 92 _ 

10 #10 #10 


How would you know whether the answer is 9 or 10? 


/ WARNING!! Beware of quick shortcuts! (Unless you are absolutely certain that’ 
| “<S your “shortcut” works.) 


Here’s a slightly more unusual list that we can count: 


1.2. COUNTING LISTS OF NUMBERS 


Problem 1.6: How many 4-digit numbers are perfect cubes? _ 


Solution for Problem 1.6: Clearly we don’t want to try to solve this problem by testing each 4-digit 
number to see if it’s a perfect cube — that would take forever! Instead, if we can find the smallest and 
biggest numbers in our list, maybe we can find a convenient way to count all the numbers in between. 


The smallest 4-digit perfect cube is 1000 = 10°. 


The largest 4-digit perfect cube is a little harder to find. This requires a bit of experimentation. We 
can start by noting that 20* = 8000, and then we can use trial and error: 


21° = 9261 
22° = 10648 


So 9261 = 213 is the largest 4-digit cube. Therefore our list is 
1000,...,9261. 
But there’s a much better way that we can write this list. Write it as 
107,112) ise 207521 
Clearly the number of numbers in the list above is the same as the number of numbers in the list below: 
10,11,12,...,20,21. 


There are 12 numbers in this list, so 12 is our answer. O 


HL Exercises ila 
1.2.1. How many numbers are in the list 


36; 37 96 yi034 92/95? 


1.2.2 How many numbers are in the list 


4,6,8,..., 128, 130? 


1.2.3 How many numbers are in the list 

=33, 28 =23, «3792, 072 
Hints: 181 
1.2.4 How many numbers are in the list 

147, 144,141,...,42,39? 


Hints: 118 
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1.2.5 How many numbers are in the list 


= a = ? 


Hints: 162 

1.2.6 How many positive multiples of 7 are less than 150? 
1.2.7 How many perfect squares are between 50 and 250? 
1.2.8 How many odd perfect squares are between 5 and 211? 


1.2.9% How many sets of four consecutive positive integers are there such that the product of the four 
integers is less than 100,000? Hints: 123, 104 


1.3 Counting with Addition and Subtraction 


GE thespian 


Problem 1.7: At Brown High School, there are 12 players on the basketball team. All of the players 
are taking at least one foreign language class. The school offers only Spanish and French as its foreign 
language classes. 8 of the players are taking Spanish and 5 of the players are taking both languages. 
How many players are taking French? 


Often when we want to count, it’s not as simple as creating a list. Many counting problems require 
us to use a little more thought. Let’s look at an example: 
‘Problem 1.7: At Brown High School, there are 12 players on the basketball team. All of the players 
_are taking at least one foreign language class. The school offers only Spanish and French as its foreign 


language classes. 8 of the players are taking Spanish and 5 of the players are taking both languages. 
How many players are taking French? 


Before we work through the solution (for this problem or for any counting problem), always remem- 
ber the following: 


Important: Don’t just blindly add and subtract - think about what you're doing! 


—Y ee 


Solution for Problem 1.7: The players that are taking French fall into two categories: those who are also 
taking Spanish, and those who aren't. 
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The number of players taking French that are also taking Spanish is 5 (this is given in the problem 
statement). 


Next we count the number of players that are taking French but not Spanish. There are 12 players on 
the team in total, and 8 of them are taking Spanish, so there are 12 — 8 = 4 members not taking Spanish. 
Since every player must be taking at least one language, these 4 players are taking French. 


So the number of players taking French is the sum of the number of players in each of the two 
categories, namely 5 + 4 = 9. 


So the answer is 9. O 


We can also use a picture to solve this problem: 


French Spanish 


Figure 1.1: Venn diagram 


The picture in Figure 1.1 is called a Venn diagram. In the diagram we draw a circle for the players 
taking French and another circle for the players taking Spanish. The circles overlap because some players 
are taking both languages. 


We can use a Venn Diagram whenever we wish to count things or people 
Go which occur in two or three overlapping groups. . 


We place points in the circles to represent the players — one point per player. A point that is in the 
French circle that is not in the Spanish one represents a player taking French but not Spanish. A point 
in the region that is in both circles represents a player taking both languages. A player taking Spanish 
but not French is represented by a point inside the Spanish circle but not in the French one. Finally, a 
point placed outside both circles represents a player who is in neither class. 


Extra! John Venn (1834-1923) 

mimi The namesake of the Venn diagram was not only a Fellow of Gonville and Caius Col- 
lege of Cambridge University in England, he was also an ordained priest. Venn first 
published his famous diagram in 1881. In addition to his extensive study of counting 
and probability, Venn also studied logic and philosophy, and later became an acclaimed 
historian. Venn was also an accomplished machine builder, and once built a machine 
continued on next page... 


CHAPTER 1. COUNTING IS ARITHMETIC 


Now we can use this diagram to solve the problem. 


We place five points in the intersection space inside of both circles, because there are five players in 
both classes. So we start with the diagram in Figure 1.2. 


French Spanish 


Figure 1.2: Players taking both languages 


Now, since there are 8 players taking Spanish, and 5 points are already inside the Spanish circle on 
the right, there must be three more points inside the Spanish circle which aren’t in the French circle. We 
add these points in Figure 1.3. 


French Spanish 


Figure 1.3: Players taking Spanish 


Since we have 12 total points and we know there aren’t any outside both circles (since there are no 
players who are not taking either language), there must be 4 left which are inside the French circle but 
not inside the Spanish circle. After adding these points, we have Figure 1.4. 


Extra! ... continued from previous page 
i> wea to bowl cricket balls (which was so well-designed that it outbowled one of the top 
players on the Australian national cricket team). His contribution to mathematics is 
memorialized at Cambridge University by a stained-glass window depicting a Venn 
Diagram — you can view it on our links page at 
http: //www.artofproblemsolving.com/BookLinks/IntroCounting/links. php 
(Source: MacTutor History of Mathematics Archive) 
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French Spanish 


Figure 1.4: All players 


We’ve placed all of the students on the team into the diagram. So now we can just read off the answer 
to the problem from the diagram in Figure 1.4. There are 9 points inside the French circle on the left, so 
there are 9 players in the French class. 


Obviously, if the numbers in the problem were bigger, it would be a chore to draw all those dots, so 
usually we use numbers to represent how many points are in each region, as in Figure 1.5. 


French Spanish 


Figure 1.5: All players 


Quick question: Why did we start with the 5 players in both classes rather than with the “12 total 
players” or the “8 players in Spanish”? 


We started with the players in both classes because those players are in a single region in our picture 
— if we started with “8 players in Spanish”, we wouldn’t know how many to put in the intersection of 
the two circles and how many to put in the “just Spanish” section. 


‘Important: When using a’ Venn Diagram, start filling i in the diagram with numbers | | 
| V that we know go in a single region of the diagram. Usually, this means | 
| that we start in the middle of the diagram. 


| 


Let’s look at another problem that can be solved using a Venn diagram: 


Problem 1.8: There are 27 cats at the pound. 14 of them are short-haired. 11 of them are kittens. 5 | 
|of them are long-haired adult cats (not kittens). How many of them are short-haired kittens? 


Solution for Problem 1.8: We draw a Venn diagram, with one circle for cats with short hair and one circle 
for cats which are kittens. 
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Short Hair Kittens 


Figure 1.6: Blank Venn diagram for the cats problem 


Which number(s) do we want to place in the regions? 


Since 5 cats don’t have short hair and are not kittens, we know there are 5 cats outside both circles. 
So we add that to our diagram, giving Figure 1.7. 


Short Hair Kittens 


Figure 1.7: Venn diagram for the cats problem 


At this point, we can’t immediately fill in any of the other numbers, because none of our numbers 
corresponds exactly to a region of the diagram. For example, we know there are 11 kittens, but there’s 
no single region of the diagram that corresponds to “kittens”: there’s a region for “short-haired kittens” 
and a region for “long-haired kittens.” So we’re going to have to use a little bit of thought. 


We'll have to introduce a variable. We can call the number of cats in one of the regions inside the 
circles x, and try to find other regions in terms of x. We do so because we do have information about 
combinations of regions of the circles; we just don’t know any one specific region. 


Let the number of short-haired kittens (which are in the intersection of the circles) be x. Note that 
we chose x to be the answer to the problem. 


Concept: When assigning a variable, it’s usually best to let your variable represent 
=== _ the answer to the problem. 


We place x into our Venn diagram as in Figure 1.8. 


Extra! Each problem that I solved became a rule, which served afterwards to solve other problems. 
i> avai § — Rene Descartes 
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Short Hair Kittens 


Figure 1.8: Venn diagram with a variable entry 


Can we place expressions in the other two regions? 


Since there are a total of 14 short-haired cats, and x of them are kittens, we know that 14 — x of them 
are not kittens. Therefore, we place 14 — x in the portion of the short-haired circle that does not overlap 
with the kittens. Similarly, we have 11 — x kittens which are not short-haired. So our Venn diagram now 
has an entry in every region, as shown in Figure 1.9. 


Short Hair Kittens 


Figure 1.9: Venn diagram with all entries filled 


There’s one more piece of information that we haven’t used yet, and that’s the total number of cats, 
which is 27. So if we add everything in our diagram, we must get 27: 


(14-—x)+(11-—x)+x+5= 27. 


This simplifies to 30 — x = 27, so x = 3 is our answer. O 


Short Hair Kittens 


Oe, 


Figure 1.10: Venn diagram with all the numbers 


11 


CHAPTER 1. COUNTING IS ARITHMETIC 


If we wanted to fill up our Venn diagram from Figure 1.9 with numbers, it would look like Figure 
1.10. 


One advantage of using this diagram is that not only can we read our answer directly from the 
diagram (there are 3 short-haired kittens), but we can also easily check that our solution matches the 
problem description, and therefore know that we didn’t make a mistake. At a glance, we can confirm 
that there are 14 short-haired cats, 11 kittens, and 27 cats total. 


‘Concept: If it’s easy to do, it’s always a good idea to check that your answer is 
@ consistent with the problem statement. 


oe ee es, 


Of course, we could also do this problem without a diagram. You will eventually (and may already) 
do problems of this nature without a diagram; however, you'll likely at least visualize a diagram or a 
table, which will help keep the problem clear and prevent you from making careless errors. 


|. «Exercises 


1.3.1 There are 20 cars in my building’s parking lot. All of the cars are red or white. 12 of them are red, 
15 of them are 4-door, and 4 of them are 2-door and white. How many of the cars are 4-door and red? 


1.3.2 Going back to the 12-person basketball team from Problem 1.7, all 12 players are taking at least 
one of biology or chemistry. If 7 players are taking biology and 2 players are taking both sciences, how 
many players are taking chemistry? 


1.3.3 There are 30 students in Mrs. Taylor’s kindergarten class. If there are twice as many students 
with blond hair as with blue eyes, 6 students with blond hair and blue eyes, and 3 students with neither 
blond hair nor blue eyes, how many students have blue eyes? Hints: 175 


1.3.4% At the Gooddog Obedience School, dogs can learn to do three tricks: sit, stay, and roll over. Of 
the dogs at the school: 


50 dogs can sit 17 dogs can sit and stay 
29 dogs can stay 12 dogs can stay and roll over 
34 dogs can roll over 18 dogs can sit and roll over 


9dogscandoallthree 9dogscandonone 


(a) How many dogs are in the school? Hints: 141 

(b) How many dogs can do exactly 2 tricks? Hints: 131 
1.3.5%x Every student in my school is in either French class or Spanish class, or both. Let x be the 
number of students in French class, y be the number of students in Spanish class, and z be the number 


of students that are in both classes. Find an expression in terms of x, y, and z for how many students 
there are in my school. Hints: 157 
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1.4 Counting Multiple Events 


Problem 1.9: You have three shirts and four pairs of pants. How many outfits consisting of one shirt 
and one pair of pants can you make? 


Problem 1.10: In how many ways can we form an international commission if we must choose one 
European country from among 6 European countries, one Asian country from among 4, one North 
American country from among 3, and one African country from among 7? 


a mare ae YPM on Ee Bh 80 tp? Oe Sea 


Problem 1.11: In how many ways can we form a license plate if there are 7 characters, none of which 
is the letter O, the first of which is a numerical digit (0-9), the second of which is a letter, and the 
remaining five of which can be either a digit or a letter (but not the letter O)? 


Problem 1.12: In how many ways can I arrange four different books on a shelf? 


Problem 1.13: Your math club has 20 members. In how many ways can it select a president, a 
vice-president, and a treasurer if no member can hold more than one office? 


Problem 1.14: In how many ways can we arrange n different books, where n is a positive integer? 


Often we'll be counting the number of outcomes of a series of events. Here’s an example of this type 
of problem. 


Problem 1.9: You have three shirts and four pairs of pants. How many outfits consisting of one shirt | 
‘and one pair of pants can you make? 


Solution for Problem 1.9: In this problem, the number of possibilities is so small that we can just list them 
outright. 


If our shirts are labeled S;, 52,53 and our pants are labeled P1, P2, P3, P4, then we can list all of the 
possible outfits: 


S1P1, $1P2, S1P3, S1P4, S2P1, S2P2, S2P3, S2P4, 53P1, $3P2, S3P3, $3P4 


So there are 12 outfits. O 


Listing the outfits like this is somewhat annoying. We can better visualize the outfits by drawing a 
tree as in Figure 1.11, or a grid as in Figure 1.12. 


Extra! There is no branch of mathematics, however abstract, which may not some day be applied to 
>> phenomena of the real world. - Nikolai Lobatchevsky 


13 


COUNTING IS ARITHMETIC 


et a aa 
JN, AN. AN, JN. 


Dye. Dols “OxPs Dire oor a. O3l4 


CHAPTER 1. 


Sift -O7Py S3Py SPs Soby 53P3 


Figure 1.11: Outfits as a tree 


Pants 
P, | Po | P3 | Po 


1 | SiPi | SiPo | SiPs | SiPy 
2 {| SoPi | S2P2 | S223 | S2Ps_ 
3 || S3Pi | SaPo | SaPs | SaPs | 


Figure 1.12: Outfits as a grid 


For both of these pictures, we can use the following reasoning: we have four choices for the pants, 
and for each of these four choices of pants, we have three choices for the shirt. Therefore, there are 


4x3 = 12 outfits. 
_ The point of drawing a tree or a grid is to keep « our counting organized. 


Concept: 
: Clear organization is very important in solving counting prc problems. 


Drawing a tree or a grid is easy to do in this problem because the numbers are small. Let’s look at a 


more complicated version of the same type of problem 
Problem 1.10: In how many ways can we form an international commission if we must choose one 
European country from among 6 European countries, one Asian country from among 4, one North 


American country from among 3, and one African country from among 7? 


Solution for Problem 1.10: Clearly drawing a grid or a tree is not going to be practical — there are too 
many choices! So we'll have to do this problem by reasoning out the answer. 


We tackle a problem like this in steps. 


Step 1: There are 6 ways to choose a European country 
Step 2: For each European country, we can choose an Asian country 4 ways, for a total of 6 x 4 = 24 


ways to choose both a European and an Asian country 
Step 3: For each pair of countries that we’ve chosen in Steps 1 and 2, we can choose a North American 
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country in 3 ways. So there are 24 x 3 = 72 ways to choose 3 countries. 


Step 4: For each triple of countries that we’ve chosen in Steps 1-3, we can choose an African country 
in 7 ways. So there are 72 x 7 = 504 ways to choose 4 countries. 


So we see that there are 6 x 4 x 3 x 7 = 504 possibilities. 0 


By independent, we mean that each decision does not depend on the others. For example, in 
the previous problem, we choose a European country, then an Asian country, then a North American 
country, then an African country. Each choice doesn’t affect the other choices, so they are independent. 
‘Problem 1.11: In how many ways can we forma license plate if there are 7 characters, none of which ] 

is the letter O, the first of which is a numerical digit (0-9), the second of which is a letter, and the § 
remaining five of which can be either a digit or a letter (but not the letter O)? | 


Solution for Problem 1.11: Since each character does not depend on any of the other characters, our 
choices are independent. There are 10 choices for the first character (any digit from 0 through 9), there 
are 25 choices for the second character (any letter A—Z except for O), and there are 35 choices for each of 
the other five characters (any digit 0-9 or any letter A—Z, except O). 


Therefore, since the choices are independent, we have 
10 x 25 x 35 x 35 x 35 x 35 x 35 = 10 x 25 x 35° = 13,130,468,750 


ways to form our license plate. 0 


In some counting problems, we’ll be making a series of choices, but later choices will depend on 
some of the earlier choices. This is unlike the problems that we’ve done before. For example, in Problem 
1.9, our choices of shirt didn’t depend at all on our choice of pants. Things are a little bit different in the 
next problem. 


Problem 1.12: In how many ways can I arrange four different books on a shelf? 


Solution for Problem 1.12: We cannot just count 4 x 4 x 4 x 4, because once we place the first book, we 
only have 3 choices left for the second book. So we’ll carefully count our choices step by step: 


Step 1. We have 4 choices for the first book. 


Step 2. We have 3 books remaining, so we have 3 choices for the second book. Thus we have a total 
of 4 x 3 = 12 choices for the first two books. 


Step 3. We have 2 books remaining, so we have 2 choices for the third book. Thus we have a total of 
12 x 2 = 24 choices for the first three books. 


Step 4. We only have 1 book remaining, so we have 1 choice for the fourth book. Thus we have a 
total of 24 x 1 = 24 choices for all four books. 
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So the answer is 24. 0 


One important thing to note about Problem 1.12 is that although the choices themselves are not 
independent at each step, the number of choices at each step is independent of our previous choices. For 
example, no matter which book we choose in Step 1, we always have 3 remaining books to choose from 
in Step 2, even though the specific books that we’re choosing from differ based on our choice in Step 
1. This means that we can get our answer by multiplying the number of choices at each step, so that 
4X3xX2xX1 = 24 is the answer. 


We could represent our choices in this problem as a tree, where the books are labeled A, B, C, and D, 
as shown in Figure 1.13 on the next page. 


Here’s another example of a counting problem in which the choices are not independent. 
ets aa = &; pon ee sO _— 7; a a 7s 7 7 * ip Sea ve bas Pes ye ae Ae 
‘Problem 1.13: Your math club has 20 members. In how many ways can it select a president, a | 
vice-president, and a treasurer if no member can hold more than one office? | 


Solution for Problem 1.13: Once again, our choices are not independent. Once a student has been chosen 
president, she is not available to be chosen vice-president or treasurer. However, the number of choices 
we have for each position is the same no matter who is chosen. 


We have 20 choices for president. Once we’ve chosen a president, then we have 19 people remaining 
to choose from for vice-president. After we’ve chosen both president and VP, we then have 18 people 
remaining to choose from for treasurer. 


Therefore, there are 20 x 19 x 18 = 6840 ways to fill the three offices. 0 


The last two problems are examples of what we call permutations. A permutation occurs whenever 
we have to choose several items one at a time from a larger group of items. 


In Problem 1.12, we are asked for the number of permutations of four books — in other words, how 
many ways we could order the four different books. 


In Problem 1.13, we are asked for the number of permutations of 3 people out of 20 people, meaning 
we want to count the number of ways to fill three different slots with people from a group of 20 people. 
We also can say that this is the number of permutations of size 3 of the group of 20 people. 


Important: Don’t start thinking of these problems as: 
“problem” — “permutation” — “multiply” 


You should be able to skip that vocabulary step in the middle. Vo- 
cabulary crutches lead to memorization. Instead, understand why you 
multiply; don’t multiply because “that’s what you do on permutation 
problems.” Instead of “problem” — “permutation” — “multiply”, you 
should just think “problem” — “multiply” when you see a permutation 
problem. 


In Problem 1.12, we saw that the number of permutations of 4 books is 4 x 3 x 2 x 1. Let’s look at the 
general version of this problem. 
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> ABC — ABCD 
AB 
ABD ——> ABDC 
> ACB —> ACBD 
A ) catia 
ACD ——> ACDB 
__, ADB —> ADBC 
AD 
ADC ——> ADCB 
BAC ——> BACD 
BA 


> BAD —> BADC 


BCA —~ BCAD 


BCD —~> BCDA 
BDA —> BDAC 


BDC —~> BDCA 


CAB —~> CABD 


A 
~~ —* CAD —> CADB 


CBA —~> CBAD 


CBD ——> CBDA 
__, CDA—> CDAB 
"> CDB —> CDBA 
act DAB ——> DABC 

DAC ——> DACB 
__- DBA— DBAC 


D Sea 


DBC —~> DBCA 


___» DCA —> DCAB 


DC 


DCB —~> DCBA 
Step 1 Step 2 Step 3 Step 4 


Figure 1.13: Tree for choosing 4 books 
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Problem 1.14: In how many ways can we arrange n different books, where n is a positive integer? 


We call this “solving the general problem,” since if we find an expression for the answer in terms of 
n, we can solve any specific problem just by plugging n into our “general formula.” 


WARNING! — Don’t blindly memorize formulas. If you understand them, there’s no | 
“Ss need to memorize — you'll know instead. 


Solution for Problem 1.14: As we did before, we approach this problem step by step. 


There are n choices for the first book. 


Once we place the first book, there are n — 1 books remaining, so there are n — 1 choices for the second 
book. 


Once we place the second book, there are n — 2 books remaining, so there are n — 2 choices for the 
third book. 


And so on, until we are eventually left with just 1 choice for the n™ and final book. 


So there are 
nx(n—1)xX(n—-2)x(n-3)X-:*x¥3xK2x1 
choices for ordering all n books. 0 
The quantity that is the answer to Problem 1.14 occurs so frequently in these types of problems 


(and indeed in mathematics in general) that it has a special name and notation. We call this quantity n 
factorial and denote it by n!. So n! is equal to the product of the first n positive integers. 


Important: ni=nx(n—-1)x(n—2)x(n—-3)x-+--X3x2x1. 


For example, 


5§}=5x4x3x2x1= 120, 
6!=6x5x4x3x2x1 = 720, 


and so on. 


In summary, we can order n different objects in n! ways. But as we said before, don’t memorize 
this! If you understand it, you'll never have to memorize — it will come automatically. If you have to 
memorize it, then you don’t understand it and should think about it some more. 


One more thing about permutations: it’s convenient to have a definition for 0!, which is the number 
of ways to arrange 0 objects in a row. But there’s only one way to arrange zero objects in a row: do 
nothing! So 0! = 1. 


1.4.1 Suppose I have 6 shirts and 5 ties. How many shirt-and-tie outfits can I make? 
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1.4.2 For each of 8 colors, I have one shirt and one tie of that color. How many shirt-and-tie outfits can 
I make if I refuse to wear a shirt and a tie of the same color? 


1.4.3 How many license plates consist of 2 letters followed by 3 numbers? 
1.4.4 How many license plates consist of 3 letters, followed by 2 even digits, followed by 2 odd digits? 
1.4.5 In how many ways can I stack 5 books on a shelf? 


1.4.6 Suppose that I have 6 different books, 2 of which are math books. In how many ways can I stack 
my 6 books on a shelf if I want a math book on both ends of the stack? Hints: 1 


1.4.7 There are 8 sprinters in the Olympic 100-meter finals. The gold medal goes to first place, silver to 
second, and bronze to third. In how many ways can the medals be awarded? 


1.4.8 Myclub has 15 members. In how many ways can we choose a president, vice-president, secretary, 
and treasurer, if no member can hold more than one office? 


1.4.9 Compute each of the following without using a calculator: 
(a) 91/8! 
(b) 42!/40! 
(c) 8!-—7! Hints: 201 


1.5 Permutations 


| ‘Problems 


Problem 1.15: A club has n members, where n is a positive integer. We want to choose r different 
officers of the club (where r is also a positive integer, and r < n), such that no member can hold more 
than one office. 


(a) Inhow many ways can we fill the first office? 
(b) Once we've filled the first office, in how many ways can we fill the second office? 
(c) If we proceed as in (a) and (b) above, in how many ways can we fill the rh office? 


(d) In how many ways can we choose the r officers? 


Problem 1.16: My city is running a lottery. In the lottery, 25 balls numbered 1 through 25 are placed in 
a bin. Four balls are drawn one at a time and their numbers are recorded. The winning combination 
consists of the four selected numbers in the order they are selected. How many winning combinations 
are there, if: 


(a) each ball is discarded after it is removed? 


(b) each ball is replaced in the bin after it is removed and before the next ball is drawn? 


Let’s now try to generalize permutations. We'll try a general version of Problem 1.13: 
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Problem 1.15: A club has n members, where 7 is a positive integer. In how many ways can we choose 
r different officers of the club (where r is also a positive integer, and r < n), such that no member can 
‘hold more than one office? 


Solution for Problem 1.15: As usual, we count our choices step by step. 
We have n choices to fill the first office. 
We have n — 1 choices left to fill the second office. 
We have n — 2 choices left to fill the third office. 
And so on. When does the process stop? 


When we get to the r“" office, we’ve already chosen r — 1 members for the previous r — 1 offices, so 
we have n — (r—1) =n—1r+1 choices for the r office. 


Therefore, we have 
nx(n-—1)X(n-2)X---X(n-—r+2)xX(n-r+1) 
ways to fill the r offices. 0 


This quantity is called the number of permutations of size r from a group of 1 objects, and is 
denoted P(n, r): 
P(n,r) =n xX (n-—1)X (n-—2)X++-X (n-r+2)x(n-r+1). 


Is there an easier way to write this quantity? Notice that it looks a lot like n!, except that some of terms 
are missing. Precisely which terms are missing? 


Looking at P(n,r) carefully, we see that it’s n! with the (n — r)! terms missing: 


nX(n—1)xX(n-2)x(n-3)X---x(n-r+1)xX(n-r)xX(n-r-1)X-:-X3xX2x1_ Hn! 
(n—r)X(n—-r—1)X-**X*3xXx2xX1 = (n—-r)! 


P(n,r) = 


Again, don’t memorize — understand. When faced with counting the number of ways to pick 
3 officers from 30 people, you should think “30 for the first, 29 for the second, 28 for the third, so 
30 x 29 x 28.” This gives you the answer quickly. If you blindly plug the numbers into the formula 
30! 
271" 


then you’re not really understanding the problem. Besides, 30! and 27! are awfully hard to compute! 


P(30,3) = 


Let’s look at one more problem that illustrates some of the subtleties in counting multiple events. 


‘Problem 1.16: My city is running a lottery. In the lottery, 25 balls numbered 1 through 25 are 
placed in a bin. Four balls are drawn one at a time and their numbers are recorded. The winning 
‘combination consists of the four selected numbers in the order they are selected. How many winning 
combinations are there, if: 


| (a) each ball is discarded after it is removed? 


' (b) each ball is replaced in the bin after it is removed and before the next ball is drawn? 
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Solution for Problem 1.16: (a) We have 25 choices for the first ball. After the first ball is drawn and 
discarded, there are 24 balls left in the bin, so there are 24 choices for the second ball. Similarly, there 
are 23 choices for the third ball and 22 choices for the fourth ball. Hence the number of winning 
combinations is 25 x 24 x 23 x 22 = 303,600. 


(b) We have 25 choices for each of the four balls, since when each ball is drawn, all 25 balls are in the 
bin. Hence there are 25 x 25 x 25 x 25 = 25* = 390,625 winning combinations. 0 


The difference between these two examples is the difference between making selections without 
replacement and with replacement. In part (a), we don’t place the balls back in the bin —- we end up with 
a permutation problem. In part (b), we place each ball back in the bin after it is selected, and therefore 
have more choices for each number. 


Once again, there’s nothing to memorize here — don’t memorize that “no replacement = permutation.” 
Just be aware when you are looking at a problem that there’s a difference between doing something with 
replacement and without. As we’ve just seen, both types of problem call for relatively straightforward 
multiplication. 


1.5.1 Compute the following: 
(a) P(8,3) 
(b) P(20,4) 
(c) P(30,1) 
(d) P(6,5) 
(e) P(S0,3) 
1.5.2 What is P(n,n) for any positive integer n? Hints: 191 


1.5.3. 12 balls numbered 1 through 12 are placed in a bin. In how many ways can 3 balls be drawn, in 
order, from the bin, if: 


(a) each ball remains outside the bin after it is drawn? 
(b) each ball is placed back into the bin immediately after it is drawn? 


(c) the first ball is replaced after it is drawn but the second ball remains outside the bin? 


1.5.4x Can you simplify P(n,k)P(n — k, j) where n, k and j are integers such that k < n and j < n-k? 
Hints: 94 


1.6 Summary 


> Counting a list of numbers like 1,2,3,...,38 is easy! Counting most other lists of numbers is easy 
too: use arithmetic to convert it into a list that looks like 1,2,3,.... But beware of “shortcuts” to 
counting such lists that don’t actually work! 
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» The number of items in the lista,a+1,...,b —1,b, where a < Db are integers, is b-—a+1. But don’t 
memorize this formula — understand how it is derived. 


> Counting items which lie in one or more overlapping sets requires a thoughtful use of addition 
and subtraction. We can use a Venn Diagram to help keep track of the thought process. When 
using a Venn Diagram, we should initially fill in the numbers which correspond exactly to a single 
region of the diagram. We may have to place variables in our diagram: if so, it’s usually wise to 
choose our variable to represent the answer to the problem. 


>» When counting multiple events, we multiply: the number of ways that A and B can occur is 
(the number of ways A can occur) times (the number of ways B can occur). 


Sometimes our later choices are not independent of our earlier choices, so our counting must take 
that into consideration. 


» Wecan arrange n items in n! ways, where 
nt=nxX(n-—1)X(n-2)X:--X3X2X1. 
Again, don’t simply memorize this formula; understand why it works! 
» Wecan select r items in order from a group of n items in P(n,r) ways, where 


n! 


(n—r)! 


P(n,r) =nxX(n-1)X---X(n-r+2)xX(n-r+1)= 
We say again: don’t memorize this, understand it! 
Some useful ideas: 


‘Important: Don’t memorize! _-.. 


V 


Concept: When presented with a complicated problem, try to reduce or r simplify it 
to a simpler problem that you know how to solve. 


WARNING!!! — Beware of quick shortcuts! (Unless you can prove that your “shortcut” 


4a 
a works.) | 


: 
{ 
| 


Important: Don’t just blindly add and subtract — think about what you’re doing! | 


! 
{ 
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as When assigning a variable, it’s usually best to let your variable represent | 
the answer to the problem. | 


eres a a 


The point of drawing a tree or a grid is to keep our counting organized. | 
Clear organization is very important in solving counting problems. | 


Bien e gph o es ll 


If it’s easy to do, it’s always a good idea to check that your answer is | 
consistent with the problem statement. ! 


1.17 How many numbers are in the list 


259,90; 0.0, UL.O/i95¢80.0/83.0° 


1.18 How many numbers are in the list 


6,10,14,...,82,86? 


1.19 How many 3-digit numbers are divisible by 7? 


1.20 There are 20 people in my club. 8 of them are left-handed. 15 of them like jazz music. 2 of them 
are right-handed and dislike jazz music. How many club members are left-handed and like jazz music? 


1.21 Mr. Stewart’s math class has 16 boys, and 22 of his students bring their calculators to class. If 13 
of the students with calculators are girls, then how many boys didn’t bring their calculators to class? 


1.22 You have 5 shirts, 6 pairs of pants, and 8 hats. How many outfits can you make consisting of one 
shirt, one pair of pants, and one hat? 


1.23 How many 3-letter combinations can be formed if the second letter must be a vowel (A, E, I, O, or 
U), and the third letter must be different from the first letter? 


1.24 The local theater has one ticket window. In how many ways can six people line up to buy a ticket? 
(Source: MATHCOUNTS) 


1.25 In how many ways can you order 7 different colored hats in a row? 


1.26 Our basketball team has 12 members, each of whom can play any position. In how many ways 
can we choose a starting lineup consisting of a center, a power forward, a shooting forward, a point 
guard, and a shooting guard? 
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1.27 


(a) List all the arrangements of the letters in the word “T’. How many are there? 


(b) List all the arrangements of the letters in the word ‘TI’. How many start with ‘T’? How many with 
‘I’? How many are there? 


(c) List all the arrangements of the letters in the word ‘ETI’. Circle the ones that start with ‘E’ and 
compare that group to the list in part (b). How many arrangements of ‘ETI’ start with ‘E’? With 
‘T’? With ‘I’? How many arrangements are there total? 


(d) List all the arrangements of the letters in the word ‘SETI’. Circle the ones that start with ‘S’ and 
compare that group to the list in part (c). How many arrangements of ‘SETI’ start with ‘S’? How 
many arrangements are there total? 


(e) How many arrangements are there of the letters in the word ‘ASETI’? 
1.28 Inthe upcoming election, voters can choose: 
e Abe or Barb for President; 
e Carlos, Darla, or Eve for Vice-President; 


e Fred, Gina, or Hal for Secretary. 


(a) Draw a tree demonstrating the possible ways a voter might complete his or her ballot. 


(b) How many different ways can the ballot be completed if each voter must cast a vote for each office? 


(c) How many ways can the ballot be completed if the voter may choose not to vote in some (or all) 
of the elections? 


1.29 How many positive integers less than 500 can be written as the sum of two positive perfect cubes? 
Hints: 35, 65 


1.30 There are 190 people on the beach. 110 are wearing sunglasses, 70 are wearing bathing suits, and 
95 are wearing a hat. Everyone is wearing at least one of these items. 30 are wearing both bathing suits 
and sunglasses. 25 are wearing both bathing suits and a hat. 40 are wearing both sunglasses and a hat. 
How many people are wearing all three items? 


1.31 There are 360 people in my school. 15 take calculus, physics, and chemistry, and 15 don’t take 
any of them. 180 take calculus. Twice as many students take chemistry as take physics. 75 take both 
calculus and chemistry, and 75 take both physics and chemistry. Only 30 take both physics and calculus. 
How many students take physics? Hints: 138 


1.32* In my fencing club there are twice as many boys who are in high school as there are boys who 
are in middle school. Of the students in the club who are in middle school, there are three times as many 
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girls as there are boys. Half of the girls who are in the club are in high school. If there are 72 people in 
my fencing club, how many are middle school boys? Hints: 49, 4 


1.33 What is the greatest common factor of 5!, 10!, and 15!? Hints: 24 
1.34% What is the units digit of the sum 1! + 2! + 3! + 41+ 5!+---+1000!? Hints: 185, 212 


1.35 How many of the factorials from 1! to 100! are divisible by 9? Hints: 32 
1 1 
1.36 Which integers n satisfy ae a and how many such integers are there? 
1.37 My classroom has 11 rows of chairs, with 11 chairs in each row. The chairs in each row are 
numbered from 1 to 11. 
(a) How many chairs have odd numbers? 
(b)x Suppose we replaced 11 with n. Can you find a formula in terms of n for the number of chairs 
with odd numbers? Hints: 219 


1.38 We connect dots with toothpicks in a grid as shown in Figure 1.14. If there are 10 horizontal 
toothpicks in each row and 20 vertical ones in each column, how many total toothpicks are there? 
Hints: 150 (Source: AHSME) 


Figure 1.14: Figure for Problem 1.38 
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ER EY SP OE 


Extra! 


Erné Rubik (1944—present) and his Magic Cube 


mie wee § Ern6 Rubik was an inventor, sculptor, and architecture professor living in Budapest, 


Hungary, when in 1974 he invented a nifty little puzzle that would go on to sell hundreds 
of millions of copies. It was originally called the “Magic Cube,” but when it became 
available worldwide in 1980, it was known simply as “Rubik’s Cube.” 


The Cube itself is about 2 inches long on each side and is divided into a 3 x 3 X 3 array 
of 27 smaller cubes. Each of the 6 faces can rotate independently of each other, which 
changes the configuration of the colors on the outside of the big Cube. Initially, the 
Cube starts with a solid color on each of its 6 faces, but rotating the sides will cause 
the colors to become mixed. For example, if we start with the initial configuration of 
Rubik’s Cube shown on the left of Figure 1.15 and rotate the top (white) face 90 degrees 
counterclockwise, we get the configuration shown on the right of Figure 1.15. 


Figure 1.15: Rubik’s Cube 


There are exactly 43,252,003,274,489,856,000 different configurations of Rubik’s Cube! 
This is a very difficult number to count: for those of you keeping score at home, it 
is 8! x 12! x 3’ x 2°. The goal of the puzzle is to first put the Cube into a random 
configuration, and then to try to return it to its original configuration, with each side a 
solid color. 


Rubik’s Cube became incredibly popular worldwide in the early 1980s. According to 
the official Rubik’s Cube website at www. rubiks.com, over 100,000,000 cubes were sold 
in the period from 1980 to 1982 alone. In 1983, the immense popularity of the Cube even 
led to a Saturday-morning cartoon called Rubik, The Amazing Cube. 


As if solving the Cube is not challenging enough, many people enjoy the further challenge 
of trying to solve it as fast as possible, in some cases while blindfolded! The World Cube 
Association is the official keeper of Rubik’s Cube speed-solving records. The current 
world record (as of August 2005) is held by Shotaro “Macky” Makisumi, who solved a 
randomly-configured Cube in 12.11 seconds. A detailed list of records is on the WCA’s 
website, which is on our links page at 

http: //www.artofproblemsolving.com/BookLinks/IntroCounting/links. php 


If you don’t have a Rubik’s Cube at home, there’s a Java applet allowing you to play 
with a virtual Cube; this applet is also available via our links page. 


PAVIA 


Many count their chickens before they are hatched -— Cervantes, Don Quixote 


CHAPTER TT 


Basic Counting Techniques 


2.1 Introduction 


In this chapter we'll introduce several different methods of attacking counting problems. These methods 
include casework (breaking up a problem into two or more exclusive cases), complementary counting 
(counting what we don’t want, rather than what we do want), and constructive counting (counting the 
number of items by counting the ways that we can build the items’ parts). 


Knowing which counting method to use is a bit of an art form, and takes lots of practice. Often 
multiple methods will work, but usually one method is substantially easier for a particular problem. 


2.2 Casework 


Problem 2.1: The figure to the right represents a road map between 
4 villages, labeled A, B, C and D. The arcs indicate paths between the 
various villages. How many ways are there to go from A to D along the 
paths, if you can only move left to right? (For example, you can’t go 
ABABACD; you can only go ACD or ABD.) 
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Problem 2.2: On the island of Mumble, the Mumblian alphabet has only 5 letters, and every word in 
the Mumblian language has no more than 3 letters in it. How many words are possible? (A word can 
use a letter more than once, but 0 letters does not count as a word.) 


Problem 2.3: How many pairs of positive integers (m,n) satisfy m* +n < 22? 


Problem 2.4: How many squares of any size can be formed by connecting dots in the grid shown in 
Figure 2.1? 


Figure 2.1: Grid for Problem 2.4 


Problem 2.5: The inhabitants of the island of Mumble (from Problem 2.2) decided to expand their 
alphabet to the standard Roman alphabet (26 letters, A through Z). But they still limit their words to 
3 letters or less, and for some reason, they insist that all words contain the letter A at least once. How 
many 3-letter words are possible? 


Many counting problems can be solved by considering different cases — that is, by dividing what 
we're trying to count into two or more categories. This general approach is called casework. The key to 
solving problems using casework is to be methodical, and to be careful that you don’t skip any cases. 


We'll start with an example where the cases are fairly easy: 


Problem 2.1: The figure to the right represents a road map between 4 
villages, labeled A, B, C and D. The arcs indicate paths between the 
various villages. How many ways are there to go from A to D along the 
paths, if you can only move left to right? (For example, you can’t go 
ABABACD; you can only go ACD or ABD.) 


Solution for Problem 2.1: We have two general options — we can go through B or through C. We have 
to go through one of them, and we can’t go through both. We say that these two choices are exclusive, 
because we must choose one or the other, but not both. 


Our two exclusive choices will form our two cases. 


Case 1: Go from A to D through B 


There are 4 ways to get from A to B, and 3 ways to get from B to D, so there are 4 x 3 = 12 ways to get 
from A to D through B. 
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Case 2: Go from A to D through C 
There are 2 ways to get from A to C, and 5 ways to get from C to D, so there are 2 x 5 = 10 ways to get 
from A to D through C. 


To count the total number of ways to get from A to D, we now add the number of ways from each of 
our cases. There are 12 ways through B and another 10 ways through C, so there are a total of 12+10 = 22 
ways from A to D. O 


Why did we multiply in some of the steps of Solution 2.1 (for example, counting the paths from A to 
D through B), but add in other steps (when we added the results from each case)? 


To choose a path from A to D through B, we choose a path from A to B, AND choose a path from B 
to D, so we multiply the numbers of paths from A to B by the number of paths from B to D. 


To choose a path from A to D through C, we choose a path from A to C, AND choose a path from C 
to D, so we multiply the numbers of paths from A to C by the number of paths from C to D. 


To choose a path from A to D, we choose a path from A to D through B, OR choose a path from A to 
D through C, so we add the numbers of paths from A to D through B and the number of paths from A 
to D through C. 


Concept: When faced with a series of independent choices, one after the other, we 

— multiply the number of options at each step. When faced with exclusive 
options (meaning we can’t choose more than one), we add the number of 
options. 


x 


Make sure you see the difference. Don’t memorize it — understand it. 


Important: Don’t memorize! Understand, and know. 


VY 


In the remainder of this section we'll work through some more difficult casework problems. As in 
Problem 2.1, the key is to break up problems into two or more exclusive cases, count each case, and then 
add the counts from all of the cases. 


Problem 2.2: On the island of Mumble, the Mumblian alphabet has only 5 letters, and every word § 
in the Mumblian language has no more than 3 letters in it. How many words are possible? (A word § 
can use a letter more than once, but 0 letters does not count as a word.) S 


ip 
es - 7 ERGs ! ‘ea IYO BT OR Aa “fp Ja . Ty Li ET ie prem atre 
EASA MPO Af POP A Its A: AE mm me pte rae 


TMS HE Be PEE 


Solution for Problem 2.2: Often, the tricky part of casework problems is deciding what the cases should 
be. For this problem, it makes sense to use as our cases the number of letters in each word. 


Case 1: 1-letter words 
There are 5 1-letter words (each of the 5 letters is itself a 1-letter word). 


Case 2: 2-letter words 
To form a 2-letter word, we have 5 choices for our first letter, and 5 choices for our second letter. Thus 
there are 5 X 5 = 25 2-letter words possible. 
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Case 3: 3-letter words 
To form a 3-letter word, we have 5 choices for our first letter, 5 choices for our second letter, and 5 choices 
for our third letter. Thus there are 5 x 5 xX 5 = 125 3-letter words possible. 


So to get the total number of words in the language, we add the number of words from each of our 
cases. (We need to make sure that the cases are exclusive, meaning they don’t overlap. But that’s clear 
in this solution, since, for example, a word can’t be both a 2-letter word and a 3-letter word at the same 
time.) 


Therefore there are 5 + 25 + 125 = 155 words possible on Mumble. (I guess the Mumblians don’t 
have a lot to say.) O 


Again, in this problem, you have to know when to multiply and when to add. When computing the 
number of 3-letter words, for example, we have to choose the first letter AND the second letter AND 
the third letter, so we multiply the number of choices for each letter to get the number of 3-letter words. 
However, when choosing a word from the language as a whole, we have to choose a 1-letter word OR 
a 2-letter word OR a 3-letter word, so we add the number of choices for each length of word to get the 
number of total words. 


Problem 2.3: How many pairs of positive integers (m,n) satisfy m? +n < 22? 


Solution for Problem 2.3: It may not be obvious how to proceed with this problem, but a little experi- 
mentation might lead you to determine the possible values of m. 


Since 0 < m? < 22, we can see that m must be one of 1, 2, 3, or 4. So let’s use these as our cases. 


Casel: m=1 
When m = 1, we must have n < 22 — 1 = 21. Thus there are 20 possible choices for n when m = 1. 


Case 2: m = 2 
When m = 2, we must have n < 22 — 4 = 18. Thus there are 17 possible choices for n when m = 2. 


Case 1: m =3 
When m = 3, we must have n < 22 — 9 = 13. Thus there are 12 possible choices for n when m = 3. 


Case 1: m= 4 
When m = 4, we must have n < 22 — 16 = 6. Thus there are 5 possible choices for nm when m = 4. 


So to get the total number of pairs of positive integers satisfying the inequality, we add up all of our 
possible cases, and see that there are 20 + 17 + 12 + 5 = 54 possible pairs. 0 


We can see from this problem that sometimes it’s not immediately clear how we want to set up 
our different cases. Breaking up a problem into cases, and deciding what the different cases should 
be, is something that you'll get better at with practice. It is important to make sure that the cases are 
exclusive — that is, that they don’t overlap — and also that every possible solution to the original problem 
is accounted for in one of the cases. It’s this second part — making sure that we have all the cases and 
haven't skipped any solutions — that makes this next problem especially tricky. 


Problem 2.4: How many squares of any size can be formed by connecting dots in the grid shown in § 
Figure 2.2? : 
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Figure 2.2: Grid for Problem 2.4 


2.2. CASEWORK 


Solution for Problem 2.4: How can we break this problem into cases? We can make each case be counting 


squares of a particular size. 


Case 1: 1 x 1 “horizontal” squares 


There are sixteen 1 x 1 squares whose sides are parallel to the sides of the grid, as shown on the left side 


of Figure 2.3. 


Figure 2.3: 1 x 1 and 2 x 2 squares 


Case 2: 2 x 2 “horizontal” squares 


There are nine 2 x 2 squares whose sides are parallel to the sides of the grid, as shown on the right side 


of Figure 2.3. 


Case 3: 3 x 3 “horizontal” squares 


There are four 3 x 3 squares whose sides are parallel to the sides of the grid, as shown in Figure 2.4. 


Case 4: 4 x 4 “horizontal” squares 


Figure 2.4: 3 x 3 square 


There is only one 4 x 4 square whose sides are parallel to the sides of the grid, namely the border of the 


entire grid. 


So it seems as if we have 16 + 9 + 4+ 1 = 30 squares in the grid. Do our four cases cover all the 


possible squares? 


No: we also have squares which are “diagonal,” meaning that their sides are not parallel to the sides 


of the grid. 
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Case 5: V2 x2 “diagonal” squares 
There are 9 ¥2 x V2 squares, as shown in Figure 2.5. 


<a 


Figure 2.5: ¥2 x2 square 


Case 6: V5 x5 “diagonal” squares 


There are 8 V5 x V5 squares, as shown in Figure 2.6. Note that these squares come in two different 
orientations. 


Figure 2.6: ¥5 x-¥5 squares 


Case 7: V8 x V8 “diagonal” squares 
There is only 1 V8 x V8 square, as shown in Figure 2.7. 


Figure 2.7: V8 x V8 square 


Case 8: ¥10 x V10 “diagonal” squares 
There are 2 ¥10 x V10 squares, as shown in Figure 2.8. 


Figure 2.8: ¥10 x V10 squares 
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This gives a total of 16+9+4+1+9+4+8+41+2 =50 squares in the grid. 
This seems like all of the squares, but how can we be sure that we didn’t miss any cases? 


We can be pretty certain that we found all the ones whose sides have integer lengths and are parallel 
to the sides of the grid. We counted all the squares with side lengths 1, 2, 3, and 4, and squares with side 
lengths 5 and higher obviously don’t fit into the grid. 


We can also see, because of the Pythagorean Theorem for right triangles, that all of the diagonal 


Squares must have side length Vm? + n*, where m and n are positive integers less than 4. We counted 
the diagonal squares in four of these cases: 


Side Length 
v2 
V5 
V10 
v8 


Note that the case m = 1,n = 2 and the case m = 2,n = 1 are identical (although this reminds us that 
there are two different orientations of squares with side length 5). Similarly the cases m = 1,n = 3 
and m = 3,n = 1 are identical. So the only cases that we might have missed are m = 2,n = 3 (and its 
companion m = 3,n = 2) and m = 3,n = 3. But we can easily see that such squares will not fit into the 
grid: there is no way to insert into the grid a square with side length V13 or with side length V18. 


NR RF | 


Thus we’ve accounted for all the cases, and counted all the squares; the answer is 50. O 


ncept: When you resort to casework, you must be very, very careful. You should ' 
(== ~~ always try to find an organized way to work through your cases, so that 
you can be sure that you count each case once, and only once. 


Bo 
Eos 


Often, our initial breakdown of a counting problem into cases will be insufficient, and we may have 
to break our cases down further into subcases. As always, it is important to be systematic, and to make 
sure that every possible outcome is counted once, and only once. Let’s see an example. 


Problem 2.5: The inhabitants of the island of Mumble (from Problem 2.2) decided to expand their : 
alphabet to the standard Roman alphabet (26 letters, A through Z). But they still limit their words to § 
3 letters or less, and for some reason, they insist that all words contain the letter A at least once. How : 


many 3-letter words are possible? 
ea ey eRe AEE TA cater Oh Ge Rs ah 


REINS smarter 7a aE 
dade, GB eee! 


Ha i chy 


Solution for Problem 2.5: We can break this counting problem up into cases depending on how many A’s 
are in the word. So we will have three cases: words which contain exactly one A, words which contain 
exactly two A’s, and words which contain exactly three A’s. 


Case 1: Words which contain exactly one A 
It’s easy to count these by further breaking this up into subcases. 


Subcase 1.1: Words of the form Ax *x, where x # A 
For these words, we have 25 choices for the second letter (any letter B through Z), and we have 
25 choices for the third letter (again, any letter B through Z), so we have 25 x 25 = 625 words of this type. 
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Subcase 1.2: Words of the form x Ax, where x # A 
For these words, we have 25 choices for the first letter, and we have 25 choices for the third letter, 
so we have 25 x 25 = 625 words of this type. 


Subcase 1.3: Words of the form xx A, where x # A 
For these words, we have 25 choices for the first letter, and we have 25 choices for the second 
letter, so we have 25 x 25 = 625 words of this type. 


So there are 625 + 625 + 625 = 1875 words with exactly one A in them. 


Case 2: Words with exactly 2 A’s 
Again, we break these up into subcases in order to count them. 


Subcase 2.1: Words of the form AAx, where x # A 
For these words, we have 25 choices for the third letter, so we have 25 words of this type. 


Subcase 2.2: Words of the form Ax A, where x # A 
For these words, we have 25 choices for the second letter, so we have 25 words of this type. 


Subcase 2.3: Words of the form x AA, where x # A 
For these words, we have 25 choices for the first letter, so we have 25 words of this type. 


So there are 25 + 25 + 25 = 75 words with exactly two A’s in them. 


Case 3: Words with exactly 3 A’s 
Obviously the only such word is AAA, so there is only 1 word of this type. 


Adding all these cases together, we find that there are 1875 + 75 + 1 = 1951 possible 3-letter words 
with at least one A. 0 


Note that we could have combined the subcases from the above solution into one computation. For 
example, for Subcases 1.1-1.3, we could calculate the number of words with exactly one A by counting 
3 different choices where to place the A, times 25 different choices for the first non-A letter, times 25 
different choices for the second non-A letter, for a total of 3 x 25 x 25 = 1875 words. We can do a similar 
calculation to combine subcases 2.1—2.3. We will see more of this type of calculation in Section 2.4. 


2.2.1 How many 3-letter words can we make from the letters A, B, C, and D, if we are allowed to repeat 
letters, and we must use the letter A at least once? Hints: 38 


2.2.2. I have two hats. In one hat are balls numbered 1 through 15. In the other hat are balls numbered 
16 through 25. I first choose a hat, then from that hat, I choose 3 balls, without replacing the balls 
between selections. How many different ordered selections of 3 balls are possible? 


2.2.3 How many paths are there from A to H in the diagram shown in Figure 2.9, if we can only travel 
in the direction of the arrows? 
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Figure 2.9: Paths from A to H 


2.2.4 How many triangles appear in the diagram to the right? 


2.2.5x How many different rectangles can be formed by connecting four of the 
dots in a 4 x 4 square array of dots as in Figure 2.10, such that the sides of the 
rectangle are parallel to the sides of the grid? Hints: 29 


Figure 2.10: 4 x 4 grid 


2.2.6x How many different isosceles triangles can be formed by connecting three of the dots ina 4 x 4 
square array of dots as in Figure 2.10? Hints: 140 


2.3 Complementary Counting 
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Problem 2.6: How many three-digit numbers are not multiples of 7? 


Problem 2.7: The Smith family has 4 sons and 3 daughters. In how many ways can they be seated in 
a row of 7 chairs such that at least 2 boys are next to each other? 


The term complementary counting refers to the general technique of counting what we don’t want 
to count. This is often much easier than counting what we actually want to count. 


CHAPTER 2. BASIC COUNTING TECHNIQUES 


Concept: Sometimes it’s easier to count what we don’t want rather than what we do 
want. 


Let’s go back to the last problem from the previous section, and see a simpler way to do it. 


Problem 2.5: The inhabitants of the island of Mumble (from Problem 2.2) decided to expand their § 


3 letters or less, and for some reason, they insist that all words contain the letter A at least once. How : 
oy 3- letter vo are poe f 


ac SR ak RR Rg NC Ri 2 AS RS a a oR ie Pe LEM Rae OEE: AN ER OTST 


Solution for Problem 2.5: Let’s approach this problem using a different method than we used before. 
Let’s count the number of 3-letter words which don’t have an A, and subtract this total from the number 
of all 3-letter words, to get the number of 3-letter words with at least one A. 


How many 3-letters words don’t have an A? 


These are words of the form * * x, where x # A. So there are 25 choices for the first letter, 25 choices 
for the second letter, and 25 choices for the third letter, making 25 x 25 x 25 = 25° = 15625 3-letter words 
with no A. 


How many 3-letters words are there with no restrictions? 


There are 26 choices for the first letter, 26 choices for the second letter, and 26 choices for the third 
letter, making 26 x 26 x 26 = 26° = 17576 3-letter words. 


So, to count the number of 3-letter words with at least one A, we calculate 
(3-letter words) — (3-letters words with no A’s) = 17576 — 15625 = 1951, 


which (of course) is the same answer that we had from before! 0 


Sidenote: Here’s a little algebra to show how the two solutions are related. Our first 
N solution gave us the answer 1951, which you may have noticed came about 
as the expression 3(25*)+3(25)+1, corresponding to the 3 cases. Our second 
solution also gave us the answer 1951, which came about as 26? — 253. So 
we wish to understand why 


3(25*) + 3(25) + 1 = 26° — 25°. 
We can move the 25° term to the left side to give 
5° + 3(25*) + 3(25) +1 = 26°. 
If you know a little algebra, then you can factor the left-hand side: 
5° + 3(257) + 3(25) +1 = (25+ 1)? = 26°, 


and now it’s clear that our answers are equal. 
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Problem 2.6: How many three-digit numbers are not multiples of 7? | 


Concept: Whenever it’s fairly easy to count the opposite of what we want to count, ' 
think about using complementary counting. 


Solution for Problem 2.6: It’s easy to count the number of three-digit numbers which are multiples of 
7: the smallest multiple of 7 which is a three-digit number is 15 x 7 = 105, and the largest multiple of 
7 which is a three-digit number is 142 x 7 = 994. Therefore, there are 142 — 15 + 1 = 128 three-digit 
numbers which are multiples of 7. There are 900 three-digit numbers in total (from 100 to 999), so there 
are 900 — 128 = 772 three-digit numbers which are not multiples of 7. O 
Problem 2.7: The Smith family has 4 sons and 3 daughters. In how many ways can they be seated in J 
a row Of 7 chairs such that at least 2 boys are next to each other? : 


Solution for Problem 2.7: This problem is a perfect candidate for complementary counting. It will be 
fairly difficult to try to count this directly, since there are lots of possible cases (just two are BBBBGGG 
and BGGBBGB, where B is a boy and G is a girl). But there is only one way to assign genders to the 
seating so that no two boys are next to each other, and that is BGBGBGB. 


‘Concept: Often, potentially complicated casework means that you should think 
© === ~~ about trying complementary counting. If it’s hard to count all the cases. 
that we want, then it may be relatively easy to count what we don’t want. 


If we seat the children as BGBGBGB, then there are 4! orderings for the 4 boys, and 3! orderings for 
the 3 girls, giving a total of 4! x 3! = 144 seatings for the 7 children. 


These are the seatings that we don’t want, so to count the seatings that we do want, we need to 
subtract these seatings from the total number of seatings without any restrictions. Since there are 7 kids, 
there are 7! ways to seat them. 


So the answer is 7! — (4! x 3!) = 5040 — 144 = 4896. o 


In the above two problems, we've seen two of the most common signs that complementary counting 
is the way to go. 


In Problem 2.6, we saw the phrase “How many ...are not... .” 
In Problem 2.7, we saw the phrase “... how many ...at least... .” 


The “not” in the first problem, and the “at least” in the second problem, are strong signals that we 
may want to give complementary counting a shot. 


oncept: When a problem asks “How many are not?”, we might think instead to 
> count “How many are?” When a problem asks “How many have at least 
one?”, we might think instead to count “How many have none?” 
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| 


2.3.1 How many 4-letter words with at least one vowel can be constructed from the letters A, B, C, D, 
and E? (Note that A and E are vowels.) Hints: 10 


Exercises 


2.3.2 How many 5-digit numbers have at least one zero? Hints: 79, 154 


2.3.3 I have 6 shirts, 6 pairs of pants, and 6 hats. Each item comes in the same 6 colors (so that I have 
one item of each color). I refuse to wear an outfit in which all 3 items are the same color. How many 
choices for outfits do I have? Hints: 62 


2.3.4 Inhow many ways can 7 people be seated in a row of chairs if two of the people, Wilma and Paul, 
refuse to sit next to each other? Hints: 199 


2.4 Constructive Counting 


_ Problems _ 


Problem 2.8: How many 3-digit numbers have exactly one zero? 


Problem 2.9: How many sequences 
X1,%X2,X3,---,X7 


can be formed in which all the x; are integers greater than 0 and less than 6, and no two adjacent x; are 
equal? 


Problem 2.10: In how many ways can we pick a group of 3 different numbers from the group 


12, 9)0309 UU 


such that one number is the average of the other two? (The order in which we pick the numbers does 
not matter.) 


Often we are faced with problems in which it is not clear how to count the items directly, but if we 
think about how we would construct the items that we’re trying to count, we can see a way to count 
them. This general idea is called constructive counting. We’ve already seen a couple of problems which 
illustrate this idea in Chapter 1, but let’s look at some more examples. 


Problem 2.8: How many 3-digit numbers have exactly one zero? _ 


Solution for Problem 2.8: We could do this by casework, using a method similar to that of Problem 2.5, 
but we can also solve the problem directly, by thinking about the steps necessary to construct such a 
3-digit number, and the number of choices that we have at each step. 
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When doing such a construction, we usually want to start by dealing with the most severe restriction 
in the construction. In this problem, the restriction is that the numbers must have exactly one zero. 


‘Concept: Deal with the restriction first. Considering the restriction first usually | 
| == helps when solving constructive counting problems. 


So when attempting to construct such a 3-digit number, our first choice should be: where do we put 
the 0? We have 2 choices — the zero can go in the middle (tens) digits, or in the rightmost (units) digit. 
Note that a number cannot begin with a 0, so we can’t put the zero in the leftmost (hundreds) digit. 


Now that we've placed the zero, we need to choose the other two digits. Each of the other two digits 
can be any digit from 1 through 9 (but cannot be 0). So we have 9 choices for each of the other two digits. 


Therefore, there are 2 x 9 X 9 = 162 such 3-digit numbers. 0 


Here’s another example of counting the number of ways to construct an object: 


Problem 2.9: How many sequences 


X1,X2,X3,.--,X7 


‘can be formed in which all the x; are integers greater than 0 and less than 6, and no two adjacent x; 
are equal? 


Solution for Problem 2.9: This is a fairly hard problem to attack using casework or complementary 
counting. Counting all 7-number sequences of digits from 1 to 5 is easy: we have 5 choices for each 
digit, and there are 7 digits, so there are 5’ of them. However, counting the ones in which there are 
adjacent x; that are equal is no easy task to tackle directly. We have all sorts of cases to consider. We 
have multiple numbers repeated (as in 1123344), we have a single number repeated many times (as in 
1114411), and so on. 


So instead, we think about how we might construct such a sequence. 
We have 5 choices for the first number x;, namely 1, 2, 3, 4, or 5. 


Once we've chosen the first number, regardless of what we’ve chosen, we have 4 choices for the 
second number x2. We can choose x2 to be any of the numbers 1, 2, 3, 4, or 5, except for the number that 
we already chose for x1. 


Similarly, once we've chosen the second number, we have 4 choices for the third number x3 (any 
number except the number we chose for x2), and so on down the line. 


So we have 5 choices for the first number, and 4 choices for each of the subsequent six numbers. 
Hence there are 5 x 4° = 20,480 possible sequences. 0 


Notice that we have taken a constructive approach — we asked ourselves “How would we build a 
sequence that fits the problem?”, and the answer became apparent. We can often take this approach to 
solve seemingly complicated problems. 
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| Problem 2.10: In how many ways can we pick a group of 3 different numbers from the group 
12,3;224;,500 


such that one number is the average of the other two? (The order in which we pick the numbers does | 
not matter.) 


Solution for Problem 2.10: We can take a constructive approach to this problem as well. But setting it up 
is a little tricky. 


We could pick the first (meaning the smallest) and the second (meaning the one in the middle), then 
just add the difference of these two to the second to get the third. In other words, if our first two numbers 
are x and y with x < y, then the third number z must satisfy 


X+Z 


oe 
So Z = 2y — x. However, we will need z < 500. This means that 2y — x < 500, or y < 5 + 250. 


So once we choose x, we must choose y such that 
x 
x<y< 5 + 250 
in order to end up with a valid set of three numbers. 


Let’s do the first few cases of x, and see if we can see a pattern. 


| Concept: It often helps to look at a few simple cases of a more general problem, to. 
G&G try to find a pattern. | 


7 J 


If we start by choosing x = 1, then we must choose y such that 1 < y < 250.5. This means that y must 
be in the list 2,3, ...,250, so there are 249 choices for y. 


If we choose x = 2, then we must choose y such that 2 < y < 251. This means that y must be in the 
list 3,4,...,251, so there are 249 choices for y. 


If we choose x = 3, then we must choose y such that 3 < y < 251.5. This means that y must be in the 
list 4,5,...,251, so there are 248 choices for y. 


We can see the following pattern developing: 


Value of x || 1 2 3 4 5 
Choices for y || 249 | 249 | 248 | 248 | 247 | .-- 


Where does the chart end? 


If x = 497, then we must choose y such that 497 < y < 498.5, so there is only 1 choice for y, namely 
498. 


If x = 498, then we must choose y such that 498 < y < 499, so there is only 1 choice for y, namely 499. 
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If x = 499, then we must choose y such that 499 < y < 499.5, which is impossible. 


So our chart looks like: 


Value of x || 1 2 3 | +--+ | 497 | 498 
Choices for y |} 249 | 249 | 248 |---| 1 | 1 


Hence the number of choices for triples (x, y,Z) is 


249 + 249 + 248 + 248 +---+14+1=2 x (249 + 248 4+---+1) =2 x 31,125 = 62,250. 


c 


Sidenote: At the very end of the solution to Problem 2.10, we used the fact that 


| 

| 

) 

| 249 + 248 +--+» +1 = 31,125. 

Needless to say, we did not calculate this sum by hand! We used the: 
! shortcut that aoReG | 
: 249 +248 +--+ 1 = 

! If you are not familiar with this technique, we will cover it in much greater. 
| detail in Section3.3. 00 


i” ~ 


2.4.1 How many license plates can be formed if every license plate has 2 different letters followed by 
2 different numbers? 


2.4.2 How many 3-digit numbers have the property that the first digit is at least twice the second digit? 
2.4.3 How many 4-digit numbers have the last digit equal to the sum of the first two digits? Hints: 114 


2.4.4 How many sequences of 6 digits x1,x2,...,x6 can we form, given the condition that no two 
adjacent x; have the same parity? (Parity means “odd” or “even”; so, for example, x2 and x3 cannot both 
be odd or both be even.) Hints: 96 


2.4.5x In how many ways can we pick three different numbers out of the group 
1 :253,20<5100 


such that the largest number is larger than the product of the two smaller ones? (The order in which we 
pick the numbers does not matter.) Hints: 188 


2.5 Counting with Restrictions 
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Problem 2.13: The Coventry School’s European debate club has 6 German delegates, 5 French dele- 
gates, and 3 Italian delegates. In how many ways can these 14 delegates sit in a row of 14 chairs, if 


each country’s delegates insist on all sitting next to each other? 


Problem 2.14: Our math club has 20 members and 3 officers: President, Vice President, and Treasurer. 
However, one member, Ali, hates another member, Brenda. How many ways can we fill the offices if 
Ali refuses to serve as an officer if Brenda is also an officer? 


Problem 2.15: We have the same club (20 members and 3 officers), but this time, Ali has a huge crush 
on Brenda, and won’t be an officer unless she is one too. Brenda is unaware of Ali’s affections, and 
doesn’t care if he is an officer or not; she’s perfectly happy to be an officer even if Ali isn’t one. In how 
many ways can the club choose its officers? 


Quite often, counting problems will come with one or more restrictions on the possible outcomes. In 
fact, we’ve already seen several examples of this type of counting problem, such as Problem 2.5 (where 
the restriction is that each word contains an ‘A’) and Problem 2.7 (where the restriction is that no two of 
the boys sit next to each other). Sometimes we can use one of our basic counting techniques to deal with 
the restriction (as we did for the two problems just mentioned), but in other cases it pays to be more 
clever. 

Problem 2.11: In how many ways can I arrange 3 different math books and 5 different history books 
on my bookshelf, if I require that there is a math book on both ends? 


Solution for Problem 2.11: Let’s deal with the restriction first. 


Concept: Consider the effects ofthe restriction first. #8 8 | a“ 
(> —— 


The restriction is that we have to place a math book on both ends. We have 3 choices for the math 
book to place on the left end, and then 2 choices for the math book to place on the right end. 


Then we simply need to arrange the other 6 books in the middle. This is a basic permutation problem, 
so there are 6! ways to arrange the 6 remaining books. 


So there are a total of 3 x 2 x 6! = 4,320 ways to arrange the books on the bookshelf. 0 

Let’s revisit the Smith family from Problem 2.7, and change the restriction a bit: 
‘Problem 2.12: The: Smith family has 4 sons and 3 daughters. In how many ways can they be seated 
|in a row of 7 chairs such that all 3 girls sit next to each other? 


Solution for Problem 2.12: As usual, we want to deal with the restriction first. 
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Without worrying about which specific boys and girls go in which seats, in how many ways can the 
girls sit together? 


There are 5 basic configurations of boys and girls: 
GGGBBBB, BGGGBBB, BBGGGBB, BBBGGGB, BBBBGGG, 


where ‘B’ is a boy and ‘G’ is a girl. Then, within each configuration, there are 4! ways in which we can 
assign the 4 sons to seats, and 3! ways in which we can assign the 3 daughters to seats. 


Therefore the number of possible seatings is 5 x 4! x 3! = 720. O 


Another way to think about this problem is to think of the 3 girls as a “supergirl” block, which we’ll 
denote by G. So our possible seatings now look like: 


GBBBB, BGBBB, BBGBB, BBBGB, BBBBG. 


Then the problem becomes first arranging the 4 boys and the supergirl in any order, which can be done 
in 5! ways, and then arranging the 3 girls within the supergirl, which can be done in 3! ways. So the 
number of possible seatings is 5! x 3! = 720. 


This idea of grouping items into blocks can be especially useful when we have more than one block, 
as in the next problem. 


Problem 2.13: The Coventry School’s European debate club has 6 German delegates, 5 French, 
delegates, and 3 Italian delegates. In how many ways can these 14 delegates sit in a row of 14 chairs, 
if each country’s delegates insist on all sitting next to each other? 


Solution for Problem 2.13: We first think of the German delegates forming a single German block, denoted 
G, the French delegates forming a single French block F, and the Italian delegates forming a single Italian 
block I. Then there are 3! = 6 ways to arrange the three blocks in a row: 


FGI, FIG, GFI, GIF IFG, IGF 


Within each block, there are 6! ways to arrange the German delegates, 5! ways to arrange the French 
delegates, and 3! ways to arrange the Italian delegates. Therefore, there are 


3! x 6! x 5! x 3! = 6 x 720 X 120 x 6 = 3,110,400 


ways to seat all 14 delegates. O 


Problem 2.14: Our math club has 20 members and 3 officers: President, Vice President, and Treasurer. | 
However, one member, Ali, hates another member, Brenda. How many ways can we fill the offices | 
if Ali refuses to serve as an officer if Brenda isalsoanofficer? eee se 


Solution for Problem 2.14: The best way to approach this problem is to use complementary counting. 


We already know that there are 20 x 19 x 18 ways to choose the 3 officers if we ignore the restriction 
about Ali and Brenda. So now we want to count the number of ways that both Ali and Brenda serve as 
officers. 
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For this, we will use constructive counting. We need to pick an office for Ali, then pick an office for 
Brenda, then put someone in the last office. 


We have 3 choices for an office for Ali, either President, VP, or Treasurer. 
Once we pick an office for Ali, we have 2 offices left from which to choose an office for Brenda. 


Once we have both Ali and Brenda installed in offices, we have 18 members left in the club to pick 
from for the remaining vacant office. 


So there are 3 x 2 x 18 ways to pick officers such that Ali and Brenda are both in an office. Remember 
that these are the cases that we want to exclude, so to finish the problem we subtract these cases from 
the total number of cases. Hence the answer is: 


(20 x 19 x 18) — (3 x 2 x 18) = ((20 x 19) — 6) x 18 = 374 x 18 = 6732. 


Let’s turn this problem around a bit: 
‘Problem 2.15: We have the same club (20 members and 3 officers), but this time, Ali has a huge 
| crush on Brenda, and won’t be an officer unless she is one too. Brenda is unaware of Ali’s affections, 


'and doesn’t care if he is an officer or not; she’s perfectly happy to be an officer even if Ali isn’t one. 
| In how many ways can the club choose its officers? 


Solution for Problem 2.15: We'll use the same complementary counting approach as in Problem 2.14: 
we'll take all the permutations (without restrictions), and then subtract the ones that are not allowed. 
As before, there are 20 x 19 x 18 ways to choose the officers without restrictions. 


The cases that we have to exclude are those where Ali is an officer but Brenda is not. So let’s count 
the number of these cases, once again by constructive counting. 


There are 3 choices for the office that Ali will hold. 


There are 18 choices for the first remaining office (since Ali is already chosen and we’re not allowed 
to choose Brenda). 


There are 17 choices for the last remaining office. 


So there are 3 x 18 x 17 total choices for the 3 officers, provided that Ali must be one of the three and 
Brenda cannot be one of the three. 


To answer the original question, we subtract our excluded cases from the total number of permuta- 
tions: 
(20 x 19 x 18) —- (3 x 18 x 17) = ((20 x 19) - (3 x 17)) x 18 = 329 x 18 = 5922. 


O 


]__ Exercises 


2.5.1 A senate committee has 5 Republicans and 4 Democrats. In how many ways can the committee 
members sit in a row of 9 chairs, such that all 4 Democrats sit together? 
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2.5.2 The Happy Valley Kennel has 4 chickens, 2 dogs, and 5 cats. (Some people in Happy Valley like 
to keep chickens as pets!) In how many ways can the 11 animals be placed in a row of 11 cages, such 
that all of the animals of each type are in adjacent cages? 


2.5.3 The Jones family has 5 boys and 3 girls, and 2 of the girls are twins. In how many ways can they 
be seated in a row of 8 chairs if the twins insist on sitting together, and their other sister refuses to sit 
next to either of her sisters? Hints: 53 


2.5.4 Our club has 20 members, 10 boys and 10 girls. In how many ways can we choose a president 
and a vice-president if: 

(a) we have no restrictions other than the same person can’t hold both offices? 

(b) they must be of different gender? 

(c) they must be of the same gender? 

(d) How are your answers to (a), (b) , and (c) related? Why? 
2.5.5 Our club has 25 members, and wishes to pick a president, secretary, and treasurer. In how many 
ways can we choose the officers, if: 

(a) individual members can only hold at most one office? 

(b) individual members may hold all 3 offices? 


(c) individual members are allowed to hold 2, but not all 3, offices? Hints: 161 


2.6 Summary 


» Casework can often help us break a counting problem into more manageable pieces. It is important 
to break up the possibilities into exclusive cases, meaning that every outcome should show up in 
exactly one case. Then, to count the total, you simply add the counts for each case. Casework 
requires you to be organized and careful, to make sure that you don’t omit any outcomes in your 
cases. 


» It is often easier to count the outcomes that we don’t want than to count the outcomes we want. 
This technique is called complementary counting. 


» The technique of constructive counting is used to count how many ways we can construct a 
particular item. 


» Often we are counting situations in which there are one or more restrictions placed on the items or 
outcomes that we are trying to count. In these types of problems, it is generally best to deal with 
the most severe restrictions first. 


Some useful ideas: 
‘Concept: When faced with a series of independent choices, one after the other, we 
' ( === ~=—smuiitiply the number of options at each step. When faced with exclusive | 
options (meaning we can’t choose more than one), we add the number of 
options. ! 


a = mrnason = panes Be =) Eat av toe a eet 


| 
| 


45 


CHAPTER 2. BASIC COUNTING TECHNIQUES 


‘Concept: Often, potentially complicated casework means that you should think’ 
about trying complementary counting. If it’s hard to count all the cases | 
that we want, then it may be relatively easy to count what we don’t want. ' 


oes 


SSPE. 
ght 
one . 


oncept: When a problem asks “How many are not?”, we might think instead to: 
: count “How many are?” When a problem asks “How many have at least’ 


one?”, we might think instead to count “How many have none?” | 


It often helps to look at a few simple cases of a more general problem, to' 
try to find a pattern. | 


2.16 How many 4-digit numbers have only odd digits? 


2.17 How many 3-letter words can be formed from the standard 26-letter alphabet, if the first letter 
must be a vowel (A, E, I, O, or U)? 


2.18 How many different three-digit security codes are possible using the digits 1-5, if the second 
digit cannot be the same as the first, and third digit cannot be the same as the second? (Source: 
MATHCOUNTS) 


2.19 How many triples (a,b,c) of even positive integers satisfy a° + b* +c < 50? 
2.20 How many numbers between 100 and 200 (inclusive) are not perfect squares? 
2.21 How many 3-digit numbers have a first digit which is triple the final digit? 


2.22 In how many ways can 6 girls and 2 boys sit in a row if the 2 boys insist on sitting next to each 
other? 


2.23 How many 4-digit numbers have the second digit even and the fourth digit at least twice the 
second digit? 


2.24 How many ways can we put 3 math books and 5 English books on a shelf if all the math books 
must stay together and all the English books must also stay together? (The math books are all different 
and so are the English books.) 


2.25 My school’s Physics Club has 22 members. It needs to select 3 officers: chairman, vice-chairman, 
and sergeant-at-arms. Each person can hold at most one office. Two of the members, Penelope and 
Quentin, will only be officers if the other one is also an officer. (In other words, either both Penelope 
and Quentin are officers, or neither are.) In how many ways can the club choose its officers? 


2.26 How many positive, even three-digit numbers exist such that the sum of the hundreds digit and 
the tens digit equals the units digit? (Source: MATHCOUNTS) 
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Il_Challenge Problems ili 


2.27 The digital sum of a number is the sum of its digits. For how many of the positive integers 24-125 
inclusive is the digital sum a multiple of 7? (Source: MATHCOUNTS) 


2.28 Mr. Smith brings home 7 animals for his 7 children. Each child will adopt a pet to be her or his 
own. There are 4 different cats (a Siamese, a Persian, a Calico, and a Minx), 2 different dogs (a Poodle 
and a Golden Retriever), and a goldfish. Anna and Betty refuse to take care of the goldfish, and Charlie 
and Danny insist on having cats. The other 3 kids are easier to please — they'll take anything. In how 
many ways can Mr. Smith give the children pets? Hints: 211, 82 


2.29 Then members of a committee are numbered 1 through n. One of the members is designated as 
the “Grand Pooh-Bah.” The 1 members sit in a row of n chairs, but no member with a number greater 
than the Grand Pooh-Bah may sit in the seat to the immediate right of the Grand Pooh-Bah. Suppose 
that the Grand Pooh-Bah is member number p, where 1 < p < n. Find a formula, in terms of n and p, for 
the number of ways for the committee to sit. Hints: 220 (Source: MATHCOUNTS) 


2.30* In how many ways can you spell the word NOON in the grid below? You can start on any letter, 
then on each step you can move one letter in any direction (up, down, left, right, or diagonal). You 
cannot visit the same letter twice. 


NNNN 
NOON 
NOON 
NNNN 


2.31 A palindrome is a number that reads the same forwards, such as 12321. 


(a) How many 4-digit palindromes are there? Hints: 158 
(b) How many 5-digit palindromes are there? 
(c) How many 6-digit palindromes are there? 


(d)*x Suppose we form all k-digit palindromes that consist only of 8’s and 9’s such that there is at least 
one of each digit. What is the smallest value of k such that there are at least 2004 numbers in the 
list? Hints: 46 


(Source: ARML) 


2.32 Let S be a cube. Compute the number of planes which pass through at least three vertices of S. 
Hints: 152, 68 


2.33*x How many zeroes do we write when we write all the integers from 1 to 256 in binary? Hints: 178 
(Source: ARML) 


2.34 How many 5-letter ‘words’ (where any string of letters is a ‘word’) have at least two consecutive 
letters which are the same? Hints: 205, 15 
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2.35 The 10 students in my physics class sit at a round table in the following manner: The students line 
up in alphabetical order. The student whose name is first sits anywhere she wants. Each subsequent 
student chooses a chair that is next to a student who is already seated. How many different seatings are 
possible, assuming that two seatings are the same if each student in both seatings has the same student 
to the left and the same student to the right? Hints: 26, 144 


2.36 Ihave a bag with marbles numbered from 1 to 6. Mathew has a bag with marbles numbered from 
1 to 12. Mathew chooses one marble from his bag and I choose two from mine. In how many ways can 
we choose the marbles (where the order of my choices does matter) such that the sum of the numbers 
on my marbles equals the number on his? Hints: 127, 221 
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Extra! 


The n-rooks and n-queens problems 


nmpuaava (Consider a standard 8 x 8 chessboard. In how many ways can we place 8 rooks on the 


board such that each row and each column contains exactly one rook? 


Believe it or not, this is just a simple permutation problem. Each row must have exactly 
one rook, so we can place the rooks one by one, starting at the top row and moving down 
the board. 


The first rook can go in any of the 8 columns. The second rook can go in any column 
except for the column in which the first rook was placed, so we have 7 columns left to 
choose from for the second rook. The third rook can go in any column except for the 
column in which the first two rooks were placed, so we have 6 columns left to choose 
from for the third rook. We keep proceeding down the chessboard, placing rooks, and 
we see that there are 8! = 40,320 ways to place the 8 rooks. More generally, there are n! 
ways to place n rooks on an n x n chessboard. 


Much more difficult is the n-queens problem: in how many ways 
can we place n queens on an n X n chessboard such that no two 
queens lie on the same row, column, or diagonal. One possible 
configuration for n = 8 is shown to the right. This is a fairly hard 
problem to solve. The answer for 1 = 8 is 92; in other words, there 
are 92 different ways in which we can place 8 queens on a standard 
8 x 8 chessboard such that no two lie on a common row, column, 
or diagonal. 


EEE REELED 


It's not the voting that’s democracy; it’s the counting — Tom Stoppard 


CHAPTER TTT 


Correcting for Overcounting 


3.1 Introduction 


Often in counting problems, the most convenient solution is to count too much, and then somehow 
correct for the overcounting. We’ve already used this approach with complementary counting, in which 
we use subtraction to remove the items which we don’t want. 


However, there are many other counting methods which involve deliberately overcounting and then 
correcting for our overcounting. Unlike complementary counting, which uses subtraction, the methods 
that we’ll discuss in this chapter use division to correct for overcounting. 


We'll also talk about using overcounting to count how many ways we can place objects in a circle, 
or on a keychain, or how to count ways to place objects in a row when some of the objects are identical. 


3.2 Permutations with Repeated Elements 


Problem 3.1: How many possible distinct arrangements are 
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Let’s start with a problem that we should (hopefully) already know how to do. 


| Problem 3.1: How many possible distinct arrangements are there of the letters in the word DOG? _ 


Solution for Problem 3.1: We could list them: DOG, DGO, ODG, OGD, GDO, GOD. Or we could have 
noticed that we have 3 ways to pick the first letter, 2 ways left to pick the second, and 1 way to pick the 
third, for a total of 3! = 6 ways. 0 


Problem 3.1 is just a basic permutation problem. It is essentially the same as Problem 1.12 from 
Chapter 1. Let’s add a new wrinkle to this type of problem. 


Problem 3.2: How many possible distinct arrangements are there of the letters in the word BALL? _ 


Solution for Problem 3.2: First, let’s see why the answer is not simply 4!. What’s wrong with the following 
solution? 


‘Bogus Solution: Let’s proceed as we did in Problem 3.1. We have 4 ways to pick 
pia the first letter, 3 ways to pick the second, and so on, for a total of 4! 
! possibilities. 


asa, Wate ais 


Unfortunately, this method overcounts. The reason for this is that two of our letters are the same. 


Let’s pretend that the two L’s are different, and call them L; and L2. So our word BALL is now really 
BALL. In making the expected 4! arrangements, we make both BALL and BAL2L;. But when we 
remove the numbers, we have BALL and BALL, which are the same. 


So we’ve overcounted and we need to correct for this. How? 


Every possible arrangement of BALL is counted twice among our arrangements of BAL;L2. For 
example, LLAB is counted as both L;L2AB and L2L; AB, LABL is counted as both L; ABL2 and L2ABL}, 
and so on for every possible arrangement of BALL. We can see this in Figure 3.1: 


BAL}L2,BAL2.L; = BALL BL2AL) ,BL;AL2 = BLAL 
BLiL2A,BL2L;A = BLLA ABL)L2, ABL2L; = ABLL 
L,;BAL2,L2BAL; => LBAL L;BL2A,L2BL;A => LBLA 
AL,;BL2,AL2BL; = ALBL L;ABL2,L2ABL; => LABL 
LiL2.BA,L2L;3BA => LLBA AL;L2B,AL2L;B = ALLB 
L,AL2B,L2,AL;B => LALB L;L2AB,L2L;AB => LLAB 


Figure 3.1: BALL’s with different L’s 


Thus, the number of arrangements of BAL; L2 is exactly twice the number of arrangements of BALL. 
So to get the number of arrangements of BALL, we have to divide the number of arrangements of 
BAL}L2 by 2. 


90 


3.2. PERMUTATIONS WITH REPEATED ELEMENTS 


So the number of arrangements of BALL is 4!/2 = 12. o 


Now we have another counting strategy to go with counting the items we don’t want - strategically 
counting multiples of the items we do want, then dividing. Because the L’s can be arranged in 2 different 
ways, we need to divide by 2 to correct for the overcounting. 


As we've said many times, don’t blindly memorize this technique! Take the time to thoroughly 
understand why it works. Then it will become second nature. 


Here’s another example, where this time a letter occurs 3 times. 


Problem 3.3: How many distinct arrangements are thereof TATTER? 


Solution for Problem 3.3: If we pretend that all the T’s are different (say, T;, T2, and T3), then there are 6! 
possible arrangements of T; AT2T3ER. 


However, for any given arrangement, the 3 T’s can be rearranged in 3! ways, meaning that every 
arrangement of TATTER corresponds to 3! arrangements of T; AT2T3ER. An example is in Figure 3.2. 


T,AT2T3ER T2AT}T3ER T3AT,T2ER 
T,AT3T2ER T)AT3T;ER  T3AT>T|ER all correspond to TATTER 


Figure 3.2: TATTER’s with different T’s 


Thus, our 6! ways to arrange T; AT2T3ER counts each arrangement of TATTER 3! times. Hence, we 
divide 6! by 3! so that we'll only count each arrangement of TATTER once. Therefore, the number of 
arrangements of TATTER is 6!/3! = 120. 0 


Problems 3.2 and 3.3 are examples of strategic overcounting. We notice that we can count each item 
a certain number of times in an easy way, then we divide by that number. For example, in counting 
the arrangements of TATTER, we know that 6! counts each arrangement exactly 3! ways, so our desired 
number of distinct arrangements is 6!/3!. We'll be seeing this idea again. And again. And again. 


To throw one more twist into these types of countings, let’s see what happens if more than one item 
is repeated. 


Problem 3.4: How many distinct arrangements are thereof PAPA? 


Solution for Problem 3.4: Again, we pretend that the letters are all different, and we have P;A;P2A2. We 
have 4! permutations (since all the letters are different). 


But how many arrangements of P; A; P2A2 (where the P’s and A’s are considered different) correspond 
to a single arrangement of PAPA (where the P’s and A’s are identical)? 


PAPA is counted in 4 different ways: as P, A ,P2A2, P} A2P2Aj1, P2AiP}A2, and P2A2P;A}. 


Rather than list out the possibilities, we could have reasoned as follows: For the 2 P’s, each possibility 
is counted 2! = 2 times, and for the 2 A’s, each of these 2 possibilities is counted 2! = 2 times, for a total 
of 2 x 2 = 4 ways. (Make sure you see why it isn’t “2 + 2 = 4” ways.) 


Therefore, there are 4! ways to arrange the 4 letters P} A; P2A2; this counts each arrangement of PAPA 


o1 


CHAPTER 3. CORRECTING FOR OVERCOUNTING 


2! x 2! = 4 times, so we have 4!/(2! x 2!) = 6 ways to arrange PAPA. 0 


exercises as 


(a) List all of the arrangements of the letters in the word EDGE. 


(b) Compute the number of arrangements of the letters in the word E; DGE2, in which the two E’s are 
considered different. 


(c) How are your answers related? 


(a) How many ways are there to arrange the letters of the word BA,N;A2N>2A3, in which the three 
A’s and the two N’s are considered different? 


(b) How many ways are there to arrange the letters in the word BANANA, in which the three A’s and 
the two N’s are considered identical? 


3.2.3. For each of the following words, determine the number of ways to arrange the letters of the word. 
(a) COT 
(b) WAR 
(c) PIP 
(d) THAT 
(e) LULL 
(f) CEASE 
(g) TOOT 
(h) TEPEE 
(i) MADAM 
(j) TARTAR 
(k) ALABAMA 
(1) MISSISSIPPI 


3.2.4 Ihave 5 books, two of which are identical copies of the same math book (and all of the rest of the 
books are different). In how many ways can I arrange them on the shelf? Hints: 202 


3.2.5 There are 8 pens along a wall in the pound. The pound has to allocate 4 pens to dogs, 3 to cats, 
and one to roosters. In how many ways can the pound make the allocation? 


Extra! Well, some mathematics problems look simple, and you tt y them for ay year or so, and then you 
mpm try them for a hundred years, and it turns out that they're extremely hard to solve. 
— Andrew Wiles 
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3.3 Counting Pairs of Items 


Problem 3.5: A round-robin tennis tournament consists of each player playing every other player 
exactly once. How many matches will be held during an 8-person round-robin tennis tournament? 


Problem 3.6: 
(a) Compute the sum 1 +2 +3 +4 of the first 4 positive integers. 


(b) Compute the sum 1 +2+3+4+5 of the first 5 positive integers. 
(c) Compute thesum1+2+3+4+5+6+7+8+9+10 of the first 10 positive integers. 


(d) Find a formula for the sum of the first n positive integers. Make sure your formula gives you 
the sums that you computed in parts (a)-(c). 


(e) Compute the sum 1+2+3+---+ 100 of the first 100 positive integers. 


Problem 3.7: A round-robin tennis tournament consists of each player playing every other player 
exactly once. How many matches will be held during a n-person round-robin tennis tournament, 
where n > 2? 


Problem 3.8: A convex polygon is a polygon in which every interior angle is less than 180 degrees. A 
diagonal of a convex polygon is a line segment which connects two non-adjacent vertices. 


(a) How many diagonals does a convex quadrilateral have? 


(b) How many diagonals does a convex pentagon have? 
(c) How many diagonals does a convex hexagon have? 


(d) Find a formula for the number of diagonals of a convex polygon with n sides, where n is any 
positive integer greater than 2. Make sure that your formula matches your answers from parts 
(a)-(c) where n = 4,5, 6. 


Often we have a bunch of items and we wish to count the number of pairs of items. The next problem 
is an example of this. 


Problem 3.5: A round-robin tennis tournament consists of each player playing every other player 
exactly once. How many matches will be held during an 8-person round-robin tennis tournament? § 


Solution for Problem 3.5: Say you're one of the players. How many matches will you play? 
Each player plays 7 matches, one against each of the other 7 players. 


So what’s wrong with the following reasoning? 


Bogus Solution: Each of the eight players plays 7 games, so there are 8 x 7 = 56 total 


games played. 
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Suppose two of the players are Alice and Bob. Among Alice’s 7 matches is a match against Bob. 
Among Bob’s 7 matches is a match against Alice. When we count the total number of matches as 8 x 7, 
the match between Alice and Bob is counted twice, once for Alice and once for Bob. 


Therefore, since 8 X 7 = 56 counts each match twice, we must divide this total by 2 to get the total 
number of matches. Hence the number of matches in an 8-player round-robin tournament is 8% = 28. 
UO 


Here’s another way to solve Problem 3.5. We’ll go one player at a time, and keep a running count of 
the number of matches involving those players. 


Let’s start with Alice. We already know that Alice plays 7 matches. 


Next, we move on to Bob. We also know that Bob plays 7 matches, but we’ve already counted 
the match that he plays with Alice. So Bob plays in 6 more matches that we haven’t already counted. 
Therefore, our running total — the number of matches involving Alice or Bob — is 7 + 6 = 13. 


Then, we go to the next player, Carol. We know that Carol plays 7 matches, but we’ve already 
counted two of them: the one between Carol and Alice, and the one between Carol and Bob. So Carol 
plays in 5 more matches that we haven't already counted. Therefore, our running total — the number of 
matches involving Alice, Bob, or Carol —is 7+6+5 = 18. 


If we keep going in this manner, we’ll eventually arrive at a grand total of 
7+64+5+44+34+2+1=28 
matches. 


Problem 3.5 is a classic example of counting pairs of objects — in this case pairs of players in a tennis 
tournament. This problem is so fundamental that it pays to look at the general case of the problem. 


But before we do that, let’s discuss a very useful formula. We saw that in the 8-person round-robin 
tournament of Problem 3.5, the answer was equal to the sum 7+6+5+4+3+2+1. Knowing a formula 
for the sum of the first n positive integers can be useful. 


Problem 3.6: Find a formula for the sum of the first n positive integers. 


Solution for Problem 3.6: Let’s write 
$=14+2+4+---+(n-l1) +n. 


Note that this is just a notational shorthand for the sum of the first 1 positive integers, and does not rule 
out the possibility that n = 1 orn = 2. 


We can, of course, just as easily write S in the reverse order: 
S=n+(n-—1)+--°+2+41. 


This may seems like a useless thing to do, but watch what happens when we add them together: 


S = 1 + 2 torr + n-1l + n 
+ S = n + n-1l + ee + 2 + 1 
25 = (n+1) + (n+1) + -: + (n4+1) + (n+1) 
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The last line has n copies of n + 1, and hence 


2S = n(n + 1). 
So, we divide by 2 to get 
S$=1+2+---+(n-l1)+n= mr 
O 
Important: For any positive integer n, 
L+2+--¢ (1-1 tne MAD) (3.1): 


Sidenote: Legend has it that the famous German mathematician Carl Friedrich Gauss 
(1777-1855) once used the formula of (3.1) to very quickly compute the sum 
of the integers from 1 to 100. What is remarkable about this is that Gauss 
was only 7 years old at the time! His schoolteacher gave his class, as an 
exercise, the assignment to calculate : 


1+4+2+3+---+99+4+100, 


figuring that it would take the students many minutes. The teacher was 
quite surprised when young Gauss came up with the answer almost im- 
mediately! Gauss, even at age 7, recognized that there was a quick way to. 
add consecutive integers, and used the same process that we used to prove 


(3.1). 


Now let’s go back to the general case of a round-robin tournament. 


Problem 3.7: A round-robin tennis tournament consists of each player playing every other player J 
exactly once. How many matches will be held during a n-person round-robin tennis tournament, f 
where n > 2 is a positive integer? : 


Solution for Problem 3.7: If we proceed as in the solution to Problem 3.5, we see that each of the n players 
must play every other player, so each player must play n — 1 matches. This leads to a preliminary count 


of n(n — 1) matches. 
But this method counts each match twice, once for each player. Thus we must divide by 2, to get the 
-—1 
answer le 0 


Another way to approach the general tournament problem in Problem 3.7 is as follows: 


Number the players from 1 through n. 
Player 1 plays players 2,3,...,n for a total of n — 1 matches. 


99 


CHAPTER 3. CORRECTING FOR OVERCOUNTING 


Player 2 plays players 1,3,4,...,n. But we’ve already counted the match between players 1 and 2. So 
we only need to add on the matches between player 2 and players 3,4,...,, for another n — 2 matches. 


Similarly, for player 3, we’ve already counted the matches against players 1 and 2, so we need to add 
on the matches between player 3 and players 4,5,...,n, for another n — 3 matches. 


And so on. 


So the total number of matches is the total of our counts above, which is 


(n-—1)+(n-—2)+(n-—3)+---+2+41. 


Since this must match the count that we had before, we’ve just shown that 


n(n — 1) 


(n-1)+(n-2)+(n-3) 40-4241 = 5 


This, of course, is the same as (3.1), using n — 1 in place of n. 


In some problems, we don’t aaauned want to count all pairs, but just some of them. 


E Problem 3.8: A convex polygon i is a 1 polygon i in which every interior angle is is less than 180 degrees. 
| a diagonal of a convex polygon is a line segment which connects two non-adjacent vertices. Find a 
| | formula for the number of diagonals of a convex polygon with n sides, where n is any positive integer 
| greater than 2. 


Solution for Problem 3.8: A polygon with n sides has n vertices. Every diagonal of the polygon 
corresponds to a pair of vertices (namely, the diagonal’s two endpoints). By reasoning similar to that of 
Problem 3.7, there are ““—) pairs of vertices (in this case, instead of “tennis players,” we have “vertices,” 
but the argument is exactly the same). 


However, n of these pairs correspond to edges of the polygon rather than diagonals, so we have to 


subtract these from our count, and thus the number of diagonals in a convex polygon with n sides is 
n(n—-1) _ n 
5 


Note that this solution combines our two methods for correcting for overcounting. We divide n(n—1) 
by 2, because every diagonal that we wanted was counted twice. Then we subtract n, because some of 
the “diagonals” that we counted aren’t really diagonals, so we have to remove them from our count. 


There is also an alternate solution method. For each vertex, there are n — 3 diagonals which have 
that vertex as an endpoint: there are n — 1 other vertices, but the segments to the 2 adjacent vertices are 
edges. So, counting n — 3 diagonals for each vertex, we get a count of n(n — 3) diagonals. But this counts 
each diagonal twice — once for each endpoint vertex. Thus we must divide by 2, giving a final answer 
of a) diagonals. 0 


Wait a minute! We did Problem 3.8 two different ways and got two different answers! 


No, we didn’t! The two answers are equal: 
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ONE ng gs, ge 


2 2 2 
_ n(n-1)-2n 
- 2 
_ nt-n-2n 
7 2 
— n*—-3n 
7 2 
_ n(n—-3) 
7 2 


gL txercises ila 
3.3.1 Acclub has 15 members and needs to choose 2 members to be co-presidents. In how many ways 


can the club choose its co-presidents? 


3.3.2. [have twenty balls numbered 1 through 20 in a bin. In how many ways can I select 2 balls, if the 
order in which I draw them doesn’t matter? 


3.3.3 A sports conference has 14 teams in two divisions of 7. How many games are in a complete 
season for the conference if each team must play every other team in its own division twice and every 
team in the other division once? Hints: 171 


3.3.4 


(a) Find a formula for the sum of the first n even integers: 2+4+6+---+2n. Hints: 184 
(b) Find a formula for the sum of the first n odd integers: 1+3+5+---+(2n-—1). Hints: 129, 117 


3.3.5x How many interior diagonals does an icosahedron have? (An icosahedon is a 3-dimensional 
figure with 20 triangular faces and 12 vertices, with 5 faces meeting at each vertex. An interior diagonal 
is a segment connecting two vertices which do not lie on a common face.) Hints: 99, 7 


3.4 Counting with Symmetries 


| _ Problems [La 


Problem 3.9: In how many different ways can 6 people be seated at a round table? Two seating 
arrangements are considered the same if, for each person, the person to his or her left is the same in 


both arrangements. In other words, the two arrangements in Figure 3.3 are the same. 
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Figure 3.3: Two identical 6-person seatings 


Problem 3.10: In how many distinct ways can 4 keys be placed on a key chain? Two arrangements 
are not considered different if the keys are in the same order (or can be made to be in the same order 


without taking the keys off the chain). 


We've already seen in Section 3.2 some examples of overcounting permutations in which each 
permutation is counted multiple times. For example, in Problem 3.2, we counted the arrangements of 
the letters in the word BALL. Each of the 4! permutations of 4 letters corresponds to 2 arrangements of 
BALL, giving a total of 4!/2 = 12 arrangements. 


Sometimes, the overcounting is a little more subtle, and results from some symmetry in the things 
that we’re counting. Here’s an example: 


Problem 3.9: In how many different ways can 6 people be seated at a round table? Two seating | 
_ arrangements are considered the same if, for each person, the person to his or her left is the same in | 
both arrangements. In other words, the two arrangements in Figure 3.4 are the same. 


Figure 3.4: Two identical 6-person seatings 


Solution for Problem 3.9: If the 6 people were sitting in a row, rather than around a table, there would be 6! 
arrangements. But this is clearly an overcounting, since several different row arrangements correspond 
to the same round table arrangement. For example, consider Figure 3.5. All six arrangements of the 


people A through F shown in the figure correspond to the same arrangement, once the people are placed 
around a round table. 


Extra! Why are numbers beautiful? It’s like asking why is Beethoven's Ninth Symphony beautiful. If 
a> wapwava you don’t see why, someone can't tell you. I know numbers are beautiful. If they aren't beautiful, 
nothing is. — Paul Erdés 
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B oa © D 
E FE A 
E F 
E F 
E C F 
BA C B 
B C 


OU 0 


A 
Figure 3.5: Six identical 6-person seatings 


The reason for this is that our problem has symmetry: each arrangement can be rotated 6 ways (one 
of them being no rotation) to make other arrangements. Hence, when we put our 6! arrangements of 
ABCDEF in a circle, we count each circular arrangement 6 times, once for each rotation. 


Therefore, we must divide our initial overcount of 6! by 6, to account for the fact that there are 6 row 
arrangements corresponding to each circular arrangement. So our answer is that there are 6!/6 = 5! = 120 
ways to arrange the 6 people around the table. 0 


There is another way to solve Problem 3.9, using a constructive counting approach. Imagine we first 
place person A. Since all rotations of the same seating are considered identical, we really don’t have any 
choice for where to put person A, since all possible placements are the same under rotation, as in Figure 
3.6. 


A e @ 

e e @ @ @ 
e e °@ e © A 
e e e 
@ @ e 
@ e @ e @ 
@ eo A e © @ 
A @ @ 


Figure 3.6: Person A placed first 


Once we have placed person A, we have essentially “fixed” the rotation. Now we place the rest of 
the people in the usual way. There are 5 choices for where to place person B, 4 remaining choices for 
where to place person C, etc., for a total of 5 x 4x 3 x 2 x 1 = 5! possible seatings. 


Some counting problems with symmetry are best solved by counting the total number of possibilities 
while temporarily ignoring the symmetry, and then dividing by the number of ways that the symmetry 
causes an overcounting. Other problems are best solved by a constructive approach. 


Problem 3.9 saw an example of rotational symmetry: two configurations were considered the same 
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if one could be rotated to form the other. The next problem also features rotational symmetry, plus an 
additional twist. 


are not considered different if the keys are in the same order (or can be made to be in the same order 
without taking the keys off the chain). 


| 


Solution for Problem 3.10: Let's call the keys A, B, C, and D. This problem starts out very similar to 
Problem 3.9, in that arranging keys around a keychain is very similar to seating people around a table. 


There are 4! ways to arrange the keys in a row. But each circular arrangement corresponds to 4 differ- 
ent row arrangements (just as in Problem 3.9, each seating arrangement around the table corresponded 
to 6 row arrangements). 


So, after taking into account the rotational symmetry, we have 4!/4 = 3! ways to arrange the keys on 
a circular ring. 


But there’s more symmetry! We can flip a keychain over, as shown in Figure 3.7. 


Figure 3.7: Flipping a keychain 


The two arrangements in Figure 3.7 are not rotations of each other. But the arrangement on the right 
is obtained by flipping over the arrangement on the left, and so these two are not considered different 
arrangements of the keys. 


Thus, after taking into account rotations, we still have too many arrangements. Both an arrangement 
of keys around the keychain and the flip of that arrangement are counted as separate arrangements, 
when in fact they really are the same arrangement. So we still have to divide by 2. 


So our final answer is 3!/2 = 3 arrangements. Figure 3.8 shows the 3 different arrangements of keys. 
Convince yourself that any arrangement of the keys is equivalent to one of these three. 


Extra! Pure mathematics is, in its way, the poetry of logical ideas. 
"Not everything that can be counted counts, and not everything that counts can be counted. 
The true sign of intelligence is not knowledge but imagination. 


~ Albert Einstein 
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Figure 3.8: Three valid arrangements 


We can also combine the two divisions into one. Each arrangement of keys on the keychain corre- 
sponds to 8 different row arrangements of keys: 4 rotations, and the flips of the 4 rotations, as in Figure 
3.9. 


Figure 3.9: 8 different representations of the same arrangements of keys 


Thus we have a total of 4!/8 = 3 arrangements of 4 keys on the keychain. 


Make sure you see how the keychain can be manipulated to produce the 8 symmetries mentioned 
above. If you don’t believe it, get a keychain and try it yourself! O 


The keychain of Problem 3.10 has not only rotational symmetry but reflective symmetry as well. We 
can either correct separately for the overcounting caused by each type of symmetry (by first dividing by 
4 then dividing by 2), or correct for all of the symmetries at once (by dividing by 8). 


HL itxercises il 
3.4.1 In how many ways can 8 people be seated around a round table? 


3.4.2 In how many ways can 5 keys be placed on a keychain? 


3.4.3 A Senate committee has 5 Democrats and 5 Republicans. In how many ways can they sit around 
a circular table: 


(a) without restrictions? 
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(b) if all the members of each party all sit next to each other? Hints: 59 


(c) if each member sits next to two members of the other party? Hints: 194 


3.4.4 Inhow many ways can we seat 6 people around a table if Fred and Gwen insist on sitting opposite 
each other? Hints: 215 


3.4.5x In how many ways can we seat 8 people around a table if Alice and Bob won't sit next to each 
other? Hints: 71 


3.5 


Summary 


You should think of the various counting techniques that you’ve learned as just extensions of the 
usual arithmetic operations like addition and multiplication. 


Often, the best way to count a set of items is to deliberately overcount the number of items, and 
then correct for our overcounting. This is also called “strategic overcounting.” 


One use of strategic overcounting is when we are counting permutations where some of the items 
are repeated or identical (for example, the number of arrangements of the letters in the word 
BALL). For these types of problems, we first overcount by counting the permutations as if all of 
the items were different (for example, the permutations of the letters in the word BAL;L2, where 
we consider the two L’s as different), and then correct for the overcounting (in our example, by 
dividing by the permutations of the two L’s). 


Counting unordered pairs of items is easy: we just count the number of permutations of 2 items 
from our group, and then divide by 2 because we’ve counted each pair twice (once in each order). 
In general, if we have n items, then there are ane?) pairs of items. We will discuss this further in 


the next chapter. 


If we are counting in a situation where there are one or more symmetries (for example, counting 
the number of ways to seat people around a round table), then we typically first overcount where 
we ignore the symmetry, and then divide to account for the symmetry. 


There’s also one important formula to understand: 


‘Important: For any positive integern, 


V n(n +1) 


14+2+---+(n—-1)+n= 5 


! 
! 


| 


But, as always, don’t memorize this! Instead, learn how it is derived, and then you won’t need to 
memorize it — you'll know it. 
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HL Review ProsLems ig 


3.11 


(a) How many arrangements are there of ‘ste;e2e3’ (consider e;, e2, and e3 to be different letters)? 
(b) List the arrangements of ’ste;e2e3’ which have ‘st’ as the first two letters. How many are there? 
(c) List the arrangements of ‘steee’ (The e’s are all the same this time.) How many are there? 
(d) Let p be the answer to (a), g be the answer to (b) and r be the answer to (c). Is ; = r? If so, why 
must it be so? If not, why not? 
3.12 Determine the number of arrangements of the letters of each word: 
(a) SUM 
(b) ADD 
(c) FOUR 
(d) NINE 
(e) RADII 
(f) PROOF 
(g) CIRCLE 
(h) ELEVEN 
(i) GAMMAS 
(ij) ELLIPSE 
(k) PARABOLA 
(1) COMBINATION 
3.13 I have 3 identical math books, 3 identical English books, and 2 identical French books. In how 


many ways can I arrange them on a shelf if all I care about is the order of the subjects (in other words, 
all 3 math books are considered the same)? 


3.14 In how many ways can the digits of 45,520 be arranged to form a 5-digit number? (Remember, 
numbers cannot begin with 0.) 


3.15 In how many ways can I place 5 different beads on a bracelet if rotating or flipping the bracelet 
does not change the order of the beads? 


3.16 In how many ways can 9 people sit around a round table? 


3.17 In how many ways can 8 people sit around a round table if 3 of the people — Pierre, Rosa, and 
Thomas - all want to sit together? 


3.18 There are 6 married couples at a party. At the start of the party, every person shakes hands once 
with every other person except his or her spouse. How many handshakes are there? 
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3.19 Seven points are marked on the circumference of a circle. How many different chords can be 
drawn by connecting two of these seven points? (Source: MATHCOUNTS) 


3.20 How many pairs of vertical angles are formed by five distinct lines that have a common point of 
intersection? (Source: MATHCOUNTS) 


| Challenge Problems 


3.21 


(a) In how many ways can the 10 kids in my class be seated in a circle if Aubrey and Fred insist on 
being seated diametrically opposite each other? (As usual, two seatings which are rotations of 
each other are considered the same.) 


(b) What if Betty and Guang also insist on being diametrically opposite each other? Hints: 20 


3.22 Eight children sit together at story time. Seven children sit in a circle and one child sits in the 
middle to tell the story. In how many different ways can the children sit? (Two seatings are considered 
identical if the same child is in the middle in both and each child on the outside has the same child on 
his or her right in both seatings.) Hints: 174 


3.23 Ina sports league, there are 20 total teams, divided into 4 divisions of 5 teams each. Over the 
course of a season, each team plays each of the other teams in its own division 3 times, and each of the 
other teams in the other divisions twice. How many games does the league have in a complete season? 


3.24 How many diagonals of a regular octagon are not parallel to one of the sides? Hints: 85 


3.25 Suppose j < k are positive integers. Find a formula for the sum of all of the consecutive integers 
from j to k inclusive; that is, find a formula for 


J+QGU +1) t+---+(kK-D +k. 
Hints: 102 


3.26*x A regular tetrahedron is a triangular pyramid whose faces are all equilateral triangles. How 
many distinguishable ways can we paint the four faces of a regular tetrahedron with red, blue, green, 
and orange paint such that no two faces are the same color? Hints: 166 


3.27x Ihave 7 different keys: 2 for my house, 2 for my car, and 3 for my office. I want to place these 
keys on a keyring such that the house keys are next to each other and the car keys are next to each other. 
In how many ways can I place the keys on the keyring? (As usual, rotations and flips of the keyring 
don’t change the arrangement.) 


3.28x In how many ways can 8 people sit at a square table, 2 people to a side, as 
shown in the diagram to the right? Hints: 52 @ e 
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PEEEPELEL 


Committee on Committees — actual committee of the American Mathematical Society 


CHAPTER 


Lc anenittove and Combinations 


4.1 Introduction 


Counting the number of ways to form a committee from a group of people is one of the most fundamental 
problems in all of counting. Although it may seem relatively simple, the answer to this problem is so 
important that it is given a special name: a combination. Combinations pop up in many, many different 
areas of mathematics, not just counting. As we'll see, there are even algebra problems that can be solved 
using combinations. 


4.2 Committee Forming 


Problem 4.1: 
(a) In how many ways can a President and a Vice-President be chosen from a group of 4 people 
(assuming that the President and the Vice-President cannot be the same person)? 


(b) In how many ways can a 2-person committee be chosen from a group of 4 people (where the 
order in which we choose the 2 people doesn’t matter)? 


Extra! Math is like love — a simple idea but it can get complicated. - R. Drabek 
a dindiandlind 
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Problem 4.2: = eae | 
(a) In how many ways can a President, Vice-President, and Avegsuter be chosen from a group of 8 
people? oe 


(b) Given three members of the group — Alice, Bob, and Carol - — in how many ways can these three 
be chosen to be the three officers? 


(c) In how many ways can a 3-person committee be chosen from a group of 8 people? 


(d) How are your answers to parts (a)-(c) related? 


Problem 4.3: In my state’s lottery, 48 balls are numbered from 1 to 48, and 6 are chosen. How many 
different sets of winning numbers are there? (In this lottery, the order in which the numbers are chosen 
does not matter.) 


Let’s start by considering a situation which is so small that we can make a complete list of all the 
possibilities: 


Problem 4.1: 
(a) In how many ways can a President and a Vice-President be chosen from a group of 4 people§ 
(assuming that the President and the Vice-President cannot be the same person)? 


(b) In how many ways can a 2-person committee be chosen from a group of 4 people (where the | 
order in which we choose the 2 people doesn’t matter)? | 


Solution for Problem 4.1: Part (a) isa permutation problem, like those that we did in Chapter 1. We know 
that there are 4 choices for President, and then 3 choices (the remaining 3 people) for Vice-President, so 
there are 4 x 3 = 12 choices for the two officers. 


In part (b), we again have to choose 2 people, but the order in which we choose the people doesn’t 
matter. So again, there are 4 ways to choose the first person, then 3 ways to choose second person. 
However, we have overcounted, since choosing person A first and person B second will give us the 
same committee as choosing person B first and person A second. Each committee is counted twice in 
our original 4 x 3 count, so we must divide by 2 to correct for this overcount, giving us (4 x 3)/2 = 6 
ways to choose a 2-person committee from 4 people. 


In case you're not convinced, let’s label the people as A, B, C, and D. List all of the ways that you can 
select a President and a Vice-President. Then list all of the possible 2-person committees. You should 
end up with a pair of lists that look like this: 


Pres. [VP [ Commitee ff Pres. [VP [ Commitee 
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So there are 4x3 = 12 ways to choose 2 officers from 4 people, but there are only (4 x3)/2 = 6 ways to 
choose a 2-person committee from 4 people. That’s because when we choose officers, the order in which 
we choose the people matters, whereas when we choose a committee, the order in which we choose the 
people doesn’t matter. 0 


‘Important: Make sure you understand the difference between forming committees | 
| Tv (order doesn’t matter) and picking distinct officers (order of selection 
| matters). 


Here’s another basic example of forming a committee: 


Problem 4.2: In how many ways can 3 people be chosen froma group of 8 people to forma committee? § 
Solution for Problem 4.2: Suppose instead we wanted to choose 3 officers (such as President, Vice 
President, and Treasurer). In that case we would have 8 choices for the first officer, 7 choices for the 
second officer (since there are 7 people remaining after we’ve chosen the first officer), and 6 choices for 


the third officer, for a total of 8 x 7 x 6 = 336 choices for the three officers. This is a basic permutation 
problem like we studied in Chapter 1. 


However, in this problem, we are choosing a committee, not officers, so the order in which we choose 
the 3 people doesn’t matter. This is the key to all committee-forming problems. 


For example, suppose our committee is made up of Alice, Bob, and Carol. We could have chosen 
them in any of the following orders (where A is Alice, B is Bob, and C is Carol): 


ABC, ACB, BAC, BCA, CAB, CBA. 


So each possible committee corresponds to 3! = 6 possible orderings of officers. Thus, we need to 
correct for our initial overcounting by dividing by 3!, because each committee is counted 3! times in our 
list of officers. 


Therefore the number of 3-person committees that can be chosen from 8 people is 


8x7x6 
a = 56. 


Choosing committees is such an important concept that we have some special notations for it. We 
denote the number of ways that we can choose an r-person committee from a total of n people as C(n, r) 
or ,»C; or we The last notation is the most common, and it’s the one that we'll use throughout this book. 
When speaking, we say “n choose r” for the number of ways to choose an r-person committee from a 
total of n people. These numbers are also called combinations. 


So we've already seen in Problems 4.1 and 4.2 that 


(=e ome (es 


A little bit later, we’ll see how to compute (") in general. Let’s do another problem first. 
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| Problem 4.3: In my state’s lottery, 48 balls are numbered from 1 to 48, and 6 are chosen. How many 
| different sets of winning numbers are there? (In this lottery, the order in which the numbers are 
chosen does not matter.) 


Solution for Problem 4.3: This is the same as forming a committee. Instead of people, we have balls, but 
the concept is the same. 


We start by computing how many ways there are to choose 6 balls when the order does matter. This 
is a permutation problem, and we know there are 48 choices for the first ball, 47 choices for the second 
ball, and so on, giving 

48 x 47 x 46 x 45 x 44 x 43 


ways to choose the 6 balls when we do care about the order. 


But of course we really don’t care about the order, so we have to correct for our overcounting. For 
any given set of 6 balls, there are 6! different ways to arrange them. So for every set of 6 balls that we 
can choose without worrying about order, there are 6! ways that we can choose them while worrying 
about order. Hence, our count of ordered ways to choose 6 balls counts each unordered way to choose 
6 balls exactly 6! times. So we need to divide the number of ordered ways to choose 6 balls by 6! to get 
the number of unordered ways to choose 6 balls. 


Therefore our answer is 


48 x 47 x 46 x 45 x 44 x 43 
6! 


(This number is also a) .) This means that your chance of winning the lottery is worse than 1 in 12 
million. 0 


I] Exercises 


4.2.1 


= 12,271,512. 


(a) In how many ways can I choose 4 different officers from a club of 9 people? 


(b) In how many ways can I choose a 4-person committee from a club of 9 people? 


4.2.2, Myclub has 25 members. In how many ways can I choose members to form a 4-person executive 
committee? 


4.2.3 Our water polo team has 15 members. I want to choose a starting lineup consisting of 7 players, 
one of whom will be the goalie (the other six positions are interchangeable). In how many ways can I 
choose my starting lineup? Hints: 88 


4.2.4 Consider a regular octagon. How many triangles can be formed whose vertices are the vertices 
of the octagon? Hints: 120 


4.2.5 The Senate has 100 members, consisting of 55 Republicans and 45 Democrats. In how many ways 
can I choose a 5-person committee consisting of 3 Republicans and 2 Democrats? Hints: 43 


4.2.6 My state’s lottery has 30 white balls numbered from 1 through 30, and 20 red balls numbered 
from 1 through 20. In each lottery drawing, 3 of the white balls and 2 of the red balls are drawn. To 
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win, you must match all 3 white balls and both red balls, without regard to the order in which they were 
drawn. How many possible different combinations may be drawn? Hints: 106 


4.3 How to Compute Combinations 


Problem 4.4; Consider a club which has n people. 
(a) Determine a formula for the number of ways to choose r different officers from the n people. 


(b) Determine the number of ways that any given r people can be assigned to be officers. 


(c) Using your answers to parts (a) and (b), determine a formula for the number of ways to form 
an r-person committee from a total of n people. 


Problem 4.5: Compute (7) ; 


Problem 4.6: A round-robin tennis tournament consists of each player playing every other player 
exactly once. How many matches will be held during a n-person round-robin tennis tournament, 
| where n > 2 is a positive integer? We’ve already seen this problem in Chapter 3, but try to come up 
with a simple explanation of the solution in terms of combinations. 


We now know that the number of ways to choose an r-person committee from n total people is given 
by the combination ). There’s nothing special about “people” or “committees”: there are (”) ways to 
choose r objects without regard to order from n total objects. 


Perhaps you've seen a pattern with the combinations that we’ve already computed: 


4\ 4x3 _ 4x3 -- 

2) 2! 7 2x1 7 

8\ 8x7x6 _ 8x7x6 _ 5 

3) 3! 7 3x2x1 7 

48 48 x 47 x 46x 45 x 44x 43 48 x 47 x 46 x 45 x 44 x 43 

+ eo ee 


Let’s see what the solution to the general problem is: 


Problem 4.4: Determine a formula for the number of ways to form an r-person committee from a] 
total of n people. 


Solution for Problem 4.4: Once again, we start by counting the number of ways to choose r people if 
order matters. There are n choices for the first person, n — 1 choices for the second person, n — 2 choices 
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for the third person, and so on, up to n — r + 1 choices for the rth person. (Make sure you understand 
why it’s n — r + 1 choices and not n — r choices. If you’re not sure, go back and review Problem 1.15.) 


So there are 
nx(n-—1)x(n-2)X-::x(n-r+1) (4.1) 


ways to choose r people from a total of n people if order matters. Recall that this is the quantity that we 
denote by P(n,r). 


But we know that there are r! ways to order r people. Therefore, each unordered committee of r people 
will correspond to r! ordered choices of r people. So we need to divide our count in Equation (4.1) by r! 
to correct for the overcounting. 


Therefore our answer is 
(") — nx(n—-1)x(n-2)x---x(n-r+)) 
rj} r! 


O 


Is there an easier way for us to write the answer to Problem 4.4? In particular, can we simplify the 
expression in the numerator? 


Notice that 


nxX(n—1)xX::-xX(n—-r4+1)x(n-r)x(n-r—-1)x::-x2x1 nl 
(n—r)x(n—r—1)x---x2x1  (n-n)! 


nx(n-1)X-:-xX(n-r+1)= 


so that: | 
n _ nx (n-1)x(n-2)xX+X(n-74+1)_ Ge n! 
r} r! rh (n=) 
More simply stated: 
‘Important an 
L (") 7 ri(n — 7)! 


Although this formula is very important, this is not really how we compute combinations in practice. 
Let’s do a quick example. 


— See 
en 4.5: Compute ve 


Solution for Problem 4.5: By Equation (4.2), 


11) _ 

4) 4l7V 
But these are big numbers to compute. Instead, we go back to the pattern that we saw earlier. The 7! in 
the denominator of the above expression cancels with the last 7 terms in the expansion of 11!: 
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W1\ 11K10x9xXx8xX7xGXxXBxXAXZxXZxT 
4} (4x3x2x1)x(7x6xBx4x3xZxJ) 
This leaves us with just the first 4 terms of 11! in the numerator, and 4! in the denominator. Thus: 
a — 11! 11x10x9x8 


4) 47) 4x3x2x!l ae 


Concept When computing (" ), w we e don’t have t to use se Equation (4.2). Instead, we 
(>==5 can put the first r terms of n! in the numerator, and r! in the el 


Make sure that you understand why! 


Often, combinations give us relatively simple explanations for seemingly more complicated expres- 
sions. Let’s revisit a problem that we did earlier, with an eye toward a simple explanation of the solution 
using combinations. 


Problem 4.6: A round-robin tennis tournament consists of each player playing every other player 


exactly once. How many matches will be held during a n-person round-robin tennis tournament, 
where n > 2? 


Solution for Problem 4.6: Recall one method that we used to solve this problem: 
Number the players from 1 through n. 
Player 1 plays players 2,3,...,n for a total of n — 1 matches. 


Player 2 plays players 1,3,4,...,n. But we’ve already counted the match between players 1 and 2. So 
we only need to add on the matches between player 2 and players 3,4,...,n, for another n — 2 matches. 


Similarly, for player 3, we’ve already counted the matches against players 1 and 2, so we need to add 
on the matches between player 3 and players 4,5,...,n, for another n — 3 matches. 


And so on. 
So the total number of matches is the total of our counts above, which is 
(n-—1)+(n—-—2)+(n—-—3)+---+241. 


However, there is a simpler approach to solving this problem, using combinations. We can think of each 
match in the tournament as a 2-person committee, where the two players involved in the match is are 
“committee.” Therefore, the number of matches in the tournament is equal to the number of ways to 
-hoose a 2-person committee out of 1 people, which is (5). 0 


Of course, both methods are valid, since 


(n—1)+(n-—2)+(n—-3)+---+24+1= wo = @! 


~owever, not only is the method using combinations easier, it is also a more natural way to think about 
=e problem, now that we understand combinations. 
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: Whenever possible, try to solve problems in terms of combinations. For 
example, whenever you're solving a problem and you get a sum of the 
form 


1+2+---+(k—2)+(k—-1), 
that sum is equal to ): and there is probably an easier way to solve the, 


problem which naturally leads to the combination C) 


| 
| 
saudi 


Exercises 


4.3.1 Compute the following combinations: 


@(t)  — @ (3) @) (5) 
w) (3) © (3) tn) (>) 
© (7) (72) co (77) 


= 


4.3.2 What is for any positive integer n? 


0 


= 


4 for any positive integer n? 


4.3.3. What is ( 
4.3.4 What is (") for any positive integer n? 


4.3.5 Does 8 make any sense? Why or why not? Hints: 56 


4.4 Our First Combinatorial Identity 


Problems 
wy oe ue ie Re : 
wins SERS PaagE YT, ed a eae 4 u 


@ ()ea() 


© (3) (5) 
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Problem 4.8: 
(a) Makea guess about a general rule for combinations that is suggested by your solution to Problem 


(b) Prove the rule that you guessed in part (a). 


Problem 4.9: Compute or 


Problem 4.10: Compute (3) 


© (;)e(() 
© (3) (5) 


Solution for Problem 4.7: By our usual computation method for combinations, 


2) 2x1 2 

and 

6 _ OX9x4xs _ 300 _.. 

4) 4x3x2x1l 24 | 
Similarly, 

8 wT RD) 2200) _ee 

3) 3x2x1l 6  ° 7 
and 


8 _ 8x7x6x5x4 _ 6720 _, 
5) 5x4x3x2x1 120 


We see from Problem 4.7 that @ = (2) and i) = GE Is this a coincidence? 
Probllem4.8: 000000 
(a) Make a guess about a general rule for combinations that is suggested by your solution to 
Problem 4.7. 


(b) Prove the rule that you guessed in part (a). 


solution for Problem 4.8: We notice that from Problem 4.7, (3) = GF and 2+ 4 = 6. Similarly, (5) = ee 
and 3+5=8. 
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This leads us to guess that for any positive integer n and for any integers r and s (between 0 and n 
inclusive) such that r +s = n, we have io) = ee Usually, we will note that s = n —r, and write it as 


follows: 
(een Set eRGay oh can ta ee ee ate re em Ne eh ge ee pet he Wie eee ~ tgs pig Se ye we toe oy 
Important: ‘i - | 
mA, (") = (,",) (4.3) 
| 


We can prove this in many different ways. Here are a couple of them: 


First, using the formula for combinations, we get that 


n\n! 
(") — rl(n ry’ 


n _ n! 
(, — ; — (n-ni(n-(n-n)! 


But, of course, n — (n — r) = r, so these two expressions are equal. 


and 


We can also see that (”) = ( hae by thinking in terms of committees. Given a total of n people, the 
number of ways to choose r of them to be on a committee is the same as the number of ways to choose 
n —r people not to be on the committee. 


To go back to the example from Problem 4.7(a), suppose we have 6 people labeled A, B, C, D, E, and 
F, and we wish to form a 2-person committee. We can look at the following chart: 


On the Committee | Not on the Committee 


So we see that there are 15 ways to choose 2 people from 6 to form a committee, but also there are 15 
ways to choose 4 people from 6 to be left off a committee. 
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In general, there are (”) ways to choose r people from a total of n people to form a committee, but also 


there are (,”,) ways to choose n — r people from n total people to be left off a committee. So (”) = ( a) 
O 


Equation (4.3) is our first combinatorial identity! (An identity is an equation which is true for any 
values of the variables that we choose to plug in.) This little identity can save us a lot of computation 
work. 


Problem 4.9: Compute e) | 


Solution for Problem 4.9: We could use the formula: 


(a) “a 
8 812!" 
but 10! and 8! are painstaking to compute. We could also use our standard method of writing the first 8 
terms of 10! in the numerator, and 8! in the denominator: 
a _ 10x9x8x7x6x5x4x3 
8 8! ; 


but that’s still a lot of terms to compute. The easiest way is to first use our identity from Equation (4.3): 
10\ _ / 10 \_ /10 sigh ceo 
8/ \10-8/ \2/ 2 2 


Our identity also gives us a clue as to how to tackle the next problem. 


Problem 4.10: Compute (5). 


Solution for Problem 4.10: We can reason the answer directly. 4 counts the number of ways to choose 0 
people to form a committee from a total of 9 people. But there’s only one way to do that — just sit back 
and do nothing! So (5) = 1. 


We can also see this by applying Equation (4.2): 
9} 8 11, 
o/ 90! Of 1” 
9 


Finally, we can use our identity from Equation (4.3): ia) = (a); and (3) is the number of ways to 
choose a committee of 9 people from a total of 9 people. Here, again, we have only one choice — choose 
all the people to be on the committee. So @ = (3) =1.0 


where we remember that 0! = 1. 


HL Exercises ila 
4.4.1 Compute the following pairs of combinations: 
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(jera(s) — @()ea(3) 
e()era(s) (2) (6) 


4.4.2 Compute the following combinations: 


1 182 
@ (4) ) (To) 

16 505 
(0) be te) fos 


4.4.3 My soccer team has 16 players. I have to choose a starting lineup of a goalie and 10 regular 
players (the regular players are interchangeable). How many different starting lineups can I choose? 
Hints: 168, 74 


n 
4.4.4 What is (, 7 for any positive integer n? 


4.5 Summary 


» Choosing a “committee” means that we are choosing some number of people (or items) from a 
group, but that the order in which we choose the people (or items) doesn’t matter. This is different 
from a permutation, because in a permutation the order of the choices matters. 


» Thenumber of ways to choose an r-person committee from a group of n people is called “n choose r” 
and is denoted by any of: 
Cr) =7C;= « ; 


> There is an easy formula for computing ("): 


n\ _ n! 


As we have said many times before, do not merely memorize this formula — make sure that you 
thoroughly understand it. 


> We have our first combinatorial identity: 
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REVIEW PROBLEMS 


This can be proved algebraically. We can also see that it’s true because the number of ways that r 
people can be chosen to be on an r-person committee is the same as the number of ways that n —r 
people can be chosen not to be on an r-person committee. 


Some useful ideas: 


Important: Make sure you understand the difference between forming committees 
(order doesn’t matter) and picking distinct officers (order of selection 
a matters). 


| ne nN - n! 
| Y 7 r\(n = r)! 


Instead, we can put the first r terms of n! in the numerator, and r! in the 
denominator. Make sure that you understand why! 


Review Proeiems ill 
4.11 Compute the following combinations: 
@ (2) @) (5) 
w) (¢ © (5) 
(.) a 0 text 
4.12 Joe has one book each for algebra, geometry, history, psychology, Spanish, English and physics in 


his locker. If he chooses three books from his locker, how many different sets of three books could he 
choose? (Source: MATHCOUNTS) 


4.13 I wona trip for four to the Super Bowl. I can bring three of my friends. I have 8 friends. In how 
many ways can I form my Super Bowl party? 


4.14 A lock has 5 buttons numbered 1-5. The lock is opened by pushing two buttons simultaneously 
and then pushing one button alone. How many combinations are possible? 
(Source: MATHCOUNTS) 


4.15 I want to read 4 books over the next month. My bookshelf has 12 books. In how many ways can 
I choose which books to read over the next month, without regard to the order that I read them? 
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4.16 Howmany triangles can be formed using the vertices of a regular dodecagon (a 12-sided polygon)? 


4.17 How many different rectangles can be formed by connecting four of the dots in a 4 x 4 square 
array of dots as in Figure 4.1, such that the sides of the rectangle are parallel to the sides of the grid? (We 
did this problem before, in Chapter 2, but do it now using combinations.) 


Figure 4.1: 4 x 4 grid 


| __ Challenge Problems 


4.18 Compute the following: 


© (3) + (2) *(2) +) +) 


(d)*x Can you explain why your answers in parts (b) and (c) are the same? 


4.19 The sundae bar at Sarah’s favorite restaurant has 5 toppings: hot fudge, sprinkles, walnuts, 


cherries, and whipped cream. In how many different ways can Sarah top her sundae if she is restricted 
to at most 2 toppings? 


4.20 The Aviation Club at Rocco’s school has 12 members (including Rocco). They need to choose a 
3-person Helicopter Committee and a 4-person Glider Committee. Students can serve on either or both 
committees, but Rocco refuses to serve on both — he will only serve on one or the other (or neither). In 
how many ways can both committees be chosen? 


4.21 There are 2 Senators from each of the 50 states. We wish to make a 3-Senator committee in which 
no two members are from the same state. 


(a) How many ways can we choose 3 states to be represented? 
(b) How many ways can we choose a Senator from a chosen state? 


(c) How many ways can the 3-Senator committee be formed such that no 2 Senators are from the 
same state? 
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4.22 There are 5 different pairs of gloves, where left and right are distinguishable. Select 4 from the 10 
gloves. 


(a) How many ways are there to select 2 pairs of gloves? 


(b) How many ways are there to select 4 such that some 2 of the 4 make a pair? 


4.23% In poker, a 5-card hand is called a three of a kind if there are three cards of one rank and two other 
cards which are not the same rank as each other or as the other three cards. How many 5-card hands 
are three of a kind? (Assume we are using a standard 52-card deck with 13 ranks in each of 4 suits.) 
Hints: 133, 214 


4.24 Use combinations to find the number of distinct arrangements of the letters of "ONONONONO’. 
4.25 Let ABCDEFGH bea cube. 


(a) How many different line segments can be formed by connecting the vertices of the cube? 
(b) How many different triangles can be formed by connecting 3 of the vertices of the cube? 


(c)* How many noncongruent triangles can be formed by connecting 3 of the vertices of the cube? 


Extra! Magic Squares, Latin Squares, and Sudoku 
1162 1K | > KA : 
Magic Squares: A magic square (of order n) is an arrangement of num- 


bers on an 1 X n grid such that the numbers on each row, column, and 
main diagonal sum to the same amount (this amount is called the magic 
number of the square). If the numbers that we’re arranging are the 
numbers 1,2,3,...,1*, we say that it is a normal magic square. To the 
right is an example of a normal magic square of order 3. 


We can easily show that the magic number M of a 3 x 3 square must be 15: if we sum 
all three rows, we see that 1+2+3+---+9 = 3M, so 45 = 3M and 15 = M. Wecan 
also pretty easily count the number of order 3 normal magic squares. The 5 must go in 
the middle (because it must be part of four sets — a row, a column, and both diagonals — 
which sum to 15, and 5 is the only number which can do that), then we can see that the 
other odd numbers must go in the centers of the four edges, with the 1 and 9 opposite 
and the 3 and 7 opposite. (Experiment and see this for yourself.) So there are only 8 
possible squares: we have 4 choices for the 1 and 9, then 2 additional choices for the 3 
and 7, and then the even numbers are fixed. Moreover, if we don’t consider rotations 
and reflections to be different squares, there is only one normal magic square of order 3 
— in other words, every normal magic square of order 3 can be rotated and/or reflected 
to produce the one shown above. 


Counting the number of normal magic squares of orders greater than 3 is much more 
difficult — the number of possibilities grows quite rapidly. Not counting rotations and 
reflections, there are 880 normal magic squares of order 4, over 275 million of order 5, 
and an unknown number of order 6 (but it is estimated to be at least 101”). 


continued on next page... 
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... continued from previous page 


Latin Squares: A latin square (of order n) is an arrangement of the num- 
bers 1,2,...,n on ann Xn grid such that each number appears exactly 
once in each row and column. An example Latin Square of order 3 is 
shown to the right. It is also easy to count the number of Latin Squares 
of order 3. There are 3! = 6 arrangements of the numbers 1, 2,3 in the 
top row, and then 2! = 2 arrangements of the remaining 2 numbers in the first column. 
This then fixes the numbers in the rest of the square. So there are 6 x2 = 12 Latin Squares 
of order 3. As with magic squares, the number of Latin squares of order n grows quite 
rapidly. There are 576 of order 4 (this is actually not so difficult to count — try it and see!) 
and 161,280 of order 5 (this is really hard to count). 


Sudoku: A special kind of Latin square is used in the very popular puzzle Sudoku. 
A solved Sudoku puzzle is a Latin square of order 9 with the additional property 
that when divided into nine 3 x 3 subsquares, each subsquare contains each of the 
numbers 1,2,...,9 exactly once. Even with the additional restriction, there are still 
6,670,903,752,021,072,936,960 possible Sudoku grids. (This number was calculated by 
Bertram Felgenhauer in 2005.) In a Sudoku puzzle, a few of the numbers are initially 
filled in, and the solver has to determine the remaining numbers; the initial numbers are 
chosen such that there is a unique way to complete the grid. Below is a typical puzzle, 
considered to be fairly easy to solve: 


513] | i7] tt 
Beno eae 
EDD EOE 
st | | fe] tt 3 
4] | fs} |3t [ja 
7] TP 2t 
| fo} | | | f2]s 
ERR ORO 
tt st 79 


(Source: Wikimedia Commons, http://commons.wikimedia.org) 


Sudoku was popularized in Japan in the 1980s, but only became incredibly popular 
worldwide in 2005, especially in Great Britain. In July 2005 the British TV Network Sky 
One broadcast, in prime time, Sudoku Live, a live Sudoku-solving game show in which 
people at home could play along by email or phone. As a promotional stunt in advance 
of the show, the network constructed a giant Sudoku puzzle in a hillside off of a major 
freeway; unfortunately, it was not a “true” Sudoku puzzle, in that it did not have a 
unique solution. You can view a picture of it on Sky One’s website, which is linked on 
our links page at: 
http: //www.artofproblemsolving.com/BookLinks/IntroCounting/links.php 


PERE EED 
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More With Combinations 


5.1 Introduction 


In the last chapter we introduced combinations. We used these to count the number of ways to choose r 
items from a set of n items, where the order in which we choose the items doesn’t matter. In this chapter, 
we'll see how to do some more complicated problems using combinations. We’ll also see how to use 


combinations together with some of our other counting methods, such as casework and complementary 
counting. 


After that, you should have a really good understanding of combinations! 


Then we’ll move on to the concept of distinguishability, in which we’ll use many of the counting 


-ools that we’ve developed so far to learn what distinguishability means and why it matters when we're 
counting. 


5.2 Paths on a Grid 


Problem 5,1: Each block on the grid shown in Figure 5.1 (on the next page) is 1 unit by 1 unit. Suppose 


we wish to walk from A to B via a 7 unit path, but we have to stay on the grid — no cutting across 
blocks. 


(a) How many steps to the right do we have to take? 
(b) How many steps up do we have to take? 
(c) How many different paths can we take? 
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A 


Figure 5.1: Grid for Problem 5.1 


One type of problem for which we can use combinations is counting the number of paths on a grid. 
Let’s look at an example. 


‘Problem 5.1: Each block on the grid shown in Figure 5.1 above is 1 unit by 1 unit. Suppose we wish | 
to walk from A to B via a 7 unit path, but we have to stay on the grid — no cutting across blocks. How 
: many different paths can we take? 


Solution for Problem 5.1: We know that we must take a 7 unit path. If we look at the grid a little more 
carefully, we can see that our path must consist of 4 steps to the right and 3 steps up, and we can take 
those steps in any order. So in order to specify a path, we must choose 3 of our 7 steps to be “up” (and 
the other 4 steps will thus be “right’”). Hence the number of paths is 


7 7X6X5 
6 =3x2x1->" 


If you are not convinced, we can describe a path by writing “r” for a right step and “u” for an up 
step. For every arrangement of 4 r’s and 3 u’s, we get a path from A to B, as shown in Figure 5.2. 


B 


A Path ruruurr is shown 


Figure 5.2: Example path from A to B 


Therefore, to count the number of paths from A to B, we need only to count the number of arrange- 
ments of “rrrruuu.” The number of arrangements is 
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Remember how we get the above expression: there are 7! arrangements of “ri rar3rgu,u2U3,” where we 
think of each r and each u as different. However, we want to count the number of arrangements of 
“rrrruuu,” where the r’s and u’s are all the same, so we must divide by the 4! possible arrangements of 
the r’s and the 3! possible arrangements of the u’s. If you’re still unclear about this, go back and reread 
Section 3.2. 0 


Counting the number of paths on some sort of grid is a very common type of problem, and you'll 
see more of these in the exercises and later in the book. 


i” ~ 
5.2.1 How many paths are there from A to B on the grid shown in Figure 5.3, if every step must be up 
or to the right? 


B 


PoTrr 


A 
Figure 5.3: Grid for Exercise 5.2.1 . 


Figure 5.4: Grid for Exercise 5.2.2 


5.2.2 How many paths are there from C to D on the grid shown in Figure 5.4, if every step must be 
down or to the right? 


5.2.3 Consider the grid in Figure 5.5. 


(a) How many 9-step paths are there from E to G? 
(b)* How many of those paths pass through F? Hints: 196 


Figure 5.5: Grid for Exercise 5.2.3 


Extra! I advise my students to listen carefully the moment they decide to take no more mathematics 
mpm courses. They might be able to hear the sound of closing doors. — James Caballero 
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5.3 More Committee-type Problems 


Problem 5.2: Coach Grunt is preparing the 5-person starting lineup for his basketball team, the 
Grunters. There are 12 players on the team. Two of Rien Ace ves Zeppo, are league All-Stars, so 


y lineups are possible? 


Problem 5.3: There are 30 men and 40 women in the Town Library Club. They wish to form a 7-person 
steering committee with 3 men and 4 women. In how many ways can they form the committee? — 


Problem 5.4: Coach Grunt’s rival team is the Screamers, coached by Coach Yellsalot. The Screamers 
also have 12 players, but two of them, Bob and Yogi, refuse to play together. How many starting 
lineups (of 5 players) can Coach Yellsalot make if the starting lineup can’t contain both Bob and Yogi? 


Problem 5.5: In how many ways can a dog breeder separate his 10 puppies into a group of 4 and a 


group of 6 if he has to keep Biter and Nipper, two of the puppies, in separate groups? 


Problem 5.2: Coach Grunt is preparing the 5-person starting lineup for his basketball team, the | 
-Grunters. There are 12 players on the team. Two of them, Ace and Zeppo, are league All-Stars, so J 
_they’ll definitely be in the starting lineup. How many different starting lineups are possible? 


Solution for Problem 5.2: Coach Grunt has to choose 3 players from the 10 players that are remaining 
after Ace and Zeppo have been placed in the lineup. The order in which the players are chosen doesn’t 
matter, so the answer is 


iy _10x9x8 - 100. 


3) 3x2x1 


Problem 5.2 is a basic example of a combinations problem. Any time we are choosing r objects out 
of n total objects and we don’t care about the order of our choices, it is a combination. Combinations are 
one of the fundamental building blocks of counting. They should become as basic to you as addition 
and multiplication. 


In some problems, we’re choosing more than one committee independently: 


Problem 5.3: There are 30 men and 40 women in the Town Library Club. They wish to form | 
a 7-person steering committee with 3 men and 4 women. In how many ways can they form the ] 


Solution for Problem 5.3: In this problem, we're really selecting two separate committees. We can choose 
3 men from the 30 men total in 


= 4,060 


30\ 30x 29x28 
3) 3x2xi1 
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ways, and 4 women from the 40 women total in 


= 91,390 


40\ 40X39 x 38 x 37 
4} 4x3x2x1 


ways. Since these two selections are independent (since for each of the 4,060 ways to pick the men, there 
are 91,390 ways to pick the women), we multiply them together to get the number of ways that we can 
form the 7-member overall committee: 


30\ /4 
( 3 ( 4 = (4,060)(91,390) = 371,043,400. 


(That’s a lot of possible committees!) 0 
Sometimes we have to work a little bit harder to count the number of committees: 
Problem 5.4: Coach Grunt’s rival team is the Screamers, coached by Coach Yellsalot. The Screamers | 
also have 12 players, but two of them, Bob and Yogi, refuse to play together. How many starting 


lineups (of 5 players) can Coach Yellsalot make, if the starting lineup can’t contain both Bob and 
Yogi? 


Solution for Problem 5.4: We can solve this problem in (at least) two ways, by using casework or by using 
complementary counting. Let’s do casework first. 


There are 3 different cases for the starting lineup. 


Case 1: Bob starts (and Yogi doesn't) 
In this case, the coach must choose 4 more players from the 10 remaining players (remember that Yogi 
won't play, so there are only 10 players left to select from). Thus there are e lineups that the coach 
can choose. 


Case 2: Yogi starts (and Bob doesn't) 
As in Case 1, the coach must choose 4 more players from the 10 remaining players. So there are Ge 
lineups in this case. 


Case 3: Neither Bob nor Yogi starts 
In this case, the coach must choose all 5 players in the lineup from the 10 remaining players. Hence 
there are fe) lineups in this case. 


To get the total number of starting lineups, we add the number of lineups in each of the cases: 


10 10 10 
a + oy + ai = 210 + 210 + 252 = 672. 


We can also solve this problem by complementary counting. If we have no restrictions, then the 
coach would need to choose 5 players from the entire roster of 12 players, which he can do in rs) ways. 


But then we have to subtract the lineups that are not allowed, which are the lineups in which both 
Bob and Yogi start. We already counted these in Problem 5.2: the coach must choose 3 more players 


from the remaining 10 players to complete the lineup, and he can do this in a ways. 
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So, the answer to the problem is the total number of lineups (without restrictions), minus the number 
of lineups which are not allowed. This gives us 


12 10 
- = 792 - 120 = 672. 
g a 


Notice that in solving Problem 5.4, we got the answer in two different ways. 


Concept: _ If it’s easy to do, solving a problem in two different ways is a good way to 
> check your answer. 


me 


Sidenote: Since the answer to Problem 5.4 is obviously the same no matter how we'| 
N get it, we can see that 


2)-)-(8)-@)-() 


which can be rewritten as 


| 
! 
| 
{ 
| 
{ 
| 
| 
| 
( 


(3)=(6) 202) 


| In fact, it is true for any n and r that 


2) = (eG) eC 
| r+2) \r r+1 r+2)° 


: You may already see why this is true in general; we’ll come back to this 
| identity later in Chapter 12. | 


| 
| 
: 
| 
| 
| 
| 
| 
| 


Problem 5.5: In how many ways can a dog breeder separate his 10 puppies into a group of 4 and a 
group of 6 if he has to keep Biter and Nipper, two of the puppies, in separate groups? 


Solution for Problem 5.5: Again, there are a couple of different ways we can approach this problem. Let’s 
first do the problem by complementary counting. 


If we have no restrictions on the groups, then we simply need to choose 4 of the 10 dogs to be in the 


smaller group, and the rest of the dogs will make up the larger group. There are i ) ways to do this. 


But we can’t have Biter and Nipper in the same group. So we have to subtract the number of ways 
that we can form the two groups with Biter and Nipper in the same group. This calls for a little bit of 
casework. 


Case 1: Biter and Nipper are both in the smaller group 
If they are both in the smaller group, then we have to choose 2 more dogs from the 8 remaining to 


complete the smaller group, and we can do this in (5) ways. 
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-WARNING!! Don’t mistakenly count the possibilities in Case 1 as (5) (7) , by reason- | 
“Ss ing that we must choose 2 out of 8 dogs for the smaller group, and 6 
out of 8 dogs for the larger group. These choices are not independent! 
Once we pick the 2 dogs for the smaller group, then we have no choice: 
but to put the remaining 6 dogs into the larger group. 


Case 2: Biter and Nipper are both in the larger group 
If they are both in the larger group, then we have to choose 4 dogs from the 8 remaining to compose the 
smaller group, and we can do this in ) ways. 


So to get the number of ways to form groups such that Biter and Nipper are both in the same group, 


we add the counts from our two cases, to get i + (5). 


But remember that these are the cases that we don’t want, so to solve the problem, we subtract this 
count from the number of ways to form the two groups without restrictions. Thus, our answer is 


(2) ((t)-(@)) =20- n+ =12 


The other way that we could solve this problem is by direct casework. There are two cases of possible 
groupings. 


Case 1: Biter is in the smaller group, Nipper is in the larger group 
To complete the smaller group, we need to choose 3 more dogs from the 8 remaining. We can do this in 


(8) ways. 
Case 2: Nipper is in the smaller group, Biter is in the larger group 


Again, to complete the smaller group, we need to choose 3 more dogs from the 8 remaining. We can do 
this in (3) ways. 


So to count the total number of groupings, we add the counts from our two cases, to get (3) + (3) = 
56 + 56 = 112 as our final answer. 0 


| Sidenote: Note that, as in Problem 5.4, we got our answer in two different ways, so. 
we can equate them: : 


(2) (2)-@)=G)*+6) 


which can be rewritten as 


(1) = (2) +2(3) + (9) 


which we once again see as a case of the (as yet unproven) identity 


(ria) = (7) #2( 44) * (rt) 
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]___ Exercises 


5.3.1 A Senate committee has 8 Republicans and 6 Democrats. In how many ways can we form a 
subcommittee with 3 Republicans and 2 Democrats? 


5.3.2 Our school’s girls volleyball team has 14 players, including a set of 3 triplets: Alicia, Amanda, 
and Anna. In how many ways can we choose 6 starters: 


(a) with no restrictions? 
(b) if all three triplets are in the starting lineup? 
(c) if exactly one of the triplets is in the starting lineup? 
(d) if at most one of the triplets is in the starting lineup? 
5.3.3. Suppose we want to divide the 10 dogs from Problem 5.5 into three groups, one with 3 dogs, one 


with 5 dogs, and one with 2 dogs. How many ways can we form the groups such that Biter is in the 
3-dog group and Nipper is in the 5-dog group? 


5.3.4 We call a number a descending number if each digit is strictly smaller than the digit that comes 
before it. For example, 863 is a descending number. How many 3-digit descending numbers are there? 


5.3.5% We call a number a mountain number if its middle digit is larger than any other digit. For 
example, 284 is a mountain number. How many 3-digit mountain numbers are there? Hints: 182, 12 


5.4 Distinguishability 


| ___ Problems | > 


In the following problems, distinguishable means that we can tell the items apart, and indistin- 
guishable means we can’t. For example, there are 3! = 6 ways to order 3 distinguishable items, but only 
1 way to order 3 indistinguishable items (since all orders look the same). 


Figure 5.7: 4 distinguishable balls and 2 indistinguishable boxes 


88 


5.4. DISTINGUISHABILITY 


Figure 5.8: 4 indistinguishable balls and 2 distinguishable boxes 


Figure 5.9: 4 indistinguishable balls and 2 indistinguishable boxes 


Problem 5.6: How many ways are there to put 4 distinguishable balls into 2 distinguishable boxes? — 


Problem 5.7: How many ways are there to put 4 distinguishable balls into 2 indistinguishable boxes? 
Problem 5.8: How many ways are there to put 4 indistinguishable balls into 2 distinguishable boxes’ : 


Problem 5.9: How many ways are there to put 4 indistinguishable balls into 2 indistinguishable boxes? 


We've learned to be careful about replacement, and about whether or not order matters. There’s one 
more property to be careful about — distinguishability. We’ve already dealt with this topic a little bit, 
when we rotated seatings and flipped a keychain. Let’s look carefully at the effects of distinguishability. 


Suppose that we have 4 balls and 2 boxes. We want to count the number of ways that we can put the 
balls into the boxes. But we'll do this count under different conditions on the balls and the boxes. Both 
the balls or the boxes can be either distinguishable, meaning they look different (for example, they may 
be different colors), or indistinguishable, meaning that we can’t tell them apart. So we have 4 separate 
problems. 


Problem 5.6: How many ways are there to put 4 distinguishable balls into 2 distinguishable boxes? 


Figure 5.10: 4 distinguishable balls and 2 distinguishable boxes 


Solution for Problem 5.6: For each ball, there are 2 choices of which box to place it in. Since this choice is 
independent for each of the 4 balls, we multiply the number of choices together. Hence there are 2* = 16 
ways to place 4 distinguishable balls into 2 distinguishable boxes. 0 
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Problem 5.7: How many ways are there to put 4 distinguishable balls into 2 indistinguishable boxes? 


Figure 5.11: 4 distinguishable balls and 2 indistinguishable boxes 


Solution for Problem 5.7: Here we don’t care which box is which, we only care which balls are together 
and which ones aren’t. There are two ways we can go about this count. 


First, we can take our count from Problem 5.6, and divide by the number of ways to arrange the boxes. 
There are 2! = 2 ways to arrange the 2 boxes, so there are 16/2 = 8 ways to arrange 4 distinguishable 
balls into 2 indistinguishable boxes. 


WARNING! _ This method does not generalize to more than 2 boxes, as you will see 
» in Exercise 5.4.2. 


I Ma I asc ia TN tp tet agen Ck Spe ee eM Re ie Pe Ra ic Step eal Se ES ee ER EP ne ae ts oe See es 


Alternatively, we could proceed by casework. 


Case 1: One box has 4 balls, the other box has 0 balls 
Obviously, there is only 1 way to do this — put all 4 balls into one box (it doesn’t matter which box, since 
they’re indistinguishable). 


Case 2: One box has 3 balls, the other box has 1 ball 
Here the choice is which ball is by itself in a box, and we have 4 choices. 


Case 3: Each box has 2 balls 

At first glance it looks like we have to choose 2 balls from the total of 4 balls to go into the first box, 
and then the remaining 2 balls will go into the second box. So we have (5) = 6 choices. However, this 
overcounts our choices by a factor of 2. For example, suppose the balls are named A, B, C, and D. If 
we first choose A and B, then one box has A, B and the other box has C, D. But this is exactly the same 
situation as if we had originally first chosen C and D: one box has C, D and the other box has A, B. This 
is illustrated by Figure 5.12. Thus, since each arrangement of balls corresponds to two different initial 
choices of 2 balls, we must divide our original count by 2, giving 6/2 = 3 possibilities for this case. 


Figure 5.12: 2 indistinguishable boxes with 2 distinguishable balls each 


So, to get the total number of possibilities, we add the counts from our 3 cases, to get1+4+3 =8 
ways to arrange 4 distinguishable balls into 2 indistinguishable boxes. 0 
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/WARNING!! _ This casework approach i is not quite as ‘simple if we have 3 or more | 
| “S boxes, as you will s see it in 1 Exercise 5. 4. 2. | 


‘Problem 8. re ae ea ee 


Figure 5.13: 4 indistinguishable balls and 2 distinguishable boxes 


Solution for Problem 5.8: Since the balls are indistinguishable, the only thing we need to keep track of is 
how many balls are in each box. In this case, we can just list the cases: we put either 0, 1, 2, 3 or 4 balls 
into the first box, and the rest into the second box. Thus there are 5 ways to arrange 4 indistinguishable 


balls into 2 distinguishable boxes. 0 


Problem 5.9: How many ways are there to put 4 indistinguishable bz balls into 2 indistinguishable 


‘boxes? 
/| 


Figure 5.14: 4 indistinguishable balls and 2 indistinguishable boxes 


Solution for Problem 5.9: In this problem, we only need to count the number of ways to split 4 items 
into two groups. There are only 3 ways: {4,0}, {3,1} and {2,2}. Therefore, there are only 3 ways to put 4 
indistinguishable balls in 2 indistinguishable boxes. 0 


In these four problems, we see that distinguishability matters. Again, there’s nothing to memorize 
here! You should be able to use logic on any given problem to figure out how to account for the 
distinguishability and/or indistinguishability of what you are counting. The purpose of Problems 5.6— 
5.9 is to make it clear that there is a difference, and you have to be careful to account for it. 


(important Distnguishabiity wate! ~~ 
| 


= 


Exercises 


5.4.1 How many ways are there to put 5 balls in 2 boxes if 


(a) the balls are distinguishable and the boxes are distinguishable? 


(b) the balls are distinguishable but the boxes are not? 
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(c) the balls are not distinguishable but the boxes are? 


(d) the balls are not distinguishable and neither are the boxes? 
5.4.2 How many ways are there to put 5 balls in 3 boxes if 


(a) the balls are distinguishable and the boxes are distinguishable? 
(b) the balls are distinguishable but the boxes are not? 
(c) the balls are not distinguishable but the boxes are? 
(d) the balls are not distinguishable and neither are the boxes? 
(e)* Can you explain why your answer to part (b) is not simply your answer to part (a) divided by 
3!? 
5.4.3 How many ways are there to put 2 balls in n boxes (where n > 2) if 


(a) the balls are distinguishable and the boxes are distinguishable? 
(b) the balls are distinguishable but the boxes are not? 
(c) the balls are not distinguishable but the boxes are? 


(d) the balls are not distinguishable and neither are the boxes? 


5.5 Summary 


> Combinations can be used to compute the number of paths on a grid. If we have to make a total 
steps in one direction and b total steps in another directions, but the steps can be made in any 


order, then there are 
at+b\ (a+b 
a} \ b 


possible paths. Make sure that you understand why this is so! 


> We may have to combine our earlier counting techniques (such as complementary counting or 
casework) with our new knowledge of combinations in order to solve more complicated committee- 
forming problems. 


» Distinguishability matters! When solving a counting problems, it is important to keep track of 
whether our objects are distinguishable or indistinguishable, and proceed accordingly. 


Finally, keep in mind the following useful concept: 


‘Concept: _ If it’s easy to do, solving a problem in two different ways is a good way to 
Ee check your answer. 
t x ae wy weaey 28ol 


Extra! All man’s troubles come from not knowing how to sit still in one room. — Blaise Pascal 
(AeA ise (Ae I> 
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REVIEW PROBLEMS 


5.10 Inthe diagram shown in Figure 5.15: 


(a) How many paths are there from A to B? 
(b) How many paths are there from A to C? 
(c) How many paths are there from C to B? 


(d) How many paths are there from A to B passing through C? 


Figure 5.15: Figure for Problem 5.10 


5.11 In how many ways can we choose 3 distinct letters of the alphabet, without regard to order, if we 
must choose 1 vowel (A, E, I, O, or U) and 2 consonants? 


5.12 Ihave 10 distinguishable socks in my drawer: 4 white, 4 brown, and 2 blue. In how many ways 
can I choose a pair of socks, provided that: 


(a) I get two socks of the same color? 
(b) I get two socks of different colors? 


5.13. My school’s math club has 6 boys and 8 girls. I need to select a team to send to the state math 
competition. We want 6 people on the team. In how many ways can I select the team: 


(a) without restrictions? 
(b) to have 3 boys and 3 girls? 


(c) to have more girls than boys? 


5.14 The Sagebrush student council has 6 boys and 6 girls as class representatives. Two committees, 
each consisting of 2 boys and 2 girls, are to be created. If no student can serve on both committees, how 
many different combinations of committees are possible? 

(Source: MATHCOUNTS) 


5.15 Our basketball team has 10 players, including Steve and Danny. We need to divide into two teams 
of 5 for an intra-squad scrimmage. In how many ways can we do this: 


(a) without restrictions? 


(b) if Steve and Danny insist on playing on the same team? 
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(c) if Steve and Danny insist on playing on opposing teams? 
(d) How are your answers to (a), (b) and (c) related? 
5.16 How many ways are there to put 4 balls in 3 boxes if: 


(a) the balls are distinguishable and the boxes are distinguishable? 
(b) the balls are distinguishable but the boxes are not? 

(c) the balls are not distinguishable but the boxes are? 

(d) the balls are not distinguishable and neither are the boxes? 


(e)x two balls are indistinguishably green, two are indistinguishably red, and the boxes are distin- 
guishable? 


| 


5.17 In the diagram shown in Figure 5.16, note that the grid path from F to G is missing, so paths from 
D to E cannot pass between F and G. How many paths are there from D to E? Hints: 108, 124, 163 


_ Challenge Problems 


Figure 5.16: Figure for Problem 5.17 with grid line missing 


5.18 Nine lines are drawn in a plane. What is the largest possible number of points in the plane at 
which at least two of the nine lines intersect? 


5.19 Three women and seven men split into two 5-person groups. We wish to form the groups so that 
each group has at least one woman and at least one man. 


(a) In how many ways can the women be divided? 
(b) In how many ways can the men be divided? 
(c) In how many ways can the groups be formed? 
5.20 In this problem that people and desks are distinguishable, but books are not. 


(a) In how many ways can 3 people be seated at a row of 5 desks, one person per desk? 


(b) In how many ways can 3 identical copies of this textbook be placed on a row of 5 desks, such that 
no desk has more than one book? 


(c) What is the answer to (b) if we allow more than one book on each desk? 
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5.21 How many positive integers less than 1000 are there such that the digits are not in strictly increasing 
order from left to right? (For example, the digits of 124 are in strictly increasing order, but the digits of 
88 and 946 are not.) Hints: 208 


5.22 Twenty married couples are at a party. Every man shakes hands with everyone except himself 
and his spouse. Half of the women refuse to shake hands with any other women. The other 10 women 
all shake hands with each other (but not with themselves). How many handshakes are there at the 
party? Hints: 172 


5.23 Five different circles are drawn in a plane. What is the maximum number of different points at 
which the circles can meet? Hints: 111 


5.24% Ihave n friends. Every night of the 365-day year I invite three of them to dinner. What is the 
smallest n could be such that it is still possible for me to make these invitations without ever inviting the 
same group of three friends? (I can invite the same friend, or even the same pair of friends, but never 
the same whole group of three.) Hints: 91, 189 


5.25* An integer is called snakelike if its decimal representation 14203 --- a; satisfies a; < aj,, if iis odd 
and a; > aj,1 if 1 is even. How many snakelike integers between 1000 and 9999 have four distinct digits? 
Hints: 41, 147 (Source: AIME) 


5.26x Mack the bug starts at the point (0,0,0) at noon and each minute moves one unit in either the 
positive x-direction, the positive y-direction, or the positive z-direction. Thus, after 1 minute he could 
be at (1,0,0), (0,1,0), or (0,0,1); after 2 minutes, he could be at (2,0,0), (0,2,0), (0,0, 2), (1,1,0), (1,0, 1), 
or (0,1,1). How many different paths could he take to (3,5, 2)? Hints: 136 


Extra! Catalan numbers 


‘iit We have seen how counting the number of paths between opposite corners of a rectan- 

gular grid gives us combinations. Now let’s look at a different type of path-counting 
problem, on half of a square grid, and examine its solution. 
Consider the lower half of an n x n square grid, specifically, everything on or below the 
diagonal from the lower-left corner A to the upper-right corner B. We wish to count the 
number of paths from A to B, where we are only allowed to move up or to the right (no 
cheating and moving along the diagonal segments!). Below is the grid and a sample 
path for n = 5: 


continued on next page. .. 
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Extra! 


... continued from previous page 


ipa va Ir the 5 X 5 example, we know that we have to take 10 total steps: 5 steps up and 5 steps 


to the right. If we had a full 5 x5 grid, and not just the lower half, then we know that we 
could take these steps in any order, so there would be i paths from A to B. In general, 
for the n x n grid, there are 2n steps total (n right and n up), so there are Ge paths. 

However, because of the restriction that we must stay on the lower half of the grid, not 
all of these paths are acceptable; for example, the path “rruuurruur” (where “r” is a step 


to the right and “u” is a step up) is illegal, since it strays off the lower half of the grid, as 
shown below: 


A 


The clever solution is that we can take any “illegal” path like the one shown above, find 
the first illegal point on the path (that is, the first point on the path where the path strays 
above the diagonal), and flip the remaining portion of the path: change all the r’s to u’s 
and all the u’s to r’s. When we do this on our example above, we get the diagram shown 
below (where the “illegal” point is circled): 


yi i | 

A A 
It turns out that every such path arrives at a point that’s one unit to the left and one unit 
up from point B. (You can experiment and see this for yourself.) So such a path has 


n — 1 steps to the right and n + 1 steps up, and thus there are 2) such illegal paths. 
Therefore, the answer to our original problem is 


CO) - .) 


A little algebra shows that this can be simplified to 


by: This is called the nth 
n+1i\n 


Catalan number, and it turns out that these numbers have many applications to more 
advanced counting problems. We will explore these numbers in greater detail in the 
book Intermediate Counting & Probability. 


TEELEEL 


Houston, we have a problem — Jim Lovell 


CHAPTER TTT TF 


Some Harder Counting Problems 


6.1 Introduction 


In this chapter, we'll look at some more challenging problems. To solve these problems, you may have 
to use one or more of the techniques that we’ve studied in the earlier parts of this book. Part of the 
difficulty in solving a tough problem is deciding which solution technique is most appropriate to try. 
The goal of working the problems in this chapter is to hone your ability to know when to use each 
counting tool, and why. 


You should not feel too discouraged if you cannot solve every problem in this chapter on the first try. 
For the most part, these problems are considerably more difficult than any problems that we’ve looked 
at in this book up until now. However, you should at least seriously try each problem before looking at 
its solution. 


6.2 Problems 


Problem 6.1: A bowling tournament involves 8 participants, who are ranked #1 through #8 before the 
tournament begins. The #8 bowler plays a game head-to-head against the #7 player. The loser of this 


game comes in 8th place in the tournament. The winner bowls a game against the #6 player. The loser 
of this game is designated as 7th place in the tournament, and the winner plays head-to-head against 
player #5, and so on. Eventually someone plays #1 for the championship. Given a fixed starting lineup 
of 8 bowlers, how many different outcomes of the tournament are possible? 
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Problem 6.2: How many triangles are in Figure 6.1? 


Figure 6.1: Triangles for Problem 6.2 


Problem 6.3: Let 
x = 0.1234567891011121314...997998999 


where x is formed by writing all of the integers from 1 to 999 after the decimal point. What is the 
2005" digit to the right of the decimal point? 


Problem 6.4: Nine parallel lines in a plane intersect a set of n parallel lines that go in another direction. 
The lines form a total of 360 parallelograms, many of which overlap each other. Find n. (Source: 
ARML) 


Problem 6.5: Janie is a house painter. She has been given a contract to paint any k of the houses that 
she wants on a street that contains n houses. Janie has j different colors of paint, in unlimited supply. 
She can use only one color on any given house, but for each house, she gets to pick which color to use. 
In terms of j,k, and n, in how many different ways can Janie fulfill her contract? 


Figure 6.2: Grid for Problem 6.6 


Problem 6.7: Spiffy the Spider has 8 legs, each of which is a different color. Spiffy has a sock and 
a shoe for each of his 8 legs (so that he has one sock and one shoe in each of the 8 colors). In how 
many ways can Spiffy put on his socks and shoes, if each sock and shoe must go on the leg with the 
matching color, and the sock must go on before the shoe on each leg? (Source: AMC) 
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Problem 6.1: A bowling tournament involves 8 participants, who are ranked #1 through #8 before 
the tournament begins. The #8 bowler plays a game head-to-head against the #7 player. The loser of 
this game comes in 8th place in the tournament. The winner bowls a game against the #6 player. The 
loser of this game is designated as 7th place in the tournament, and the winner plays head-to-head J 
against player #5, and so on. Eventually someone plays #1 for the championship. Given a fixed 
starting lineup of 8 bowlers, how many different outcomes of the tournament are possible? 


Solution for Problem 6.1: Normally, there are 8! ways to arrange 8 people. But we cannot have every 
arrangement. For example, only #8 or #7 can come in 8th place. 


Since this problem essentially gives us a method for running the tournament, it strongly suggests a 
constructive counting approach. So let’s look at how we can construct a possible tournament outcome. 


There are 2 choices for the loser of the first match: either #8 or #7. 
There are 2 choices for the loser of the second match: either #6 or the winner of the first match. 
There are 2 choices for the loser of the third match: either #5 of the winner of the second match. 


And so on. There are 2 choices for the loser of each match, and there are 7 matches, so there are a 
total of 2” = 128 tournament outcomes. O 


There is one possible pitfall to our solution for Problem 6.1. We haven’t made sure that each possible 
series of winners and losers gives us a different final ranking. It might be possible that we could get the 
same final outcome of the bowling tournament through two different series of match-ups. However, 
we will leave this detail as an exercise for the reader to show that each set of choices in the construction 
above produces a different tournament result. 


Problem 6.2: How many triangles are in Figure6.32 0” re 5 


Figure 6.3: Triangles for Problem 6.2 


Solution for Problem 6.2: We could try listing them and counting them by hand ... no, let’s not do that. 


First of all, we notice that every triangle contains either the top point or the bottom point, but not 
both. So this suggests dividing the counting into two cases. 


Case 1: Triangles which contain the top point 
To specify a triangle containing the top point, we have to choose two of the lines emanating from the top 
vertex to be two of the sides of our triangle. Then, the third side (which is part of the horizontal line) is 
automatically determined. 


So to form a triangle, we have to choose 2 of the 7 segments emanating from the top vertex. It doesn’t 
matter which order we pick them, so the number of ways we can do this (and hence the number of 
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triangles with the top point as a vertex) is @ = 21. 


Case 2: Triangles which contain the bottom point 
Again, as in Case 1, we have to choose 2 of the segments emanating from the bottom point. There are 
6 segments total, so the number of ways we can choose 2 segments (and hence the number of triangles 
with the bottom point as a vertex) is (5) = 15. 


The total number of triangles is the sum of the two cases, namely 21 + 15 = 36. O 


‘Problem6.3: Let 


x = 0.1234567891011121314...997998999, 


| where x is formed by writing all of the integers from 1 to 999 after the decimal point. What is the 
2005" digit to the right of the decimal point? 


Solution for Problem 6.3: What exactly are we trying to count here? 


We're trying to count how many decimal places we use up as we start listing the integers to the right 
of the decimal point. 


You might go looking for a slick formula to solve this problem, but it’s probably just as easy to start 
counting more or less by hand. 
'Concept: There’s not always a slick formula or solution. Sometimes you just need | 
(2 to be organized and grind out an answer. 


ee ea ee renee eae aE Oem LAE TSE AIS Mi eR aE wit ye a acs ae Nh NE oh a Se A ak A ee TD dA dee 


So let’s just start counting the numbers in an organized way. 


The numbers 1 through 9 each use up 1 decimal place, so after writing 1 through 9 we’ve used up 9 
total decimal places. 


The numbers 10 through 99 each use up 2 decimal places, and there are 90 numbers from 10 through 
99, so all together the numbers 10 through 99 use up 2 x 90 = 180 decimal places. 


So, after writing 1 through 99, we’ve used 9 + 180 = 189 decimal places in total. 


The numbers 100 through 999 each use up 3 decimal places, and there are 900 numbers from 100 
through 999, so all together the numbers 100 through 999 use up 3 x 900 = 2700 decimal places. That’s 
too many — we only want the 2005" digit. So we need to count in smaller chunks. 


The numbers 100 through 199 each use up 3 decimal places, and there are 100 numbers from 100 
through 199, so all together the numbers 100 through 199 use up 3 x 100 = 300 decimal places. 


So, after writing 1 through 199, we’ve used 189 + 300 = 489 decimal places in total. 


Similarly, writing up through 299 uses another 300 decimal places on top of what we’ve already 
written, so after writing 1 through 299, we’ve used 489 + 300 = 789 decimal places. 


After writing 1 through 399, we’ve used 789 + 300 = 1089 decimal places. 
After writing 1 through 499, we’ve used 1089 + 300 = 1389 decimal places. 
After writing 1 through 599, we’ve used 1389 + 300 = 1689 decimal places. 
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After writing 1 through 699, we’ve used 1689 + 300 = 1989 decimal places. 


After writing 1 through 799, we’ve used 1989 + 300 = 2289 decimal places. Oops, that’s too far! So 
let’s back up. 


The 1990" digit is the first digit of 700, and we want the (2005 — 1989) = 16" digit of the part of the 
decimal that starts at 700. At this point, we can just list it: 


...700701702703704705706707 ... 


We see that the 16" digit of this string is the 7 which starts “705”, so the answer to the problem is 7. 0 
Problem 6.4: Nine parallel lines in a plane intersect a set of n parallel lines that go in another | 
direction. The lines form a total of 360 parallelograms, many of which overlap each other. Find n. 

(Source: ARML) 


Solution for Problem 6.4: The goal here is to find an expression for the number of parallelograms in terms 
of n. Then we'll set that expression equal to 360, and solve for n. 


We start with a constructive approach, wondering how we can create a parallelogram by choosing 
some of our lines. 


We need to choose 2 lines from each set — this will give us the 4 sides of a parallelogram, as shown 
in Figure 6.4. 


Figure 6.4: Parallelogram from two sets of parallel lines 


There are 9 lines in one set of parallel lines, so the number of ways we can choose 2 lines from that 


set iS @ 


There are n lines in the other set of parallel lines, so the number of ways we can choose 2 lines from 
that set is (ep 


Hence there are (5) (5) parallelograms. But we’re told that there are 360 parallelograms, so we have 


()()=m 


n 


We know that (5) = 36, so we're trying to solve & = 10. You might be able to solve this just by 
“eyeballing” it, but let’s see how to solve it algebraically. 
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We can write out the formula for o) and set it equal to 10: 


n(n — 1) 
2 


= 10. 


This simplifies to n* — n = 20. So n*? —n — 20 = 0. This factors as (n — 5)(n + 4) = 0, so either n = 5 or 
n = —4, But n = —4 doesn’t make any sense (what's a set of —4 parallel lines??), therefore the answer is 
n=5.0 


Problem 6.5: Janie is a house painter. She has been given a contract to paint any k of the houses that 
she wants on a street that contains n houses. Janie has j different colors of paint, in unlimited supply. 
She can use only one color on any given house, but for each house, she gets to pick which color to 
use. In terms of j,k, and n, in how many different ways can Janie fulfill her contract? 


Solution for Problem 6.5: Imagine that you’re in Janie’s shoes. What’s her decision process? 


First, she has to choose which k of the n houses she’s going to paint. Since it doesn’t matter in what 
order she paints the houses, the number of ways she can choose the houses is given by (2): 


Second, for each of the k houses, Janie has to choose one of her j colors to use. The choice of color 
for each house is independent of her choice for the other houses, so to get the total number of ways that 
Janie can choose colors, we multiply the choices for each individual house. Thus there are j* ways to 
choose colors once the houses have been chosen. 


Since for each of the @ ways to choose the houses, Janie has j* ways to choose the colors, the total 
number of choices that she has is 
N\ ~ 
(i)! | 


If you were stuck with Problem 6.5, one good way to proceed is to plug in some small values for j, 
k, and n, solve the problem for the values that you’ve plugged in, and then see if you can determine a 
pattern for the general problem. 


O 


yas When stuck on a problem that gives data in terms of variables, plug 7 
oO some numbers for the variables, solve, and look for a pattern. 


This concept can be especially useful when you plug in some trivial values for one or more of the 
variables. For example, you can plug in j = 1 and get a simpler problem in which Janie only has to 
choose the houses but has no color choices. 


no When you’re unsure how to approach a complicated problem, try to solve 
2 a baa aula version n of the sa same ne problem. 


Problem 6.6: In the grid shown in Figure 6.5, how many paths are there from A to B using only steps 
up or to the right? Note that a path cannot traverse over a missing edge! 
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Figure 6.5: Grid for Problem 6.6 


Solution for Problem 6.6: If the missing edges were all present, then a path from A to B would consists of 
5 steps to the right and 3 steps up, where the steps can be in any order. So we would have to choose 3 of 
our 8 total steps to be steps to the right (and the other 5 steps would be up), which we can do in e) = 56 
ways. 


However, several of the 56 paths that we counted traverse over one or more of the missing edges. 
We could use very careful casework to count those paths, but there would be quite of lot of cases. So 
let’s look at a different method to count the number of paths. 


We’re going to start labeling each intersection in the grid with the number of paths from that 
intersection to B. We start labeling at B and work our way backwards to A. (Note that we could just as 
easily label each intersection point with the number of paths from A to that point; in other words, we 
could start and A and work our way to B. We will leave this as a exercise.) 


To start with, from any point in the rightmost column, there is only one way we can get to B: we 
must travel straight up. Therefore we label each point in the right column with a “1”, as shown in Figure 
6.6. 


Figure 6.6: Grid with right column labeled 


Now we work on the next column. From the top intersection there is only one way to get to B: by 
taking one step to the right. From the intersection immediately below it, however, there are two paths 
to B: we can either go up then right, or right then up. So we’ll add these numbers to our diagram, 
producing Figure 6.7. 
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Figure 6.7: Grid with two points in next column labeled 


Now let’s consider the point immediately below the point labeled “2”. From this point, we can go 
either up or to the right. If we go up, then there are 2 ways to continue our path to B. If we go right, 
then there is 1 way to continue our path to B. So there are a total of 2 + 1 = 3 paths. 


Similarly, for the bottom point in the row, we can start our path by going up or going to the right. If 
we go up, then there are 3 ways to finish the path, whereas if we go right, then there is 1 way to finish 
the path. So there are 3 + 1 = 4 paths from the bottom point of the column to B. 


We add these labels in Figure 6.8. 


Figure 6.8: Grid with all points in next column labeled 


We now add the labels for the third column from the right. Note that from the point on the second 
row, we can only step up with our first step, so there is only one path from that point to B. So there are 
4 paths from the point on the third row to B (1 starting by going up and 3 starting by going right), and 8 
paths from the bottom point to B (4 starting by going up and 4 starting by going right). 


When we insert these numbers into our grid, we get Figure 6.9. 


Extra! No human investigation can be called real science if it cannot be demonstrated mathematically. 
re The noblest pleasure is the joy of understanding. 
Learning never exhausts the mind. 


— Leonardo da Vinci 
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A 
Figure 6.9: Grid with points in third column labeled 


We continue, proceeding right to left by columns and top to bottom within each column, until we 
have labeled the entire grid as in Figure 6.10. 


11 7 


Figure 6.10: Grid with all points labeled 


Therefore, by reading the label of the lower-left point (point A), we see that there are 18 paths from 


A to B. O 
Problem 6.7: Spiffy the Spider has 8 legs, each of which is a different color. Spiffy has a sock and| 
a shoe for each of his 8 legs (so that he has one sock and one shoe in each of the 8 colors). In how 
many ways can Spiffy put on his socks and shoes, if each sock and shoe must go on the leg with the 

matching color, and the sock must go on before the shoe on each leg? (Source: AMC) 


Solution for Problem 6.7: This is a somewhat complicated problem, so let’s look at a simpler version. 
Often, looking at a simpler problem can be a useful problem solving technique. 


Concept: When you're unsure how to approach a complicated problem, try to solve 
- a simpler version of the same problem. (Yes, we know that we said this 


| 


earlier, but it’s important enough to repeat!) | 


Neder eee tare 


How can we make the problem simpler? 


Spiders have 8 legs, but human beings only have 2. So let’s do the same problem for a human being. 
Suppose that Sally has a left sock, a left shoe, a right sock, and a right shoe. In how many ways can 
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Sally put on her socks and shoes, if each foot’s sock must go on before that foot’s shoe? 


Let’s take a constructive approach, thinking about how many choices Sally has at each step in the 
process. 


Step 1: Her first choice is to either put on her left sock or her right sock; she can’t put on either shoe 
since she’s not wearing any socks yet. So she has 2 initial choices. 


Step 2: Her second choice is to either put on her other sock, or put on the shoe over the sock that she 
put on in Step 1. So she has 2 choices for this step. 


But now it gets a little complicated. ... Her options for the third step depend on what she did before! 


If Sally chooses to put on both socks in the first two steps, then she has two choices for the 3rd step: 
she can put on her left shoe or her right shoe. 


However, if Sally chooses to put on a sock and a shoe in the first two steps, then she has only one 
choice for the 3rd step: she must put on the other sock. 


Therefore, starting with Step 2, we have to do casework. 


Case 1: Sally chooses to put on the other sock in Step 2 
Then she has 2 ways to finish: she has 2 options for the third step, and then the fourth step is fixed — she 
just puts on the remaining shoe. 


Case 2: Sally chooses to put on the shoe over the sock she’s already wearing in Step 2 
Then she only has 1 way to finish: put on the other sock, then the other shoe. 


So starting with Step 2, Sally has 3 choices for how to finish (the sum of the number of choices in the 
two exclusive cases). Hence, for the overall task, she has 2 choices for Step 1, then 3 choices for Steps 2 
and beyond, for a total of 2 x 3 = 6 ways to do the entire operation. 


If you’re not sure about this, here’s a table of the six ways Sally can put on her socks and shoes. We 


let - denote the left sock, @=™> denote the left shoe, > denote the right sock, and <“ denote the 
right shoe. 


Step 2 | Step 3 | Step 4 
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For a human being, this problem is already complicated. Now we want to do it for a spider?! 


Maybe the casework is a little too complicated to do in the case of Spiffy the Spider, so we should 
perhaps think of a different approach. 


‘Concept: Be flexible with your problem solving approaches. Ifyou try an approach 
ao and it doesn’t look like it’s going to work, don’t be stubborn — think about 
‘starting 07 over ‘with ar anew W approach. — 


Perhaps we can solve this problem using a version of complementary counting. Let’s count all the 
ways that we can put the socks and shoes on, not worrying about whether a specific sock or shoe goes 
on first, and then eliminate the items from our count which are illegal: those that have a shoe going on 
before the corresponding sock. 


Let’s go back and look at this approach with our friend Sally first. If we just let Sally put on her four 
items (left sock, left shoe, right sock, right shoe) in any order, without worrying about whether a sock 
goes on before the corresponding shoe, how many possibilities are there? 


There are 4 items, so they can be put on in 4! = 24 orders, as listed below: 


Possible ways for Sally to dress, without restrictions 


Gees Gade odes LF 
abe edatb aabd aadb 
Kew dba dab dna 
ered aeJG adobe ada 


Now we need to take into account the restrictions. Let’s look at her left foot first. We need to 
eliminate the cases in which she puts her left shoe on before her left sock. Since it is equally likely that 
she would have put her left shoe on before her left sock as she would have put her left sock on before 
her left shoe, we will end up eliminating exactly half of the cases. 


Let’s cross off the cases where Sally puts her left shoe on before her left sock: 
Possible ways for Sally to dress, with left foot restrictions 


CS mes ADCS 


beesdJ GaSe re a ea 
eae anal ean enna 
Kew Jb dete Et 
Jabe dee obeJ ate 
eset mee 
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At this stage, we only have 12 cases left. Now we can look at her right foot, and eliminate the cases 
where Sally puts her right shoe on before her right sock. Again, since both orders of right sock and right 
shoe occur equally often, we will eliminate half of the remaining cases. 


Possible ways for Sally to dress, with both feet restrictions 


We finish with 6 remaining valid ways. Compare these with the 6 ways that we found earlier, and 
you'll see that they’re the same! 


We can use the same technique with Spiffy the Spider. First, ignoring the condition that he has to 
put his socks and shoes on in order, let’s just count all the ways he can put on his 16 pieces of footwear 
(8 socks and 8 shoes). Since 16 items can be ordered in 16! ways, we start with a initial count of 16! ways 
for Spiffy to get dressed. 


Next, we eliminate the cases in which Spiffy puts shoe #1 on before sock #1. Since it’s equally likely 
that he puts them on in either order, shoe #1 will be placed on before sock #1 in exactly half the cases, 
so we must divide by 2 to eliminate these. Therefore, after considering the restriction on leg #1, we’re 
down to * cases. 

Now we move on to leg #2. Again, half of the remaining cases will have shoe #2 going on before sock 
#2. So to remove these cases, we again must divide by 2. Therefore, after considering the restrictions on 


the first two legs, we have so = a cases left. 


We continue doing this for all 8 legs. For each leg, adding the restriction for that leg will divide the 
total number of cases by 2. 


So our final answer is that Spiffy has * valid ways to put on all his socks and shoes. (For the record, 
that number is 81,729,648,000.) Oo 


One important thing to note: Notice how we relaxed a constraint to make the problem easier, so that 
we first thought about how we’d put the shoes and socks on without any restrictions. Thinking about 
how we'd do this gave us our initial count of 16!. Then we brought back our constraint and got to the 
answer. This method of relaxing a constraint is very useful in all types of problems -— it can really help 
us understand tough problems. 


6.3 Summary 


Here are some things to keep in mind when attempting to solve harder problems: 
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some numbers for the variables, solve, and look for a pattern. 


|Concept: When stuck on a problem that gives data in terms of variables, plug " 
: When you’re unsure how to approach a complicated problem, try to solve. 


a simpler version of the same problem. ! 


= es eA eh et tle ness JeiAi Paes SE, SR aie oe: Dales cee, be oe eh ae ek eet 


Be flexible with your problem solving approaches. If you try an approach 
and it doesn’t look like it’s going to work, don’t be stubborn — think about | 
starting over with a new approach. | 


‘ 
Se | 


6.8 (a) How many solutions are there to each of the following equations if x, y, and z are nonnegative 
integers: 

(ijx+y+z=0 

(ii)xt+y+z=1 

(ili)x+y+z=2 

(iv)x+y+z=3 

(v)x+y+z=4 


Challenge Problems 


(b) Do you recognize the answers you found in part (a)? What numbers are these? 


(c) In terms of n, how many solutions in nonnegative integers are there tox + y+z=n? 
6.9 How many pairs of diagonals of a regular decagon (10-sided polygon) are parallel? Hints: 134 


6.10 I have a bag with coins and beads. Each object in the bag is either silver or gold. Thirty percent 
of the objects in the bag are beads and half of the coins in the bag are gold. What percent of the objects 
are silver coins? (Source: AMC) 


6.11 Ihave tiled my square bathroom wall with congruent square tiles. All the tiles are red, except 
those along the two diagonals, which are all blue (i.e. the corners are blue and all the tiles along the 
diagonals between each pair of opposite corners are blue). If I used 121 blue tiles, how many red ones 
did I use? Hints: 89 (Source: AMC) 


6.12 A lattice point is a point with integer coordinates such as (2,3). In how many ways can we pick 
3 lattice points such that both coordinates of each point are positive integers less than 5, and the three 
points form a triangle? Hints: 192, 13 


6.13 Five people are sitting around a round table. Let x be the number of people sitting next to at least 
one woman and y be the number of people sitting next to at least one man. How many possible values 
of the ordered pair (x, y) are there? (For example, (5,0) is the result if all 5 people are women.) Hints: 103 
(Source: AMC) 
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6.14 1000 unit cubes (1 x 1x1 cubes) are glued together to form a 10 x 10 x 10 cube. At most how many 
of these unit cubes are visible from a single point in space? Hints: 57 (Source: AMC) 


6.15 In this problem, we are constructing 12-letter words with four X’s, four Y’s, and four Z’s. 


(a) How many such words have no X’s in the first 4 letters? 
(b) How many such words have no X’s in the first 4 letters and no Y’s in the next 4 letters? 


(c) How many such words have no X’s in the first 4 letters, no Y’s in the next 4 letters, and no Z’s in 
the last 4 letters? 


6.16 For any positive integer n, let O(n) be the sum of the odd digits of n and E(n) be the sum of the 
even digits of n. Let 
x = O(1) + O(2) + O(8) + --- + O(100) 
and 
y = E(1) + E(2) + E(3) + --- + E(100). 
Find x and y. (Source: AMC) 


6.17 Mack the Millipede starts at (0, 0,0) at noon and each minute moves one unit in either the positive 
x-direction, the positive y-direction, or the positive z-direction. Thus, after 1 minute he could be at 
(1,0,0), (0,1,0), or (0,0,1); after 2 minutes, he could be at (2,0,0), (0,2,0), (0,0,2), (1,1,0), (1,0,1), or 
(0, 1,1). How many different paths could he take to (3,5, 2) which don’t pass through (1,3, 1)? 


6.18 Ina shooting match, 8 clay targets are arranged in two hanging columns 
of three each and one column of two, as shown to the right. A marksman must 
break all 8 targets according to the following rules: eo) (oe) fe 
(1) The marksman first chooses a column. 
(2) The marksman must then break the lowest unbroken target in the chosen eo) (eo) (e 
column. 
If these rules are followed and the marksman never misses, in how many different Oo O 
orders can the 8 targets be broken? Hints: 115 (Source: AIME) 


6.19 An8 x8 checkerboard has alternating black and white squares, as shown to 
the right. How many distinct rectangles, with sides on the grid lines of the checker- 
board and containing at least 4 black squares, can be drawn on the checkerboard? 
Hints: 206 


6.20 Starting at the M in the center of the letters below, you may move left, right, 
up, or down to an adjoining letter. How many distinct paths can be followed to 
spell the word MATH? (Source: MATHCOUNTS) 


an 
Leo 
LHHPHo et 
Torso 
a 
ooo 
an 


PELLEL 


!* chance will have me king, why, chance may crown me — Shakespeare, Macbeth, Act I, Scene 3 


CHAPTER TF 


Introduction to Probability 


7.1 Introduction 


Now we turn from counting to probability. As we’ll see, this isn’t much of a turn — many probability 
questions are really counting problems. Before we get to some specific problems, let’s first take a 
general look at what probability is. Unfortunately, probability is fairly difficult to define without being 
somewhat circular in our description. 


We'll start with an example. Suppose we have a coin, where one side is heads, and the other side is 
tails. If we flip the coin over and over and over again, we expect the proportion of flips that come up 
heads to be roughly 5. So we say that the probability that a coin flip will turn up heads is }. This is 
probability: the proportion of times that we expect an outcome to occur if we perform the experiment 
over and over. 


Notice that we can’t say the exact proportion of times we have success. This is the difficulty in 
defining probability. Probability only exists because we are trying to measure an event which is not 
definite. 


In our coin example, there are two equally likely outcomes, heads and tails. One of these outcomes 
is heads, so we expect the proportion of heads to be 5. 


This is, in general, how we approach many probability problems. We figure out how many equally 
likely outcomes there are, then count how many of these outcomes are what we call “success.” Our 
probability is the ratio of the number of successful outcomes to the total number of possible outcomes. 


But we have a very important consideration: 
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‘Important: We must be sure that each outcomeisequally likely. = 8 | 
: { 


I 
| 


Problem 7.1: The faces of a fair 6-sided die are numbered from L+] tof. What is the probability that 
when it is rolled, ab_Jis facing up? 


Problem 7.2: What is the probability that when a fair 6-sided die is rolled, a prime number faces up? 


Problem 7.3: What is the largest that the probability of a given event occurring could possibly be? 
What is the smallest that the probability could be? 


Problem 7.4: A standard deck of cards has 52 cards divided into 4 suits, each of which has 13 cards. 
Two of the suits (V and 4, called “hearts” and “diamonds”) are red, the other two (@ and 4, called 
“spades” and “clubs”) are black. The cards in the deck are placed in random order (usually by a 
process called “shuffling”). 


(a) In how many ways can we pick a card? Then, in how many ways can we pick a second card? 


(b) In how many ways can we pick a red card? Then, in how many ways can we pick a second red 
card? 


(c) What is the probability that the first two cards are both red? 


Let’s start with a simple example. 


' Problem 7.1: The faces of a fair 6-sided die are numbered from oF tod Bi What i is s the probability that : 
when it is pai! a alti is edi: up 


Solution for Problem 7.1: When we roll the die, there are 6 equally likely outcomes: a L | F] 7" ted) or 
E 3 In this problem, there is only one “successful” outcome, namely when a L ‘] comes up. Therefore, 


the probability that a . J is rolled is the 1 successful outcome divided by the total of 6 equally likely 
outcomes, or f O 


As before, the way to interpret this probability is that if we were to roll our die many, many times, 
we would expect that about / of our rolls would come up Ea 


In Problem 7.1 we see the basic way to calculate probabilities. 
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/Concept: If all outcomes are equally likely, then the probability of success is 


| 
| 
| 
Number of successful outcomes | 
| Number of possible outcomes ~ : 


+ — 


Let’s introduce some notation: if A is a possible event, then we denote by P(A) the probability that 


A occurs. SO we can write 
Number of outcomes for A 


1h) ee 
4) Number of possible outcomes’ 


provided that all of the possible outcomes are equally likely. 


For example, going back to Problem 7.1, we would say that 
P(a L ‘lis rolled) = = 


Of course, the notation P(A) requires us to know the context in which it is being used. P(a L ‘lis rolled) 
doesn’t make much sense unless we know the event in the problem, namely that a fair 6-sided die is 
being rolled. 


Similarly, P(a Elis rolled) = I 
Here’s another example with our trusty die: 


Problem 7.2: What is the probability that when a fair 6-sided die is rolled, a prime number faces up? | 


Solution for Problem 7.2: In this problem, as in Problem 7.1, there are 6 equally likely outcomes. Three 
of those outcomes are successful: al] [+ or f+] Therefore, the probability is 3 = 5.0 


Now that we’ve done a couple of basic probability problems, let’s ask some important general 
questions about probability. 


Problem 7.3: What is the largest that the probability of a given event occurring could possibly be? 
What is the smallest that the probability could be? 


Solution for Problem 7.3: Since the probability of an event occurring is essentially the proportion of times 
that we could expect the event to occur, the largest the probability could be is 1. This occurs when the 
event happens every time. 


Another way to look at this is to recall that for any event A, 


Number of successful outcomes for A 
P(A) = fF 
Number of possible outcomes 
Clearly we must always have 
Number of successful outcomes for A < Number of possible outcomes, 
so therefore P(A) < 1. If every outcome is successful, then 


Number of successful outcomes for A = Number of possible outcomes, 
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so in this case P(A) = 1. 


Similarly, the smallest the probability could ever be is 0. This occurs when the event never happens, 


so the number of successful events is 0. 0 


Important: When working on a probability problem, if you ever get a probability, 
| YY that’s less than 0 or greater than 1, you’ve made a mistake! All probabil- 
! ities are greater than or equal to 0, and less than or equal to 1. 


| 
| 
| 
J 


Let’s try a slightly more complicated problem, which still uses only basic probability. 


| Problem 7.4: A standard deck of cards has 52 cards divided into 4 suits, each of which has 13 cards. | 
. Two of the suits (9 and 9, called “hearts” and “diamonds”) are red, the other two (@ and 4, called 

“spades” and “clubs”) are black. The cards in the deck are placed in random order (usually by a 
| process called “shuffling”). What is the probability that the first two cards are both red? 


Solution for Problem 7.4: Since all choices of the first two cards are equally likely, we need to count the 
total number of possibilities for the first two cards, and also the number of ways that the first two cards 


are both red. 


For the total number of possibilities, there are 52 ways to pick the first card, then 51 ways to pick the 


second card, for a total of 52 x 51 total possibilities. 


For the number of successful possibilities, there are 26 ways to pick a red card first (since there are 
26 total red cards), then there are 25 ways to also pick a second red card (since there are 25 red cards 
remaining after we’ve chosen the first card). Thus, there are a total of 26 x 25 total successful possibilities. 


Therefore, the probability is 


Number of successful outcomes _ 26x25 


P(first two card EE ae ee 
CESe Oca e) Number of possible outcomes 52x51 


_ Exercises ; > 


7.2.1 Suppose we roll a standard fair 6-sided die. What is the probability that 
(a) a [sis rolled? 


(b) an odd number is rolled? 


(c) a perfect square is rolled? 


_ 25 
~ 102° 


7.2.2 A standard deck of 52 cards has 13 ranks (Ace,2,3,4,5,6,7,8,9,10,Jack,Queen,King) and 4 suits (4, 
9, >, and #), such that there is exactly one card for any given rank and suit. As mentioned in Problem 
7.4, two of the suits (@ and #) are black and the other two suits (9 and ©) are red. The deck is randomly 


arranged. What is the probability that 


(a) the top card isa 9? 
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(b) the top card is a5? 

(c) the top card is the King of 6? 

(d) the top card is a face card (a Jack, Queen, or King)? 
(e) the top card is red and the second card is black? 

(f) the top card is a3 and the second card is a 8? 

(g) the top two cards are both Aces? 

(h) the top three cards are all 4s? 


7.2.3 Suppose we flip four coins simultaneously: a penny, a nickel, a dime, and a quarter. What is the 
probability that 


(a) they all come up heads? 

(b) the penny and nickel both come up heads? 

(c) the penny and dime both come up the same? Hints: 217 
(d)* at least 15¢ worth of coins come up heads? Hints: 92 


7.3 Equally Likely Outcomes 


| Probiems ile 


Problem 7.5: We have a cube with 4 blue faces and 2 red faces. What's the probability that when it is 
| rolled, a blue face will be facing up? 


Problem 7.7: Suppose 2 integers are chosen from between 1 and 9, inclusive. What is the sila 
that they are both odd? 


When we compute probabilities, it is very important that we calculate using equally likely outcomes. 
Otherwise, we will get incorrect results. Often, deciding what the equally likely outcomes are can be 
tricky. 


Problem 7.5: We have a cube with 4 blue faces and 2 red faces. What’s the probability that when it is 
rolled, a blue face will be facing up? 


Solution for Problem 7.5: The following solution is incorrect. Can you see why? 
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| Bogus Solution: There are two possible outcomes when the cube is rolled: either a 
blue face comes up or a red face comes up. In one of these outcomes, 
the upturned face is blue. Therefore, the probability that a blue face | 
will occur when the cube is rolled is 3. | 


- 
The problem is that the two outcomes in our bogus solution above are not equally likely. 


Instead, we have 6 equally likely outcomes, corresponding to the 6 faces of the cube. 4 of those 6 


outcomes are successful ones (meaning a blue face is facing up). Therefore the probability is 4 = 3. 0 


If you aren’t convinced that our answer to Problem 7.5 is correct, imagine that you have a 1000-face 
die with 999 blue faces and 1 red face. Do you still believe that there’s a } chance that when you roll the 
die, you'll get a blue face? 


ie aoe ae a ee TES Pax gx cinta EPG | ited ba Rei pa Nal Pg oe aire ON, cee NE Ren Recta yO al, PO I geo Nat ee oe tes fa ON oy ge EG 
‘Problem 7.6: Suppose we have 2 fair 6-sided dice numbered from [-]to If we roll them both, 
what is the probability the two numbers shown sum to 7? 


Solution for Problem 7.6: Again, we could (wrongly) reason as follows: 


Bogus Solution: Any number from 2 to 12 could occur, so there are 11 possibilities. | 
pia 7 is one of those, so the probability is 1/11. 


f 
! 


As in Problem 7.5, the error here is that the 11 possibilities are not equally likely. So instead, we need 
to count the equally likely outcomes, and then determine how many of those possibilities result in a 
sum of 7. 


There are 6 equally likely outcomes for each die, so there are 6 x 6 = 36 total equally likely outcomes 


for both dice together. The outcomes which sum to 7 are: [+ |iz 3 LL “Es Ce ea EC: Ra and EL] fora 


total of 6 equally likely successful outcomes. Therefore, the probability of rolling a sum of 7 is & = %. 0 


We can see all of the possible equally likely outcomes for the two dice in the following table: 


Die #1 

ae 

[+] 4 5 

| 5 66 

‘J 6 7 
Die #2 m 7 8 
8 9 

9 10 


In the next problem, we will see that there is sometimes more than one choice for what our “outcomes” 
are. 
| Problem 7.7: Suppose 2 integers are chosen from between 1 and 9, inclusive. What is the probability 
that they are both odd? 


| 


| mins 
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Solution for Problem 7.7: In order to solve this problem, we first have to determine what the equally 
likely outcomes are. We have to choose 2 numbers, but there are two ways to look at it, depending on 
whether or not the order in which we choose the numbers matters. Let’s work out the solution using 
both methods. 


Solution 1: Let’s consider an “outcome” to be a choice of 2 numbers without regard to order. There 
are ee = 36 ways to choose 2 numbers from our set of 9 if we don’t care about order. There are Cle = 10 


ways to choose 2 numbers from the 5 odd numbers without regard to order. Therefore, the probability 
1 _ 5 
IS 36 = ig: 

Solution 2: Now let’s consider an “outcome” to be a choice of 2 numbers, where the order in which 
we choose them matters. Now there are 9 x 8 = 72 ways to choose any 2 numbers: there are 9 choices 
for the first number, then 8 choices for the second number. There are 5 x 4 = 20 ways to choose 2 odd 
numbers: 5 choices for the first odd number, then 4 choices for the second odd number. Therefore, the 


probability is 3 = 3. 


Of course we should not be surprised that both solution methods gave us the same answer! 0 


If we were careless, we could have come up with following “solution”: 


‘Bogus Solution: There are (3) = 36 ways to choose 2 numbers. There are 5 ways to : 
! choose the first odd number, then 4 ways to choose the second odd ' 

number, for a total of 5 x sa = ss ways to choose 2 odd ume) ! 
! Therefore, the probability is is 22 = 3. 


This is the wrong answer, because we counted the number of possible outcomes without regard to 
order, but we counted the number of successful outcomes where order mattered. So we were comparing 
apples to oranges. 


“WARNING!! Don’t compare apples to oranges! However you choose to deter- | 
“< mine your outcomes, make sure that you use a consistent approach: 

| for counting both the total number of outcomes and the number of | 
| successful outcomes. If you count the total outcomes where order 
matters, then you need to count the successful outcomes where order : 
matters. Similarly, if you count the total outcomes without regard to, 
! order, then you need to count the successful outcomes without regard | 
to order. ! 


7.3.1 Suppose that we have an 8-sided die with 4 red faces, 3 yellow faces, and a blue face. What is the 
probability of rolling a yellow face? 


7.3.2 Suppose that we roll two fair 6-sided dice. What is the probability that the two numbers rolled 
sum to 4? 


7.3.3 Suppose two distinct integers are chosen from between 5 and 17, inclusive. What is the probability 
that their product is odd? Hints: 27 
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7.3.4x Suppose 5 different integers are randomly chosen from between 20 and 69, inclusive. What is 
the probability that they each have a different tens digit? Hints: 125, 77 


7.4 Counting Techniques in Probability Problems 


! | 
v | ie a ee ay 


Problem 7.8: Ten people are sitting around a round table. Three of them are chosen at random to give 
a presentation. What is the probability that the three chosen people were sitting in consecutive seats? 


Problem 7.9: Two different 2-digit numbers are randomly chosen and multiplied together. What is 
the probability that the resulting product is even? 


Problem 7.10: We have a standard deck of 52 cards (as in Problem 7.4), with 4 cards in each of 13 
ranks. We call a 5-card poker hand a full house if the hand has 3 cards of one rank and 2 cards of 
another rank (such as 33355 or AAAKK). 


(a) In how many ways can 3 cards of the same rank be chosen, without regard to order? 


(b) In how many ways can 2 additional cards which agree in rank be chosen, without regard to 
order? 


(c) What is the probability that five cards chosen at random form a full house? 


Don’t forget that we have this whole bag of counting techniques. Many of them are quite useful in 
probability problems too, as we see in the next few problems. 


‘Problem 7.8: ‘Ten people are sitting around a round table. Three of them are chosen at random to| 
give a presentation. What is the probability that the three chosen people were sitting in consecutive | 
seats? 


Solution for Problem 7.8: Let’s count as our outcomes the ways to select 3 people without regard to order. 
There are ey) = 120 ways to select any 3 people. The number of successful outcomes is the number 
of ways to select 3 consecutive people. There are only 10 ways to do this — think of first selecting the 
middle person, then we take his or her two neighbors. Therefore, the probability is 44 = 4. 0 


Problem 7.9: Two different 2-digit numbers are randomly chosen and multiplied together. What is 
the probability that the resulting product is even? 


Solution for Problem 7.9: Here an “outcome” is selecting two different 2-digit numbers, without regard 
to order. There are 90 2-digit numbers, so this can be done in oo = 4005 ways. 


Now we need to count the successful outcomes. Two numbers multiply together to give an even 
number if at least one of the original numbers is even. To count this will require some casework. 
However, casework makes us think about using complementary counting here. We see that it’s easier 
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to count when the product of two numbers is odd: this happens when both original numbers are odd. 


There are 45 odd 2-digit numbers, so two of them can be chosen in (S) = 990 ways. These are the 


unsuccessful outcomes, so there are 4005 — 990 = 3015 successful outcomes. Therefore the probability is 
3015 _ 67 

eae ea. O 

4005 ~ 89 


We'll finish this section with a slightly more complicated problem. 
Problem 7.10: We have a standard deck of 52 cards (as in Problem 7.4), with 4 cards in each of 13] 
ranks. We call a 5-card poker hand a full house if the hand has 3 cards of one rank and 2 cards of 


another rank (such as 33355 or AAAKK). What is the probability that five cards chosen at random 
form a full house? 


Solution for Problem 7.10: The total number of outcomes is just the number of ways to choose 5 cards 
from a set of 52, which is fe) = 2,598 960. Notice that in this count, we don’t care about the order in 
which the cards are chosen. (Remember - apples and oranges!) 


To count the number of successful outcomes, we turn to constructive counting, thinking about how 
we'd construct a full house. 


To form a full house, we have to choose: 
(a) A rank for the 3 cards. This can be done in 13 ways. 
(b) 3 of the 4 cards of that rank. This can be done in (3) = 4 ways. 


(c) A rank for the other 2 cards. This can be done in 12 ways (since we can’t choose the rank that we 
chose in (a)). 


(d) 2 of the 4 cards of that rank. This can be done in (5) = 6 ways. 


Again, note that in each of the steps in our constructive count, we don’t care about the order in which 
the cards are chosen. 


So there are 13 x 4 x 12 x 6 = 3,744 full houses. Thus, the probability is 


3,744 — 6 
2,598,960 4165° 


Concept: Many probability problems are just two counting problems: counting the. 
number of total outcomes, and counting the number of successful out- | 
| 


7.4.1 Aclub has 10 members, 5 boys and 5 girls. Two of the members are chosen at random. What is 
the probability that they are both girls? 


7.4.2 Another club has 20 members, 12 boys and 8 girls. Two of the members are chosen at random. 
What is the probability that a boy and a girl are chosen? 
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7.4.3 


What is the probability that a random arrangement of the letters in the word ‘SEVEN’ will have 


both E’s next to each other? 


7.4.4 
7.4.5 


2 vertices of an octagon are chosen at random. What is the probability that they are adjacent? 


3 cards are chosen at random from a standard 52-card deck. What is the probability that they 


form a pair? (A 3-card hand is a “pair” if two of the cards match in rank but the third card is different. 
For example, 668 is a pair, but 999 is not.) 


7.4.6x 2 diagonals of a regular heptagon (a 7-sided polygon) are chosen. What is the probability that 
they intersect inside the heptagon? Hints: 16, 153 


7.5 


i 


7.11 


(a) 
(b) 
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Summary 


If all outcomes are equally likely, then the probability of success is 


Number of successful outcomes 
Number of possible outcomes ~ 


As we have seen, it is very important that all of the outcomes are equally likely! Otherwise, the 
above formula will give an incorrect answer. 


When working on a probability problem, if you ever get a probability that’s less than 0 or greater 
than 1, you’ve made a mistake! All probabilities are greater than or equal to 0, and less than or 
equal to 1. 


Most probability problems are just two counting problems: counting the number of total outcomes 
and counting the number of successful outcomes. So we can take advantage of all of the counting 
techniques that we’ve learned to solve probability problems as well. 


Often, we will have a choice as to exactly what our “outcomes” are. Specifically, we will often 
have a choice whether we consider our outcomes where order matters or where order does not 
matter. But whatever choice we make, it is vital to make the same choice for both our total possible 
outcomes and our successful outcomes. We will get an incorrect answer if, for example, we count 
our total possible outcomes without regard to order, but count our successful outcomes with regard 
to order. 


REVIEW PROBLEMS 


A box contains 5 white balls and 6 black balls. 


A ball is drawn out of the box at random. What is the probability that the ball is white? 
Two balls are drawn out of the box at random. What is the probability that they both are white? 


CHALLENGE PROBLEMS 


(c) Five balls are drawn out of the box at random. What is the probability that they all are white? 
7.12 Two fair 6-sided dice are rolled. What is the probability 

(a) that “doubles” are rolled (i.e. that the two dice show the same number)? 

(b) that the sum rolled is 9? 

(c) that the sum rolled is greater than 3 but less than 7? 

(d) that one of the dice shows a [-p 


7.13 A number is selected at random from 1 through 100, inclusive. What is the probability that the 
number 


(a) isa perfect square? 
(b) isa multiple of 3? 
(c) isa divisor of 50? 


7.14 I flip a fair coin once and roll a regular six-sided die. What is the probability the coin will show 
heads and the die will show al_P 


7.15 A box contains 4 white balls and 4 black balls. I draw them out of the box, one at a time. What is 
the probability that all of my draws alternate colors? 


7.16 ASenate committee consists of 5 Republicans, 6 Democrats, and 2 Independents. A subcommittee 
of 3 members is randomly chosen. What is the probability that the subcommittee: 


(a) consists of 3 Republicans? 


(b) consists of 1 Republican, 1 Democrat, and 1 Independent? 


7.17 Geoff and Trevor each roll a fair six-sided die. What is the probability that the product of the 
numbers they roll is even? 


I|_Challenge Problems [ills 


7.18 When flipping a fair coin 7 times, what is the probability that at least 4 heads appear? Hints: 145, 


7.19 Iam going to choose a random integer from 1 to 60 inclusive. 
(a) What is the probability that the number is a multiple of 2? 
(b) What is the probability that the number is a multiple of 3? 
(c) What is the probability that the number is a multiple of 2 or 3? 
(d) Why is the result in (c) not equal to the sum of the other two results? 
( 


e) Can you account for the discrepancy by introducing an additional term? 
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7.20 Paco uses a spinner to select a number from 1 through 5 inclusive, each with equal probability. 
Manu uses a different spinner to select anumber from 1 through 10 inclusive, each with equal probability. 
What is the probability that the product of their numbers is less than 30? (Source: MATHCOUNTS) 


7.21 Perhaps the most common error in ranking poker hands involves juxtaposing the order of three of 
a kind and two pairs. Compare the probability of getting three of a kind (e.g. 22245) with that of getting 
two pairs (e.g. 22445). Can you offer an intuitive argument that would have allowed you to determine 
which is more likely without performing any calculation at all? 


7.22 Suppose we take two fair dice, but change the numbers on the faces. On one die, we'll replace the 
L lwitha Ces} and on the other, we'll replace the |-*+| with a L |) 


(a) What is the probability that the sum of the numbers shown when both are rolled is 7? Hints: 60 
(b) What is the probability that the sum when the two are rolled is even? 


7.23x One member of the debate team is going to be chosen President. Each member is equally likely 
to be chosen. The probability that a boy is chosen is 3 the probability that a girl is chosen. Girls make 
up what fraction of the debate team? Hints: 197 


7.24x Ihave 120 blocks. Each block is one of 2 different materials, 3 different colors, 4 different sizes, 
and 5 different shapes. No two blocks have exactly the same of all four properties. I take two blocks 
at random. What is the probability the two blocks have exactly two of these four properties the same? 
Hints: 179, 42 (Source: AMC) 


Extra! Fun with committees! 


1 | p> 11> ‘ ; : se ‘ 
wm As we've seen (and will continue to see), many counting or probability problems involve 


committee-forming. Here are some wry quotes about committees: 


Football is a mistake. It combines two of the worst things about American life. It is violence 
punctuated by committee meetings. 
— George Will 


To get something done a committee should consist of no more than three people, two of whom are 
absent. 
— Robert Copeland 


A committee is a cul-de-sac down which ideas are lured and then quietly strangled. 
~ Barnett Cocks 


Committee — a group of men who individually can do nothing but as a group decide that nothing 
can be done. 
— Fred Allen 
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TELEL 


The laws of probability, so true in general, so fallacious in particular - Edward Gibbon 


CHAPTER TTY 


Basic Probability Techniques 


8.1 Introduction 


In the last chapter we showed that many probability problems are counting problems. In this chapter, 
we'll show how we can apply various counting techniques to solve such problems. 


We'll start by looking at how many probability problems are just arithmetic in disguise. We shouldn't 
be too surprised by this — go back and read the title to Chapter 1. In fact, we'll take some of the ideas 
from that chapter, and interpret them in terms of probability. 


Next, just as we used complementary counting (that is, counting what we don’t want) in counting 
problems, we can use it for probability as well. After finding the probability of what we don’t want 
in a few problems, we will proceed to using multiplication of probabilities. We'll do a few problems 
to understand why we can multiply probabilities, and why we might need to do that instead of just 
using counting for everything. Finally, at the end of this chapter, we’ll tackle a very tough probability 
problem. 


8.2. Probability and Addition 


—=—w > 


Problem 8.1: When rollin ling | 


Pa aDor or a alli is ie ait 
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Problem 8.2: A fair coin is flipped 7 times. What is the probability that at least 5 of the flips come up 


heads? 


Problem 8.3: A card is chosen at random from a standard deck of 52 cards. What is the probability 
that the card is a Queen or a ¢ (or both)? 


Problem 8.4: A bag has 3 red and k white marbles, where k is an (unknown) positive integer. Two of 
the marbles are chosen at random from the bag. 


(a) What is the probability that both marbles are white? 


(b) What is the probability that both marbles are red? 
(c) Given that the probability that the two marbles are the same color is 3, find k. a 


| Problem 8.1: When rolling a fair6-sideddie,whatis 


P(a L ‘lor ak lis rolled)? 


Solution for Problem 8.1: There are 6 total equally likely outcomes, and 2 successful outcomes, so the 


probability is 2 = 4.0 


Notice that 
P(a L‘loraldis rolled) = P(a L ‘lis rolled) + P(a E Jis rolled). 


This is because the outcomes “a kL] is rolled” and “a LJ is rolled” are mutually exclusive outcomes, 
meaning that one or the other can occur, but not both at the same time. We’ve seen this before with 
counting. When we want to count the number of ways events A or B can occur, we just add the number 
of ways that A can occur to the number of ways that B can occur, provided the two events are mutually 
exclusive. This is exactly what we do when we count using casework, as we learned in Section 2.2. 


So, in this example, we see that 
# of ways a L Jor Jcan be rolled = # of ways a L ‘Ican be rolled + # of ways a can be rolled, 
and thus 


# of ways a L Jor EJcan be rolled 
# of possible rolls 


P(a Jor al dis rolled) 


# of ways a L ‘Ican be rolled + # of ways a [ can be rolled 
# of possible rolls 


# of ways a L‘Icanbe rolled #of ways a [ sl can be rolled 
# of possible rolls # of possible rolls 


P(a L ‘lis rolled) + P(a E is rolled). 


So the same principle that we had for counting also applies to probabilities: if two events are mutually 
exclusive, then the probability that one or the other one occurs is the sum of the probabilities that each 
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individual event occurs. This also works for more than 2 outcomes, provided the events are mutually 
exclusive. 


Concept: _ If events A and B are mutually exclusive, then 


| 
P(A or B) = P(A) + P(B). | 

More generally, if A1,A2,...,An are mutually exclusive events, then 
| 

| 

| 


P(A, or A2 or --+ or Ayn) = P(A1) + P(A2) + -+- + P(A,). 


see Reade oe Sure DENY Sey EVES Ra CORRS RT Oe Senet 


We'll see this principle in action in the next problem. 
Problem 8.2: A fair coin is flipped 7 times. What is the probability that at least 5 of the flips come 
up heads? 


Solution for Problem 8.2: First, we count the number of total outcomes. Each toss has 2 possibilities — 
heads or tails — so the 7 tosses have 2’ = 128 possible outcomes. 


To count the number of outcomes with at least 5 heads, we need to use casework. 


Case 1: 5 heads 
To count the number of ways that 5 heads can come up, we simply need to choose 5 of the 7 tosses to be 
heads (the other 2 tosses will then automatically be tails). So this can be done in @ = 21 ways. 


Case 2: 6 heads 
Here we have to choose 6 of the tosses to be heads; this can be done in fe) = 7 ways. 


Case 3: 7 heads 
There’s only 1 way to do this — all 7 tosses must be heads. 


So there are 21 + 7 + 1 = 29 successful outcomes, hence the probability is 74. 


Alternatively, we could have computed each probability separately: 


P(at least5 heads) = P(5heads) + P(6heads) + P(7 heads) 
es 22 @ <. @ 
7 128 128 128 
_ 2 
7 128° 


As with counting problems, we have to be careful that our cases are mutually exclusive. If they’re 
not, then we'll have to subtract to correct for the overcounting. 


Problem 8.3: A card is chosen at random from a standard deck of 52 cards. What is the probability | 
that the card is a Queen or a (or both)? 


Solution for Problem 8.3: There are 52 possible outcomes, since there are 52 cards we can choose. 
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What’s wrong with the following bogus solution? 


Bogus Solution: There are 4 ways to choose a Queen, and there are 13 ways to choose | 
| a >,so there are 4+ 13 = 17 was to choose a Queen ora 6. Therefore, | 
| (gst 17 
| our probability is =. | 
There are 4 ways to choose a Queen, and there are 13 ways to choose a ¢, but the outcomes are not 
mutually exclusive! We might choose the Queen of ©, which belongs to both outcomes. So we must 
subtract one to correct for this overcounting. Thus are are 17 — 1 = 16 successful outcomes, and the 
probability is 3 = 4. 
We could also set up this problem by computing the probability of each event separately. Again, 
first look at the bad solution. 
: Bogus Solution: The probability of choosing a Queen is & = ss, and the probability 
pia of choosing a ¢ is 33 = 4, therefore: 
P(selecting a Queen or a ¢) | 


= P(selecting a Queen) + P(selecting a >) 
eh gba ! 
1304 ~—« «+4527 | 


Once again, the problem is that the two events are not mutually exclusive, so we cannot simply add 
probabilities. We must subtract the probability that both events occur. So the correct calculation is: 


P(Queen ora¢%)= P(Queen) +P(¢%)—P(Queen of >) 
1 1 1 


3 | 4 52 


‘Important: Make sure your outcomes are mutually exclusive! If not, you'll have’ 
| to correct for the overcounting of the cases which are in more than one | 
outcome. In particular, if A and B are two events, then 


P(A or B) = P(A) - P(B) — P(A and B). 


We'll end this section with a problem that’s a little bit different, in that it’s not just a direct probability 
computation. 


Problem 8.4: A bag has 3 red and k white marbles, where k is an (unknown) positive integer. Two of | 
_the marbles are chosen at random from the bag. Given that the probability that the two marbles are 
the same color is F find k. 
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Solution for Problem 8.4: Here we compute the probability in terms of k that the two marbles are the 


same color, and then set that probability equal to 5. 


We begin by noting that 


P(both marbles are the same color) = P(both marbles are red) + P(both marbles are white). 


This is valid since these are exclusive events — only one or the other can occur, not both. (The marbles 


can’t simultaneously both be red and both be white.) 


To calculate the probabilities, we just use our usual method of counting both the total number of 
outcomes and the number of successful outcomes. There are k+3 total marbles in the bag, so the number 


2). 


of ways to choose 2 of them is ( 5 


One type of successful outcome is to choose two red marbles. This can be done in (5) = 3 ways. So 


P(both marbles are red) = = 
oy 
The other successful event is to choose two white marbles. This can be done in j) ways. So 
(2) 
P(both marbles are white) = =. 
(2) 
Since these two cases are mutually exclusive, we can add our probabilities. So 
k 
+ (2) 
k+3) ° 
(2) 
We want to set this equal to the given probability of }, and then solve for k, so our equation is 


or) 4 


P(both marbles are the same color) = 


(S) 2 
In order to solve this, we'll need to first write out the combinations: 
3+ me} 1 
e+ 3)(K42) De 


We can get rid of the 2’s in the denominators by multiplying the numerator and denominator of the left 


side by 2: 
6+kKk-1) 1 
(k+3)(k+2) 2’ 
and then we cross-multiply to get rid of the fractions: 
12 + 2k(k — 1) = (k + 3)(k + 2). 


Multiplying out, we get 
2k° — 2k +12 =k + 5k +6, 


so k? — 7k + 6 = 0. This factors as (k — 6)(k — 1) = 0, so either k = 6 or k = 1. Both solutions work. O 
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| pad Notice that in the solution of Problem 8.4, we needed to use a fair amount | 
C of algebra. Many probability problems will require a bit of algebra to : 
work through. Combining counting techniques with algebra is a poner) : 


problem solving technique. 


Note that we could have solved Problem 8.4 by calculating the total number of successful outcomes 
by adding the number of successful outcomes for each case (both marbles red and both marbles white), 
rather than adding the probabilities for each case. 


8.2.1 Check our answers in Problem 8.4 by directly verifying that if there is either 1 white marble or 6 


white marbles, then the probability of drawing two marbles of the same color is 5. 
8.2.2 Two standard 6-sided dice are rolled. What is the probability that the sum rolled is a perfect 
square? 


8.2.3. Acard is drawn at random from a standard 52-card deck. What is the probability that it is an odd 
number (3,5,7,9) or a @? 


8.2.4 A penny, nickel, and dime are simultaneously flipped. What is the probability that heads are 
showing on at least 6¢ worth of coins? Hints: 165 


8.2.5 8 coins are simultaneously flipped. What is the probability that heads are showing on at most 2 
of them? Hints: 80 


8.2.6 5 white balls and k black balls are placed into a bin. Two of the balls are drawn at random. The 
probability that one of the drawn balls is white and the other is black is 37. Find k. 


8.2.7x coins are simultaneously flipped. The probability that at most one of them shows tails is #. 
Find n. Hints: 95 


8.3 Complementary Probabilities 


|| 
im Problems Tia 


‘Problem 8.5: What is 
P(it will rain tomorrow) + P(it will not rain tomorrow)? 


Problem 8.6: What is the probability that when we roll four fair 6-sided dice, they won’t all show the 
same number? 


Problem 8.7: Mary and James each sit in a row of 7 chairs. They choose their seats at random. What 
‘is the probability that they don’t sit next to each other? 
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In the last section, we mastered addition of probability in the case of mutually exclusive events. Let’s 
take a closer look at a special type of two exclusive events. 


Problem 8.5: What is 


P(it will rain tomorrow) + P(it will not rain tomorrow)? 


Solution for Problem 8.5: The event “it will rain tomorrow” and the event “it will not rain tomorrow” 
are exclusive events: it can’t both rain and not rain tomorrow. But these events are exclusive in an even 
more powerful way. One or the other must happen: either it will rain tomorrow, or it won't. 


So what can we say about 


P(it will rain tomorrow) + P(it will not rain tomorrow)? 


Since we are guaranteed that exactly one or the other will happen, but not both, we can say that 


P(t will rain tomorrow) + P(it will not rain tomorrow) = 1. 


More generally, if A is any event, then “A occurs” and “A doesn’t occur” are exclusive events, and 
moreover we know that one or the other must happen, but not both. Therefore 


P(A occurs) + P(A does not occur) = 1. 


Usually we instead think of this as follows: 


oer 

P(A does not occur) = 1 — P(A occurs). 

oe ee, ek ae tie ante, went Ges ece, Gen Rete ee Tait Ba get eee ie) Rees LENS oe ieee athe 
This is how we use the technique of complementary probabilities, which is almost precisely the 
same as our earlier technique of complementary counting. Often, it’s easier to calculate the probability 


of our event not occurring than it is to calculate the probability of our event occurring. 

Let’s see a couple of examples of this type of problem. 
Problem 8.6: What is the probability that when we roll four fair 6-sided dice, they won't all show 
the same number? 


Solution for Problem 8.6: Counting the number of outcomes in which four 6-sided dice don’t all show 
the same number would require some pretty delicate casework. However, counting all the outcomes 
in which four 6-sided dice do all show the same number is very easy: there are only 6 ways this can 


happen, namely L¢1*/*1* | ll. “I. “. ] [eee eelee} fe cle cle cle | ester slerslees|, and [ea 3 $8 3 


So since there are 64 total outcomes, we can conclude that 


1 1 
P(4 dice all show the same number) = % aa ae 
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Therefore, using the principle of complementary probabilities, we can conclude that 


; / _ 1 = 215 
P(4 dice don’t all show the same number) = 1 516 = 216° 


O 


is the probability that they don’t sit next to each other? 


Solution for Problem 8.7: There are @ = 21 ways in which Mary and James can choose 2 chairs, if we 
don’t worry about the order in which they sit. 


Although we can use casework to count the number of ways they can choose chairs which are not 
next to each other, it is easier to use complementary counting. If we number the chairs #1, #2, ..., #7 
in order, then there are 6 ways Mary and James can choose chairs next to each other: they can sit in the 
first two chairs, or chairs #2 and #3, or chairs #3 and #4, etc., up to chairs #6 and #7. Therefore 


6 2 

P(they sit next to each other) = rT = 7 
and therefore ) 
7 


P(they don’t sit next to each other) = 1 — 


: Sometimes it’s easier to calculate the probability of our event not occurring 
than it is to calculate the probability of our event occurring. 


]___ Exercises 


8.3.1 What is the probability that when we roll 5 fair 6-sided dice, at most 4 of them will show Lb 


8.3.2 If we flip 6 coins, what is the probability of getting at least 2 heads? 


8.3.3. A bin has 8 black balls and 7 white balls. 3 of the balls are drawn at random. What is the 
probability of drawing 2 of one color and the 1 of the other color? Hints: 148 


8.3.4 The letters of the word ‘SIXTEEN’ are randomly arranged. What is the probability that the two 
E’s are not next to each other? 


8.3.5 The Grammar club has 20 members: 10 boys and 10 girls. A 4-person committee is chosen at 
random. What is the probability that the committee has at least 1 boy and at least 1 girl? Hints: 109 


8.4 Probability and Multiplication 


8.4. PROBABILITY AND MULTIPLICATION 


Problem 8.9: Two 6-sided dice, one red and one green, are rolled. What is the probability that the red 
die shows an odd number and the green die shows a number that is a perfect square? 


Problem 8.10: The Grunters play the Screamers 4 times. The Grunters are the much better team, and 
are 75% likely to win any given game. What is the probability that the Grunters will win all 4 games? 


Problem 8.11: The Grunters and the Screamers are playing for the Grand Championship. The two 
teams will play each other until one has won 4 games, at which point the 4-game winner will be 
declared Grand Champion. (Note that this is the same format as the baseball World Series, for 
example.) As in Problem 8.10, the Grunters have a 75% probability of winning any individual game. 


(a) Suppose that the series lasts 7 games. Of the first 6 games, how many must each team win? 


(b) For each specific possible combination of games that results in the Grunters winning the Grand 
Championship in 7 games (for example, the Grunters winning the 1st, 3rd, 4th, and 7th games, 
and the Screamers winning the 2nd, 5th, and 6th games), what is its probability? 


What is the probability that the Grunters will win the Grand Championship in exactly 7 games? 


Problem 8.12: Revisiting the Grand Championship of Problem 8.11, what is the probability of the 
Grunters winning the Championship in any number of games? 


Back when we were learning counting techniques, we saw that exclusive events lead to the addition 
of cases, and in Section 8.2 we saw that this is true for probability too. 


In counting, we also saw how to deal with a series of independent events, such as choosing a shirt 
and pants to form an outfit. In this type of counting problem, we multiplied the number of outcomes. 
Does a similar type of operation hold for probability? 


Let’s look at a simple example. 


red die shows l_] and the green die shows 


Solution for Problem 8.8: We solve this problem, as usual, by counting outcomes. There is only 1 
successful outcome: a redl‘Jand a green ced Rolling each die is an independent event, so we multiply 
the 6 possible outcomes for the red die by the 6 possible outcomes for the green die, to get 36 total 
outcomes. Hence the desired probability is %. O 


Let’s look at how the probability we just computed compares to the probabilities of the individual 
dice. The probability of rolling a L Jon the red die is +, and the probability of rolling ak‘ on the green 
die is also fe so the combined probability is 


In other words, 


P(a red L‘landa green = P(a red L’) x P(a green es), 
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Perhaps this is true in the general case. Let’s look at another example first. 


‘Problem 8.9: Two 6-sided dice, one red and one green, are rolled. What is the probability that the 
| red die shows an odd number and the green die shows a number that is a perfect square? 


Solution for Problem 8.9: As in Problem 8.8, the total number of outcomes is 36. So now we need to 
calculate the number of successful outcomes. There are 3 successful outcomes for the red die: it must 
show [+] [| or i+!) There are 2 successful outcomes for the green die: it must show [*]or El Since the 
rollings of the two dice are independent events, to get to number of successful outcomes for both dice, 
we multiply the counts for each die, so the number of successful outcomes is 3 x 2 = 6. Therefore, the 
probability of success is & = 2. 0 

As we did for Problem 8.8, let’s compare our result with the fans peg for the individual dice in 
Problem 8.9. The probability that oe red die shows an odd number is 3 = 5. The probability that the 
green die shows a perfect square is 2 = 3. The probability that both of tesa occur is 

Laan 

6 2.3 
In other words, 


P(red odd and green perfect square) = P(red odd) x P(green perfect square). 


This phenomenon is true in general. 


| Concept: If A and B are possible outcomes for two independent events, then __ 


a 
| 
P(A and ‘B)= = P(A) x PCB). So _ 


The reason that this is true follows directly from the same concept in counting. Notice that 


Number of successful outcomes for A 


Ee)" Naa Benon eralout omiesion Aievent 
and 
P(B) = Number of successful outcomes for B 
~ Number of total outcomes for B’s event 
and 
P(A and B) = Number of successful outcomes for A and B 


Number of total outcomes for both events — 
But we also know that 


Number of successful outcomes for A and B 


= Number of successful outcomes for A X Number of successful outcomes for B, 


and 


Number of total outcomes for both events 


= Number of total outcomes for A’s event X Number of total outcomes for B’s event. 
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Therefore: 
P(A and B) = P(A) x P(B). 


This is a very powerful tool, and can help us solve problems that are much more difficult to solve by 
direct counting. 


Problem 8.10: The Grunters play the Screamers 4 times. The Grunters are the much better team, and 
are 75% likely to win any given game. What is the probability that the Grunters will win all 4 games? 


Solution for Problem 8.10: Why is the following solution incorrect? 


‘Bogus Solution: Since each game has 2 possible outcomes, there are 2! = 16 possible. 
| outcomes for the series. Only 1 of these outcomes is what we want, , 
namely the Grunters winning all 4 games. Therefore the probability 
a | 
1S 6° | 


One clue that this is an incorrect solution is that we never used the 75% information that was 
presented in the problem. The reason this solution is incorrect is that the outcomes described in the 
bogus solution are not all equally likely! We can only use this counting approach to probability when 
we have equally likely outcomes. 


So instead, we'll use multiplication of probabilities of independent events. Each of the 4 games is 
independent of the others, and in each game, the Grunters have probability ? of winning. Therefore, to 
get the probability that the Grunters will win all 4 games, we multiply the probabilities that the Grunters 
win each individual game. This gives: 


P(Grunters win all 4 games) P(Grunters win Game 1) X --- X P(Grunters win Game 4) 


Often we will have to mix our two basic probability techniques: adding probabilities of exclusive 
events, and multiplying probabilities of independent events. Here’s an example: 


Problem 8.11: The Grunters and the Screamers are playing for the Grand Championship. The two 
teams will play each other until one has won 4 games, at which point the 4-game winner will be 
declared Grand Champion. (Note that this is the same format as the baseball World Series, for 
example.) As in Problem 8.10, the Grunters have a 75% probability of winning any individual game. 
What is the probability that the Grunters will win the Grand Championship in exactly 7 games? 


Solution for Problem 8.11: First of all, if the series lasts 7 games, then the Grunters will have won 4 games 
and the Screamers will have won 3 games. Also, the Grunters will have necessarily won the 7th and 
final game, otherwise the series would have ended sooner (when the Grunters won their 4th game). So 
the preliminary question is: in how many ways can the series play out? 
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Of the first 6 games, the Grunters must win three and the Screamers must win 3. To count the number 
of ways this can happen, we must choose 3 of the first 6 games for the Grunters to win. This can be done 
in @ = 20 ways. 

Let’s look at a typical 7-game series: GSSGGSG, where G is a game that the Grunters win and S is a 


game that the Screamers win. Since each game is independent, the probability of this series is just the 
product of the probabilities of each individual game outcome. In other words: 


P(GSSGGSG) P(G) x P(S) x P(S) x P(G) X P(G) x P(S) x P(G) 
= P(G)* x P(S) 
car ges 
@) (3) 
3* 8 
4” "16,384 
Furthermore, we can see that any specific 7-game series will have the same probability, because it will 


have 4 Grunt wins together with 3 Screamer wins. Since there are 20 exclusive such series, we add the 
probabilities for each series. Hence, the overall probability of the Grunters winning in 7 games is 


(§)=20 terms 


——<$<— 
BP esse 
16,384 16,384 
81 
= ee (555) 
1620 405 
16,384 4096 


P(Grunters win in 7 games) 


Let’s do a harder version of this problem. 


Problem 8.12: Revisiting the Grand Championship of Problem 8.11, what is the probability of the 


Grunters winning the Championship in any number of games? 


Solution for Problem 8.12: Here we need to add some casework into the mix. 
Case 1: The Grunters win in 7 games 


We already solved this is Problem 8.11, and found that this probability is a 


Case 2: The Grunters win in 6 games 
As above, the Grunters must win 3 of the first 5 games. This can happen in 8 = 10 ways. Then, any 
individual 6-game series won by the Grunters contains 4 Grunt wins and 2 Screamer wins, which occurs 


with probability 
By (Ty... 3. 8 
(3) (a) = 38 = ase 
So the probability of a 6-game Grunters victory is 
. (3) (7) -10(#..) = 0. 
3/ \4/ \4 4096 4096 2048 
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Case 3: The Grunters win in 5 games 
The Grunters must win 3 of the first 4 games. This can happen in (3) = 4 ways. Any individual 
>-game series won by the Grunters contains 4 Grunters wins and 1 Screamers win, which happens with 


probability 
3\4 /1 34 Ss «81 
(5) (5) ~ 4° 1024" 


So the probability of a 5-game Grunters victory is 
4 (2) (3) =4( 81 ) - 324 81 
3) \4/ \4/ ~~ \1024/ 1024-256" 


Case 4: The Grunters win in 4 games 
This can only happen one way (the Grunters win the first 4 games), and the probability is 


er _ 81 
4) 256° 


Therefore, the overall probability of a Grunters victory is the sum of the probabilities of the 4 exclusive 


cases, which is 
405 405 81 81 3807 


4096 ' 2048 " 256 256 4096’ 
which is about 92.9%. O 


HL Exercises ig 
8.4.1 We flip a fair coin 10 times. What is the probability that: 
(a) We get heads in exactly 8 of the 10 flips? 
(b) We get heads in at least 8 of the 10 flips? 
(c) We get heads in at least 6 of the 10 flips? Hints: 5 
8.4.2 We roll a fair 6-sided die 5 times. What is the probability that: 
(a) We get an odd number in exactly 4 of the 5 rolls? 
(b) We geta L+Jor akin exactly 3 of the 5 rolls? 
(c) We get ali. 3in at most 2 of the rolls? 


8.4.3 The probability of getting rain on any given day in June in Capital City is rt What is the 
probability that it rains on at most 2 days in June? Hints: 155 


8.4.4 Suppose the Grunters will win a game against the Screamers with probability ?, and the Grunters’ 
star player Biff will score against the Screamers with probability $. Does it necessarily follow that 


1 
P(the Grunters will win and Biff will score) = ; x ; = 5! 


Why or why not? Hints: 44 
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8.4.5% We can see from Problem 8.12 that the Grunters have a significantly better chance of winning 
a best-of-7-games series (approximately 92.9%) than they do of winning a one game, winner-take-all 
championship (75%). Is this true in general: the longer a championship series goes, the more likely 
it is that the better team will win (where “better” is defined as the team that’s more likely to win an 
individual game)? To experiment, compute the probabilities that the Grunters from Problem 8.11 would 
win a 5-game series (where the first team to get 3 wins is the champion) and that they would win a 
9-game series (where the first team to get 5 wins is the champion). You should see that 


P(Grunters win 5-game series) < P(Grunters win 7-game series) 


and 
P(Grunters win 7-game series) < P(Grunters win 9-game series). 


8.5 Probability with Dependent Events 


(| Problems 
f 13 , et 
MD eee Dia gk BE on Bs ReMi oe oki UM, Se SAN 


Problem 8.13: Two cards are dealt from a standard deck of 52 cards. What is the probability that the 
first card dealt is a > and the second card dealt is a 4? 

Problem 8.14: A bag has 4 red and 6 blue marbles. A marble is selected and not replaced, then a 
second is selected. What is the probability that both are the same color? 


In the previous section we calculated probabilities of multiple events occurring, in which the events 
were all independent. That is, the outcome of one event didn’t affect the outcome of any of the other 
events. For example, in Problem 8.8, the result of rolling the red die had no effect on the result of rolling 
the green die, and vice versa. 


However, often a series of events will occur in which the outcome of one event will affect the 
outcomes of later events. Let’s start with a simple example. 
‘Problem 8.13: Two cards are dealt from a standard deck of 52 cards. What is the probability that the 
‘first card dealt is a ¢ and the second card dealt is a 4? 


Solution for Problem 8.13: What's wrong with the following solution? 


‘Bogus Solution: The probability of the first card being a ¢ is t The probability of the | 


second card being a @ is also }. Therefore, the probability of both : 
occurring is 4 Xj =. | 


The fallacy is that if the suit of the first card is >, it affects the probability of the suit of the second card 


being @. Once a ¢ is dealt, there are only 51 cards left in the deck, so the probability of the second card 
being a @ is 37, not j. Therefore, the probability of both cards being the required suits is } x # = 34. 0 
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We could have also solved this problem simply by counting. There are 52 x 51 ways to choose the 
first two cards. There are 13 ways to choose a ¢ for the first card, and there are 13 ways to choose a 4 for 


the second card, so there are 13 x 13 successful outcomes. Therefore the probability is 3X8 = #. 


Here’s a problem in a similar vein: 


Problem 8.14: A bag has 4 red and 6 blue marbles. A marble is selected and not replaced, then a 
second is selected. What is the probability that both are the same color? 


Solution for Problem 8.14: We could solve this problem by counting the outcomes, but let’s instead solve 
it by multiplying probabilities. 


The probability that both marbles are red is given by: 


P(both red) = P(first red) x P(second red after first red is drawn). 


The probability that the first marble is red is 4. After drawing a red marble, there are 3 red marbles and 
9 marbles total left in the bag, so the probability that the second marble is also red is 3. Therefore 


4 
P(both red) = 10 x ; — =. 


Similarly, the probability that both marbles are blue is given by: 
P(both blue) = P(first blue) x P(second blue after first blue is drawn). 


The probability that that the first marble is blue is &. After drawing a blue marble, there are 5 blue 


marbles and 9 marbles total left in the bag, so the probability that the second marble is also blue is 2 


9° 
Therefore 6 6 1 
P(both blue) = 10 x 9 = 3" 


Since drawing two red marbles and drawing two blue marbles are exclusive events, we add the 
individual probabilities to get the probability of one or the other occurring. Therefore: 


2 1 7 
P(both same color) = P(both red) + P(both blue) = 15 + 3 = 1B 


‘Exercises 


8.5.1 Two cards are dealt at random from a standard deck of 52 cards. What is the probability that 
(a) the first card is a 9 and the second card is a &? 
(b) the first card is a 6 and the second card is a Queen? 
(c) the first card is a King and the second card is a 9? Hints: 151 


(d) the first card isa > and the second card is an Ace? Hints: 66 
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8.5.2 Three cards are dealt at random from a standard deck of 52 cards. What is the probability that 


(a) the first card is a Jack, the second card is a Queen, and the third card is a King? 
(b) all three cards are Ys? 
(c)* the first card is a 4, the second card is a &, and the third card is a 2? Hints: 47 


8.5.3. A bag has 3 red marbles and 5 white marbles. Two marbles are drawn from the bag and not 
replaced. What is the probability that the first marble is red and the second marble is white? 


8.5.4 A bag has 4 red marbles, 5 white marbles, and 6 blue marbles. Three marbles are drawn from the 
bag (without replacement). What is the probability that they are all the same color? 


8.5.5 Bag A has 3 white marbles and 4 black marbles. Bag B has 6 yellow marbles and 4 blue marbles. 
Bag C has 2 yellow marbles and 5 blue marbles. A marble is drawn at random from Bag A. If it is white, 
a marble is drawn at random from Bag B, otherwise, if it is black, a marble is drawn at random from Bag 
C. What is the probability that the second marble drawn is yellow? 


8.5.6 Sheila has been invited to a picnic tomorrow. The picnic will occur, rain or shine. If it rains, 
there is a 20% probability that Sheila will decide to go, but if it is sunny, there is an 80% probability that 
Sheila will decide to go. The forecast for tomorrow states that there is a 40% chance of rain. What is the 
probability that Sheila will attend the picnic? 


8.6x Shooting Stars —- a hard problem 


_Probiems 


Problem 8.15: Becky lives in a place with a very clear sky. On Friday night, there is a 60% chance 


that she will see a shooting star in any given hour. If Becky goes outside and watches the sky for two 
hours, what's the probability that she’ll see a shooting star? 


Problem 8.16: On Saturday night, Becky again goes stargazing. This time, conditions are better, 
and there’s an 80% chance that she will see a shooting star in any given hour. We assume that the 
probability of seeing a shooting star is uniform for the entire hour. What is the probability that Becky 
will see a shooting star in the first 15 minutes? (Source: Mandlebrot) 


In this section we'll tackle a fairly hard probability problem; first, let’s doa related warm-up problem. 


| 


_ that she will see a shooting star in any given hour. If Becky goes outside and watches the sky for two 
hours, what's the probability that she'll see a shooting star? 


Solution for Problem 8.15: There are two reasonable ways to approach this problem. Let's first do it by 
casework. There are 3 exclusive cases to consider. 


Case 1: Becky sees a shooting star in the first hour but not the second 
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These are independent events, so we can just multiply the respective probabilities: 3 x 2 = 2. 


Case 2: Becky sees a shooting star in the second hour but not the first 


This is essentially the same as Case 1, and the probability is ¢ x 2 = &. 


Case 3: Becky sees a shooting star in both hours 
Here the probability is 2 x2= Fe. 


since the cases are exclusive, we get the overall probability by adding the probabilities for the 


individual cases: 


P(Becky sees a shooting star) = so + = + == = = 84%. 


An easier approach is to use complementary probability. It is easier to calculate the probability that 
Becky doesn’t see a shooting star during the 2 — we only happens if she doesn’t see a shooting 


star in either hour. This probability is given by 2 £xi= 4. So 
P(Becky sees a shooting star) = 1-— P(Becky doesn’t see a shooting star) 
4 21 : 
= 1 - 55 = 55 = 84%. 
O 


Well, that problem wasn’t too bad — it used the same techniques that we’ve been using throughout 
this chapter. Now let’s look at the harder version. 


Problem 8.16: On Saturday night, Becky again goes stargazing. This time, conditions are better, 
and there’s an 80% chance that she will see a shooting star in any given hour. We assume that the 
probability of seeing a shooting star is uniform for the entire hour. What is the probability that Becky 
will see a shooting star in the first 15 minutes? (Source: Mandlebrot) 


Solution for Problem 8.16: What's wrong with the following solution? 


| 


‘Bogus Solution: 15 minutes is } of an hour, and there’s an 80% probability that Becky | 
sees a shooting star in an hour. pee, the probability that she 
sees a Star in the first 15 minutes is (80%) = 20%. ! 


We know this can’t be right, based on our work from Problem 8.15. In that problem, we saw that a 
60% probability of seeing a shooting star in 1 hour led to an 84% probability of seeing a shooting star 
over 2 hours. Applying our faulty logic from the Bogus Solution above to Problem 8.15, we would 
conclude that an 84% probability of seeing a shooting star over 2 hours would give a 42% probability of 
seeing a shooting star in 1 hour. But we know that in Problem 8.15, the probability of seeing a shooting 
star in 1 hour is 60%. Worse, using the same logic, we might conclude that if there’s a 60% probability of 
seeing a shooting star in 1 hour, then there must be a 120% chance of seeing a shooting star in 2 hours. 
Of course this is absurd — there can never be a 120% chance of anything! 


The deeper reason why our faulty argument doesn’t work is that there isn’t necessarily just one 
shooting star - we might see ten. If we knew for sure that we would only see at most one and that the 
80% probability were evenly distributed across the hour, then we would be right to say that there’s a 
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20% chance that the shooting star, if it came, would be in the first 15 minutes. However, there may be a 
bunch of shooting stars. 


So we need to approach this problem much more carefully. How can we proceed? 


When stuck, it often pays to assign a variable to the unknown quantity that we’re trying to compute, 
and hope to set up some equations for that variable. So let’s denote by p the probability that Becky 
sees a shooting star in the first 15 minutes. Note that since the probability of seeing shooting stars is 
uniform throughout Becky’s stargazing, p is also the probability that she’ll see a shooting star in the 2nd 
15 minutes, the 3rd 15 minutes, and the 4th 15 minutes. 


So does that mean that the probability that she’ll see a shooting star over the entire hour is 4p? 
No! This was the faulty reasoning that we used at the very beginning. 


We need to relate p to a probability that we know, namely the probability that Becky sees a star in 1 
hour. We could proceed by casework, based on the number of quarter-hours in which she sees a star: 


Case 1: Becky sees a star in all 4 quarter-hours 
She sees a star with probability p in each quarter-hour; therefore, since the quarter-hours are independent 
events, she sees a star in all 4 quarter-hours with probability p*. 


Case 2: Becky sees a star in 3 of the 4 quarter-hours 
This can happen in 4 ways, one for each quarter-hour during which Becky doesn’t see a star. For each 
possibility, the probability is p>(1 — p), since she sees a star in 3 of the quarter-hours and doesn’t see a 
star in the fourth quarter-hour. Therefore the probability of this case occurring is 4p°(1 — p). 


We could continue this way, but it’s very messy. So we might instead think to use complementary 
probability. 


roy When casework looks ugly, consider complementary probability. 


We are able to easily compute the probability that Becky doesn’t see a shooting star over the hour. 
This will happen if she doesn’t see a shooting star in each of the 4 quarter-hours that make up the hour. 
That probability is given by: 


P(no shooting star in 1 hour) P(no shooting star in 1st 15 minutes) 
P(no shooting star in 2nd 15 minutes) 


P(no shooting star in 3rd 15 minutes) 


x xX Xx 


P(no shooting star in 4th 15 minutes) 


We know that the probability of not seeing a shooting star in any given 15 minutes is 1 — p. So the 
probability of not seeing a shooting star over the hour is given by (1 — p)*. We know that this probability 
is 100% — 80% = 20% = 5 ; therefore, we have the equation 


4_i 
(l—p)" = 5. 
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Now we can solve for p and get the answer! 


iste oe 
P a5’ 
and thus ‘ 
=] - —~ = 331... = 33.1%. 
pe 5 
eal 


Think about all of the problem solving tools that we used in this problem. We used algebra to help 
us Organize our work and set up equations. We abandoned our first approach when it looked like it 
wasn’t going to pan out. We used complementary probability because it was easier to count what we 
didn’t want than what we did want. 


Hard problems like Problem 8.16 often require us to use several different | 
problem solving techniques together. | 


Be. poeta tae sees 


8.7. Summary 


>» Wecan use many tools from arithmetic to solve probability problems — and by now hopefully you 
should think of counting tools as just extensions of arithmetic. 


» If A and B are mutually exclusive events (meaning that either A or B can occur, but not both), then 
P(A or B) = P(A) + P(B). 


But beware — if A and B could both simultaneously occur, then they’re not mutually exclusive, 
and this sum of probabilities won’t work. In particular, if A and B are two events, not necessarily 
mutually exclusive, then 

P(A or B) = P(A) + P(B) — P(A and B). 


> Anevent A must either occur or not occur. So 
P(A occurs) + P(A doesn’t occur) = 1. 


Often it is easier to compute the probability of an event not occurring, then using the above 
formula to calculate the probability of the event occurring. This is called using complementary 
probabilities, and is essentially the same technique as complementary counting. Complementary 
probability can be especially useful in problems that look like they lead to ugly casework if you 
try to calculate the probability directly. 


> If A and B are independent events (meaning that they occur separately, independently of each 
other), then 
P(A and B) = P(A) x P(B). 


But if A and B are dependent events, meaning that the likelihood of B occurring depends on 
whether A occurs or not, then we cannot simply multiply their probabilities as above. 
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I] REVIEW PROBLEMS _ 


8.17 A fair 6-sided die is rolled. What is the probability that the number rolled is a divisor of 6? 
8.18 Ten 6-sided dice are rolled. What is the probability that exactly one of the dice shows a [-h 


8.19 Six 6-sided dice are rolled. What is the probability that the number of dice showing even numbers 
and the number of dice showing odd numbers is equal? 


8.20 I have a weighted coin that lands on heads with probability p (and thus lands on tails with 
probability 1 — p). Suppose I flip my coin n times (where n is a positive integer). Write a formula for the 
probability that exactly k of the flips come up heads. 


8.21 Two cards are chosen at random from a standard 52-card deck. What is the probability that 


(a) both are face cards (Jacks, Queens, or Kings)? 
(b) the first card is a heart and the second card is a 10? 
(c)* both cards are numbers (2 through 10) totaling to 12? 


8.22 Three cards are chosen at random from a standard 52-card deck. What is the probability that they 
are not all the same color? 


8.23 Container I holds 8 red balls and 4 green balls; containers II and III each hold 2 red balls and 4 
green balls. A container is selected at random and then a ball is randomly selected from that container. 
What is the probability that the ball selected is green? (Source: MATHCOUNTS) 


8.24 Six green balls and four red balls are in a bag. A ball is taken from the bag, its color recorded, then 
placed back in the bag. A second ball is taken and its color recorded. 


(a) What is the probability the two balls are the same color? 
(b) How does your answer to (a) change if the first ball is not placed back in the bag? 


8.25 A penny is tossed 3 times and a nickel is tossed 2 times. What is the probability that more heads 
are tossed using the penny than using the nickel? (Source: MATHCOUNTS) 


8.26 The lottery in our state consists of two drawings. First, a MegaBall is picked from among 27 
numbered balls. Second, five WinnerBalls are picked from among 44 other numbered balls. To win the 
lottery, you must pick the MegaBall number correctly and also pick the numbers on the five WinnerBalls 
(but you don’t need to get the order right for the WinnerBalls). What is the probability that the ticket I 
hold has the winning numbers? 


8.27. In Monopoly®, if you roll “doubles” you may take another turn. “Doubles” means that the two 
dice you roll show the same number. If you roll “doubles” three times in a row, you get sent directly to 
Jail® (“Do not pass Go®, do not collect $200.”). 


(a) What is the probability that I will roll “doubles” on my turn? 
(b) What is the probability that I will finish my turn without being sent to jail? 
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: Challenge Problems a 


8.28 My school’s Future Mathematicians of America club has 16 members, 7 boys and 9 girls. A 
president and a 3-person executive committee are chosen (where the president cannot serve on the 
committee). What is the probability that the president is the same gender as the majority of the 
committee? 


8.29 Richard and Vanessa are going to play a game of foosball. The first player to score 5 goals wins. 
Vanessa is better: at any given point she is 60% likely to score the next goal. What is the probability that 
Richard wins? 


8.30 Iplay a game where I keep rolling a die until I get a E 1 What is the probability that my game will 
end during one of my first six rolls? Hints: 18 


8.31 A six-sided die is weighted such that: 


P¢:) = Ph) 
e Pfs) = Pez) = Peed) 
P«) = 3P¢) 
e Pts) = 2Pcé 4 


What is the probability that a&3is rolled? Hints: 22 (Source: MATHCOUNTS) 


8.32 Three balls are numbered 1, 2, 3 and placed in a bag. A ball is chosen, its number recorded, then 
the ball placed back in the bag. This process is repeated twice more. The resulting 3 recorded numbers 
are added. 


(a) Inhow many possible ways could the three ball selections proceed so that the sum of the recorded 
numbers equals 6? 


(b)x Bob walks in the room after the three numbers have been recorded and is told only that the 
sum of the numbers is 6. Bob announces, “Oh, then they must all have been 2’s.” What is the 
probability that Bob is correct? Hints: 176 


8.33% Wayne and Mario play a game in which they take turns flipping a fair coin. The first one to flip 
tails wins. Wayne goes first. What is the probability that Wayne wins? Hints: 33 


8.34% In the card game bridge, each of 4 players is dealt a hand of 13 of the 52 cards. What is the 
probability that each player receives exactly one Ace? Hints: 128 


8.35% There are 100 Senators in the U.S. Senate. Find an expression for the probability that at least two 
of them have the same birthday. (You don’t have to calculate the expression, and you can assume there 
are 365 days in a year.) Hints: 216 


8.36x I’m taking pictures. For each picture, I have a 4 chance that everyone is looking at the camera. 
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How many pictures must I take to have at least a 3 chance of having a picture in which everyone is 
looking at the camera? Hints: 25, 112 


8.37* 


There are 3 horses in this week’s race. When we say “the stated odds against a horse winning 


are r-to-s,” we mean if you wager 1 dollar on the horse, you will lose 1 dollar if the horse loses and win 
r/s dollars if the horse wins. The stated odds against the horse A winning are 2-to-1. The stated odds 
against horse B winning are 3-to-1. 


(a) What should the stated odds against horse C be for the betting odds to all be “fair”? (This means 
that the house will expect to make no money, or in other words there is a betting system that you 
can use in which you are guaranteed to neither make nor lose money regardless of which horse 
wins.) Hints: 36 


(b) If the odds against horse C are 4-to-1, how can you bet to ensure you will win money? Hints: 139 


Extra! 


Simpson’s Paradox 


“ee Here’s a funny game. There are two hats on the table. Each hat contains a mixture of 
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green and red balls. You can choose a hat, then randomly pick a ball from that hat. If it’s 
green, I give you $100, but if it’s red, you get nothing. 
In Game #1: 


Hat A has 5 green balls and 6 red balls 
Hat B has 3 green balls and 4 red balls. 


Since the probability of winning if you pick Hat A is 2, and the probability of winning 
if you pick Hat B is 3, you would of course pick Hat A, since 2 > 3. 
In Game #2: 


Hat C has 6 green balls and 3 red balls 
Hat D has 9 green balls and 5 red balls. 


Since the probability of winning if you pick Hat C is 8, and the probability of winning if 
you pick Hat D is 7, you would of course pick Hat C, since § > &. 
In Game #3: 


We combine Hats A and C into Hat E, giving 11 green balls and 9 red balls. 
We combine Hats B and D into Hat F, giving 12 green balls and 9 red balls 


Since we picked Hats A and C in Games #1 and #2, we should pick Hat E now, right? 
Wrong! 

If we pick Hat E, our probability of winning is 34, but if we pick Hat F, our probability 
of winning is 54, and 34 < 5%. So now we pick Hat F! 

This is an example of Simpson’s Paradox. 


Can you figure out what happened here? This is a good example of how your “intuition” 
for probability might lead you astray! 


The only time L don’t think about it is when I'm playing it - Carl Yastrzemski, Baseball Hall of Fame member 


CHAPTER 


PC ti About It! 


9.1 Introduction 


In this chapter, we’re going to discuss probability problems that call for a slightly different approach 
than the ones we’ve looked at so far. These are “think about it” problems. In these problems we 
don’t immediately dive into counting or applying the principles of probability that we’ve learned so far. 
Instead, we think of a different way to view the problem that allows us to reach the answer quickly. 


Often we can exploit symmetry, make a useful simplification, or make a leap of logic which allows 
us to fairly quickly solve the problem without getting bogged down in complicated or time-consuming 
counting. Also, doing this may give us better insight as to why our answer is correct. 


In this chapter we'll see several problems which, although we can solve them using the techniques 
that we’ve previously learned, are much more easily solved by stopping and thinking about the problem 
a little bit before plunging in with computations. 


| O 
ee 


& 


9.2. Problems 


]____Probiems 


Problem 9.1: Two fair 6-sided dice z re rolled. WI : it is i 1 5 nenhahiiitn thatthe a1 


two dice are the same? 
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Problem 9.2: The Grunters and the Screamers are again playing for the Grand Championship. Recall 
(from the previous chapter) that the Grand Championship is a best-of-7 series, with the first team 
to win 4 games winning the Championship. Now, however, the Screamers have improved, so that 
each team has probability 5 of winning any individual game. If the Grand Championship series lasts 
exactly 6 games, what is the probability that the Grunters win? 


Problem 9.3: Points A, B, and C are arranged clockwise in that order on a circle, as shown in Figure 
9.1. We place a marker on point A. We roll a 6-sided die and move the marker as follows: 


e If the die shows aLJor al} stay put. 
e If the die shows al*dJora eal move one step clockwise (for example, from A to B). 
e If the die shows a+ or a3) move one step counterclockwise (for example, from A to C). 


What is the probability that after 8 moves the marker is at point A? 


. 


Figure 9.1: Gameboard for Problem 9.3 


Problem 9.4: There are 11 students in Ms. McGinn’s Chemistry class, including the Baker triplets: 
Annika, Billy, and Catherine. The teacher calls all 11 students in random order one at a time to her 
desk to tell each student his or her final grade. What is the probability that Billy is the first of the 
triplets that she calls to her desk? 


Problem 9.5: The same 11 students from Problem 9.4 make up Mr. Palmer’s History class, again 
including the Baker triplets Annika, Billy, and Catherine. As before, the teacher calls all 11 students 
in random order one at a time to his desk to tell each student his or her final grade. However, the first 
time he calls a student to his desk, Billy is in the bathroom and therefore can’t be called up, but he’s 
back in time for the rest of the students to be called. What is the probability that Billy is the first of the 
triplets to be called to the desk? 


Problem 9.6: The numbers 1 through 8 are arranged to form an eight-digit number which is a multiple 
of 5. What is the probability that the number is greater than sixty million? 


Problem 9.7: What is the probability that a random rearrangement of the letters in the word ‘MATH- 
EMATICS’ will begin with the letters ‘MATH’? 
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Let’s start with a problem that is easy to solve by counting, but even easier to solve by thinking first. 
Problem 9.1: Two fair 6-sided dice are rolled. What is the probability that the numbers shown on the 
two dice are the same? 


Solution for Problem 9.1: Let's first solve this by counting — there are 36 total outcomes, and 6 of these 
outcomes have the two numbers the same, namely [-[-] ier [e..| idea Eeckes and BRA So the 


probability is & = ¢. 
However, let’s think about it! 


It really doesn’t matter whether we roll both dice simultaneously or roll one first and then the other, 
so suppose that we roll the dice one at a time. No matter what number comes up on the first die, there 
is only 1 successful outcome for the second die (namely, that our roll matches the first die), out of 6 total 
possible outcomes. So the probability is 4. 0 


Problem 9.1 is somewhat of a silly example, since the problem was so easy to solve by usual counting 
techniques. The next problem is a better example of how thinking about the problem first can save a lot 
of unnecessary calculations. 

Problem 9.2: The Grunters and the Screamers are again playing for the Grand Championship. Recall 
(from the previous chapter) that the Grand Championship is a best-of-7 series, with the first team 
to win 4 games winning the Championship. Now, however, the Screamers have improved, so that 
each team has probability 5 of winning any individual game. If the Grand Championship series lasts 
exactly 6 games, what is the probability that the Grunters win? 


Solution for Problem 9.2: A long way to do this problem would be to count all the different ways that the 
Grand Championship could go six games, then count the number of those ways in which the Grunters 
win the Championship, then divide. 


But stop! Think about it! We can solve this problem in about ten seconds. 


No matter what, one team must win. If each team is equally likely to win each game, then each team 
is equally likely to win in 6 games. Therefore, the Grunters have a 5 probability of winning a series that 
lasts exactly 6 games. 


Another way to think about it is: what would the answer to the problem be if we asked what the 
probability was of the Screamers winning? Since the problem is symmetric (because the information 
about each team is identical), the answer must be the same as the answer for the Grunters winning. But 
one or the other has to win, so the two answers must sum to 1. Thus each answer must be - Oo 


- You can sometimes take advantage of symmetry to more easily solve a’ 
problem. | 


In the next problem, it’s really important to think about the problem before diving in. 
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Problem 9.3: Points A, B, and C are arranged clockwise in that order on a circle, as shown in Figure 
9.2. We place a marker on point A. We roll a 6-sided die and move the marker as follows: 


e If the die shows al+]or ak] stay put. 
e If the die shows al‘ or aE} move one step clockwise (for example, from A to B). 
e If the die shows alk* ora Eg move one step counterclockwise (for example, from A to C). 


What is the probability that after 8 moves the marker is at point A? 


A 
Figure 9.2: Gameboard for Problem 9.3 


Solution for Problem 9.3: We could approach this problem using casework, considering all 6° possible 
sequences of 8 rolls ... On second thought, let’s think about it first. 


On any given turn, there’s a } chance we stay put, a } chance we move clockwise, and a ‘ chance 
we move counterclockwise. Therefore, after every turn, we’re equally likely to end up at each of the 3 
points (since the probability is 3 of moving to each of the 3 points). Therefore, it doesn’t matter which 
point we care about, or how many moves we’ve made -— the probability of ending up at any point is 
always . O 

In Problem 9.3, there are two features we were able to use to simplify the problem. First was the 
symmetry of the problem — the fact that each point can be reached in an equal number of ways at each 
turn. The second was the fact that the number of moves (in this case, 8) was totally irrelevant to the 
solution. 


Think about using both of these features again in the next problem. 


‘Problem 9.4: There are 11 students in Ms. McGinn’s Chemistry class, including the Baker triplets: 

Annika, Billy, and Catherine. The teacher calls all 11 students in random order one at a time to her 
‘desk to tell each student his or her final grade. What is the probability that Billy is the first of the 
‘triplets that she calls to her desk? 


Solution for Problem 9.4: There are 11! possible orderings of the students, so... 
Wait! Think about it! 
Each one of the siblings is just as likely to be called to the desk first as either of the others. Therefore, 
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the answer is x. 0 


Again, as in Problem 9.3, we were able to dispose of this problem immediately by taking advantage 
of the symmetry. Also, the fact that there were 11 students in the class was totally irrelevant. However, 
let’s remove some of the symmetry from Problem 9.4 and see how this changes our solution. 


Problem 9.5: The same 11 students from Problem 9.4 make up Mr. Palmer’s History class, again } 
including the Baker triplets Annika, Billy, and Catherine. As before, the teacher calls all 11 students § 
‘in random order one at a time to his desk to tell each student his or her final grade. However, the § 
first time he calls a student to his desk, Billy is in the bathroom and therefore can’t be called up, but } 
he’s back in time for the rest of the students to be called. What is the probability that Billy is the first 

of the triplets to be called to the desk? 


Solution for Problem 9.5: We can’t directly use the symmetric argument that we used in Problem 9.4, 
because now the triplets are not symmetric: Billy can’t be the first student called, but either of his sisters 
could be. 


Billy can only be called before his sisters if one of the other 8 students in the class is called first (while 
Billy is out of the room). This occurs with probability 4 = 3. Now when Billy comes back, it’s just 
like the situation we had before in Problem 9.4, so the probability of him being called before his sisters, 


provided a non-Baker student is called first, is 3. 
So the probability of Billy being the first of the triplets to be called to the desk is $x 4 = 4.0 


Here’s a quick follow-up question: what is the probability that Annika is the first of the three called 
to the desk? 


We already know Billy is first with probability 4. Then the probability that one of the girls is first is 
1-4 = H. Since Annika’s and Catherine’s situations are symmetric, they are equally likely to be called 
first; thus, Annika’s probability is 3 (and so is Catherine’s). 


‘Problem 9.6: The numbers 1 through 8 are arranged to form an eight-digit number which is a. 
‘multiple of 5. What is the probability that the number is greater than sixty million? 


Solution for Problem 9.6: We could do this by counting, but that would be complicated. So let’s think 
about it instead. 


We know that for the number to be a multiple of 5, the last digit must be 5. 
We also know that for the number to be greater than sixty million, the first digit must be 6, 7, or 8. 


Since there are 7 equally likely choices for the first digit (since we’ve already reserved 5 for the last 
digit), and three of the choices give numbers greater than sixty million, the probability is 3. o 


Problem 9.7: What is the probability that a random rearrangement of the letters in the word | 
‘MATHEMATICS’ will begin with the letters ‘MATH’? 


Solution for Problem 9.7: Rather than counting the total number of rearrangements and then counting 
which ones start with ‘MATH’, let’s instead try for a more thoughtful solution. 
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Imagine that we are constructing such an arrangement. 


The probability of choosing an ‘M’ for the first letter is 4 (since there are 2 M’s among the 11 letters 
that we can choose). 


The probability of choosing an ‘A’ for the second letter is 4 (since there are 2 A’s among the 10 
remaining letters that we can choose). 


The probability of choosing a ‘T’ for the third letter is 3 (since there are 2 T’s among the 9 remaining 
letters that we can choose). 


The probability of choosing an ‘H’ for the fourth letter is § (since there is 1 H among the 8 remaining 
letters that we can choose). 


We don’t care what happens with the remaining 7 letters. 


So the probability of starting our rearrangement with ‘MATH’ is the product of the probabilities of 
getting each letter correct, which is 


9.3. Summary 


There are many tools that we can use to solve a problem that can save us a lot of unnecessary computation. 
When examining a problem, ask yourself: 
» Is there symmetry that I can take advantage of? 


» Is there unnecessary or irrelevant information that I don’t need to worry about? Can I ignore this 
information and simplify the problem? (However, be very careful here! Often information that 
seems unnecessary is in fact quite relevant.) 


» Ifa problem has multiple events, do I necessarily need to consider the events separately, or can I 
consider them all at once? Or is it easier to deal with them separately? 


» Is there another way that I can look at the problem which makes it much easier to solve? 


The point is: 


ccc 
4 
i 


Concept: Don’t just blindly dive into a problem — think about it first! 


Extra! A problem is a chance for you to do your best. - Duke Ellington 
1 sap (cca (1 a> 
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_ Challenge Problems 


9.8 My drawer has six blue socks, five brown socks, and seven gray socks. I pull out four socks at 
random. What is the probability that I have at least one matching pair? Hints: 142 


9.9 I flip a fair coin 11 times. What is the probability that Iend up with more heads than tails? Hints: 97 


9.10 The integers from 1 to 100 are randomly separated into two groups of 50 integers each. What is 
the probability that 37 and 89 are in the same group? Hints: 69 


9.11 A 6-sided die is weighted so that the probabilities of rolling a [+] £ "| or fd are equally likely; the 
probabilities of rolling a Ee Es) ork dare equally likely; and the probability of rolling al-*+is four times the 
probability of rolling a [+.| What is the probability that a L Jor ald is rolled? (Source: MATHCOUNTS) 


9.12 When I swing at a nail, I drive it all the way in with probability 5. With probability 4, I hit it 
half-way in, and with } probability I miss it entirely. I’m pretty sure that if I swing 4 times at a nail, I’ll 
get it all the way in almost all the time. Let’s see if I’m right. 


(a) What sequences of 4 swings could leave the nail still not knocked all the way in? 

(b) For each sequence in (a), find the probability that sequence occurs. 

(c) What is the probability I fail to get the nail driven completely in? 

9.13 Ihave 4 quarters, 7 nickels, and 2 pennies in my wallet. I take them out of my wallet one at a time 
at random and don’t put them back in. 

(a) What is the probability that the last coin I pull out is a penny? 

(b) What is the probability that the fourth coin I pull out is a nickel and the seventh is a quarter? 
9.14 Five friends agree to meet at Joe’s Coffeehouse in Capital City. However, there are 5 different Joe’s 
Coffeehouse locations in Capital City, and the friends neglected to agree on which one to meet at, so 
they each choose one at random. What is the probability that 

(a) they all end up at the same Joe’s? 

(b) they all end up at different Joe’s? 

9.15 A fair 6-sided die is tossed 8 times. The sequence of 8 results is recorded to form an 8-digit number. 


For example, if Pode ob 1° 1° i shee are tossed, then we have the 8-digit number 35,421,165. What is the 
probability that the number formed is a multiple of 8? (Source: MATHCOUNTS) 


9.16x Timmy wants to go to a concert. His parents agree to let him go if he can beat his parents in a 
bizarre 3-game chess tournament that they have devised. Here are the rules: Timmy can decide whether 
to play his mother or his father first; after that, his opponent alternates for two additional games (so if he 
picks his father first, he plays his mother in the second game and his father in the third game). Timmy 
must beat both of his parents in succession in order to go to the concert; in other words, he must win 2 
games in a row. Timmy’s mother is the stronger player: he beats his mother with probability m and his 
father with probability f, with m < f. Which parent should Timmy choose to play first to give himself 
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the best chance of going to the concert, and why? Hints: 30, 50 


9.17x Three friends Xavier, Yul, and Zeb are having a 3-way paintball duel. Xavier is a poor shot, 
hitting his target with probability 4. Yul is a pretty good shot, hitting his target with probability 4. Zeb 
is a marksman, always hitting his target. The rules of the duel are as follows: in turn, each person will 
get one shot at a target of his choice. Once you’re hit, you’re out of the game. The last person remaining 
wins. Since he’s the worst shot, Xavier gets to go first, followed by Yul, followed by Zeb. What is 
Xavier’s best strategy, and what is his probability of winning? Hints: 119, 8 


9.18% A 2005 x 2005 square consists of (2005)? unit squares, as shown in Figure 9.3. The middle square 
of each row is shaded as indicated. If a rectangle (of any size) from the figure is chosen at random, what 
is the probability that the rectangle includes a shaded square? Hints: 83, 204 (Source: MATHCOUNTS) 


Figure 9.3: 2005 x 2005 with middle column shaded 


Extra! The lost boarding pass problem 

imp iw wet T recently took a plane flight on a plane which had 137 seats. I happened to be the first 
person to board the plane. Unfortunately, as I was walking down the jetway to get on 
the plane, I found that I had lost my boarding pass, and I couldn’t remember which seat 
I had been assigned. Not knowing what else to do, I randomly took any seat. Of course 
there’s only a 7; probability that I happened to pick my assigned seat. As passengers 
boarded behind me, they of course took their assigned seats, unless they happened to 
find it occupied, in which case they took any available seat at random. The question is: 
when the last passenger boarded, what is the probability that she found her assigned 
seat unoccupied? 


Initially this problem seems like a monster — casework on top of casework. However, 
there is a clever insight which allows for a very quick solution to the problem! 


The very surprising answer is that the probability is 5, regardless of the size of the plane! 
Experiment with small-sized planes like 2, 3, 4, or 5 seats, and you'll quickly begin to 
believe it. Proving that the probability is always 5 regardless of the size of the plane 
takes a very clever insight. Try to figure it out before reading the solution below. 


Suppose you were assigned to seat A and the last passenger boarding was assigned to 
seat B. At some point, one of the first 136 passengers is going to randomly choose either 
seat A or seat B. It’s 50/50 whether seat A or seat B will be chosen. Whichever seat is 
not chosen during the boarding process will be remaining for the last passenger when 
she boards the plane. So the probability of seat B remaining at the end of the boarding 
process is exactly 5. 
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Poetry is as exact a science as geometry — Gustave Flaubert 


CHAPTER T O TT 
Poetic Probability 


10.1 Introduction 


Sometimes we are faced with probability problems in which there is no readily available quantity for 
us to count. One common example of this is in geometry. In geometric probability problems, instead of 
counting individual items or outcomes, we will use as our “counts” various geometric quantities, such 
as lengths or areas. These problems have a very different flavor than the problems that we’ve seen in 
this book until now, but the general technique is similar. 


The basic idea will be to represent the set of all possibilities as some geometric object, and the set 
of successful possibilities as some portion of this object. Then, we can calculate the probability of a 
successful outcome as: 


C 
> Size of successful region 
i P(success) = ———____. 
Size of possible region 


where here, we’ve replaced the usual “number of items” by the concept of “size”, which, depending 
on the problem, might be length, or area, or volume. 


This idea may seem vague right now, but hopefully by the end of this chapter you'll better appreciate 
it. Geometric probability also gives us another important probability tool: we can often represent a non- 
geometric problem in terms of geometry, which we can then use to calculate probability. 


Extra! Geometry is knowledge of the eternally existent. - Pythagoras 
ACH 1 > 12am 
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10.2 Probability Using Lengths 


I 


‘| eee 


Problem 10.1: In Figure 10.1, AC has length 5, and AB has length 4. A point P is selected randomly on 
the segment AC. What is the probability that P is closer to B than to A? 


A 4 Ble 
Figure 10.1: Line segment for Problem 10.1 
Problem 10.2: A real number x is selected randomly such that 0 < x < 3. What is the probability that 


1 ; 
\x a 1| < Ag 


Problem 10.3: A real number x is chosen at random such that 0 < x < 100. What is the probability that 
|-V¥x] is even? (Note: for any real number y, Ly] is defined to be the greatest integer less than or equal 


to y.) 


Here’s a basic problem to illustrate how we compute probability with lengths. 


| Problem 10.1: In Figure 10.2, AC has length 5, and AB has length 4. A point P is selected randomly 
‘on the segment AC. What is the probability that P is closer to B than to A? 


A 4 Bic 
Figure 10.2: Line segment for Problem 10.1 


Solution for Problem 10.1: We first need to determine the region in which the condition is satisfied — in 
other words, we ask: “in what region are the points closer to B than to A?” If we let D be the midpoint 
of the segment AB, then it is clear that all of the points along DC, except D itself, are closer to B than to 
A, and conversely all of the points along AD, except D itself, are closer to A than to B. (D is equidistant 
from A and B.) We can see this visually in Figure 10.3. 


A 4 Dp 2 Ble 
Figure 10.3: Regions of the line segment 


___ So the “successful region” is the segment DC (except for D), and the “possible region” is the segment 
AC. Therefore: 


Length of successful region LengthofDC 3 
P P l SSS SS 8 SSS SS SSS es SS S 
Sa na en eal Length of possible region LengthofAC 5 
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One important thing to note regarding the solution to Problem 10.1 is that when measuring the 
successful region, the point D by itself doesn’t contribute anything to the length. So it’s OK to use the 
length of DC as the size of our successful region, because the length of the segment DC including D is 
the same as the length of DC without the point D. 


The next problem is an example of how we can use geometry in problems that don’t at first appear 
geometric. 


‘Problem 10.2: A real number x is selected randomly such that 0 < x < 3. Whatis the probability that | 
be I< 3? 


Solution for Problem 10.2: We can easily see that for x to satisfy the required condition, we must have 
+ <x < 3. So the “successful region” is the segment of the real line that runs from 5 to 3. This region 
has length 1. The “possible region” is the segment of the real line that runs from 0 to 3, and has length 
3. Therefore, 
1 Length of segment with 5 < x 
(r-11 < 5) Se 
2 Length of segment with 0 < x 


Notice that in these two problems (Problems 10.1 and 10.2), we couldn’t count outcomes as we 
did in earlier problems, because our successful region and total region were continuous, not discrete. 
(Discrete basically means you can count them 1,2,3,....) However, we can still use our principles of 
probability because we can measure the size of the regions through length. 


Concept If we are trying to compute a probability in which the outcomes are con- | 


finuous (as opposed | to > discrete), then v we use geometric probability. — 


Les corel. we is, AS et Sot RS i ne a naaere ee eee ot dee Ses os 25.32 re) 


Problem 10.3: A real number x is chosen at random such that 0 < x < 100. What is the probability | 
that |-Yx] is even? (Note: for any real number y, Ly] is defined to be the greatest integer less than or 
equal to y.) 


Solution for Problem 10.3: Since x is a real number, we can’t count the possible values of x (since there are 
infinitely many), but instead we determine the length of the region containing all of the possible values 
of x. This “total possible” region is just 0 < x < 100, which is a segment of length 100. 


To compute the regions corresponding to “successful” outcomes, we can set up a table: 


Lvx]| Interval | Length || |V¥x]| Interval | Length 


PO<x<1| 1 | 5 | 2<x<36 
risx<4| 3 | 6 | 36<x<49 
asx<9 | 5 | 7 | @<x<o8 
osx<io[ 7 | 8 | ofsx<a_ 


16<x<25 81 <x < 100 


“Ne can see that the total of the lengths of the intervals with the successful outcomes is 1+5+9+13+17 = 45, 
so the probability is = 3.0 
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10.2.1 Let AB be a line segment of length 10. A point P is chosen at random on AB. What is the 
probability that P is closer to the midpoint of AB than to either endpoint? 
10.2.2 Areal number x is chosen at random such that —2 < x < 5. What is the probability that x? < 2? 


10.2.3. A real number y is chosen at random such that 0 < y < 100. What is the probability that 
y—Ly] = 3? Hints: 63 


10.2.4x Let CD be a line segment of length 6. A point P is chosen at random on CD. What is the 
probability that the distance from P to C is smaller than the square of the distance from P to D? Hints: 130 


10.2.5x Let P be a point chosen at random on the line segment between the points (0,1) and (3,4) on 
the coordinate plane. What is the probability that the area of the triangle with vertices (0,0), (3,0) and P 
is greater than 2? Hints: 113 


10.3. Probability Using Areas 


Problem 10.4: Point C is chosen at random atop a 5 foot by 5 foot square table. A circular disk with a 
radius of 1 foot is placed on the table with its center directly on point C. What is the probability that 
the entire disk is on top of the table (i.e. that none of the disk hangs over an edge of the table)? 


Problem 10.5: Suppose two numbers x and y are each chosen such that 0 < x < 1 and 0 < y < 1. 
What is the probability that x + y > 3? 


Problem 10.6: My friend and I are hoping to meet for lunch. We will each arrive at our favorite 
restaurant at a random time between noon and 1 p.m., stay for 15 minutes, then leave. We want to 
determine the probability that we will meet each other while at the restaurant. (For example, if I show 
up at 12:10 and my friend shows up at 12:15, then we'll meet; on the other hand, if I show up at 12:50 
and my friend shows up at 12:20, then we'll miss each other.) 


(a) How can we represent the space of possible outcomes as a geometric region? 

(b) What is the portion of the region from (a) which corresponds to me and my friend meeting? 
(c) What are the areas of the regions from (a) and (b)? 

(d) What is the probability that we meet? 


We can calculate probabilities using areas in pretty much the same way that we calculate probabilities 
using lengths. As with lengths, we will have a region corresponding to “total outcomes.” Within this 
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region, we will have a smaller region corresponding to “successful outcomes.” Then 


Piviiedeasy = P(Area of successful outcomes region) 
P(Area of total outcomes region) 


We can model a great many more problems using areas. Let’s look at a few examples. 


Problem 10.4: Point C is chosen at random atop a5 foot by 5 foot square table. A circular disk with a 
radius of 1 foot is placed on the table with its center directly on point C. What is the probability that 
the entire disk is on top of the table (i.e. that none of the disk hangs over an edge of the table)? 


Solution for Problem 10.4: The “total outcomes” region is easy: it’s just the surface of the table, so it’s a 
square region with side length 5. 
The “successful outcomes” region is trickier. We can draw a diagram as in Figure 10.4. 


Unsuccessful Region 


This fircle’s cen- 
ter isjoutside the) StieeesSsful REGION This dircle’s cen- 
succef$sful region. ter S| inside the 
Successful region. 


”# This circle’s center] 1 
on the boundary of 
successful region. 


Figure 10.4: Table and some disks for Problem 10.4 


We can see that the disk will be entirely on the table if and only if C is at least 1 foot away from 
each edge of the table. Therefore, C must be within a central square region of side length 3, as shown in 
Figure 10.4. 

So now we can compute the probability: 


psieesasy= P(Area of successful outcomes region) 3x3 9 
- P(Area of total outcomes region) 5x5 25 


Problem 10.4 is an example of a problem which is stated in terms of geometry. But we can also use 
areas to solve algebraic probability problems similar to Problem 10.2. 


Problem 10.5: ‘Suppose ti two numbers x and y are each chosen such that 0 < x < 1 and 0 < y <1. 
What is the probability that x + y > 3? 
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Solution for Problem 10.5: Since there’s nothing discrete in this problem that can be counted, we'll need 
to use geometry. 


The “total outcomes” region is the region in the xy-plane with 0 < x < 1 and 0 < y < 1. This is the 
interior of the square with corners (0,0), (0, 1), (1,1), and (1,0), as shown in Figure 10.5. 


Figure 10.5: Total outcomes region for Problem 10.5 


Now we need to describe the region corresponding to successful outcomes. We need x + y > 3, SO 
this will be the region inside the square of Figure 10.5 which is above the line x + y = 3. We will add this 
to our diagram in Figure 10.6, and see that our successful region is the interior of a triangle. 


(0, 1.5) 
(1,1) 
2 ’ | (1,0.5) 


(1.5, 0) 


(0,0) | (1,0) 


Figure 10.6: Total and successful outcomes regions for Problem 10.5 


We can now calculate the areas. The area of the square is 1. The area of the triangle is 3. Therefore 
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the probability is 
P(success) = 


P(Area of successful outcomes region) _ a 1 
P(Area of total outcomes region) 4 


The real power of geometric methods is taking word problems and recasting them as geometry 
problems that we can work with. The next problem is a classic example of this. 
Problem 10.6: My friend and I are hoping to meet for lunch. We will each arrive at our favorite 
restaurant at a random time between noon and 1 p.m., stay for 15 minutes, then leave. What is the 
probability that we will meet each other while at the restaurant? (For example, if Ishow up at 12:10 


and my friend shows up at 12:15, then we’ll meet; on the other hand, if I show up at 12:50 and my 
friend shows up at 12:20, then we’ll miss each other.) 


Solution for Problem 10.6: Once again, because we have infinitely many possibilities, we won't be able 
to use regular counting, so we’ll need to look for a geometric approach. 


We can make a graph plotting my arrival time and my friend’s arrival time. We'll put my arrival 
time on the x-axis and my friend’s arrival time on the y-axis. The result is Figure 10.7. 


1:00 


My friend’s arrival time 


12:00 My arrival time 1:00 


Figure 10.7: Graph for meeting times 


We now need to figure out what portion of Figure 10.7 corresponds to me and my friend meeting. If 
my friend and I are to successfully meet, he must arrive no earlier than 15 minutes before I arrive, and 
no later than 15 minutes after I arrive. If unsure how to proceed at this point, we could experiment with 
a few example arrival times to see what the picture is going to look like. 


on 


‘Concept: If unsure how to proceed with a problem, try a few simple examples. _ 


Ss 


Ya eet ee ne Ee eae ate oe Bt wee ee aes jeceeo Bees apne oe Bs ci Mee cheney fy faces eee 


I 
4 


Here are a few examples: 
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1:00 


We can plot these on our graph, and the result is shown in Figure 10.8. Based on what we’ve drawn 
in Figure 10.8, we have a pretty good picture of what the successful meeting region is going to look like. 
We can essentially “fill in” the picture, to get Figure 10.9. 


1:00 1:00 
co) v ) 
: : 
i?) a) 
so} se} 
2 g 
A= £ 
~~ = 
= | = 
| 
12:00} 12:00 ES 
12:00 My arrival time 1:00 12:00 My arrival time 1:00 
Figure 10.8: Some possible meeting times Figure 10.9: Successful meetings 


To be precise, we can write the condition for a successful meeting as an equation: 
y-lo<x<ytlb, 


where x is my arrival time and y is my friend’s arrival time, expressed in minutes past 12:00. So the 
“successful outcomes” region is the region inside the square that’s below the line y = x + 15 and above 
the line y = x — 15. Figure 10.10 shows the result after we add these lines to our diagram. 


Extra! As long as algebra and geometry have been separated, their progress have been slow and their 
mum uses limited; but when these two sciences have been united, they have lent each mutual forces, 
and have marched together towards perfection. — Joseph-Louis Lagrange 
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om 
om) 
S 


My friend’s arrival time 


—_ 

J 
Coa 
© 


—- 


12:00 My arrival time 1:00 


Figure 10.10: Successful meeting times 


Figure 10.10 shows a two-dimensional representation of all possible times my friend and I can show 
up, along with a shaded band representing success. Notice, as expected, that the graph is symmetrical. 
Because there is nothing in the problem to indicate a difference between my situation and that of my 
friend, we should expect to see no difference if we were to swap axes. 


We can now compute the areas of the two regions, and then divide to get the probability. The “total 
outcomes” region is just a square with side length 60, so its area is 60 x 60 = 3600. The “successful 
outcomes” region is a hexagon, for which it is somewhat unpleasant to calculate the area. But we 
can pretty easily calculate the area of the “unsuccessful outcomes” region, which is just two triangles. 
Each half of the region is a right isosceles triangle with side length 45, with area 5 x 45 x 45. So the 
“unsuccessful outcomes” region has total area 2 x 5 x 45 x 45 = 2025. 


Therefore the “successful outcomes” region has area 3600 — 2025 = 1575, and finally the probability 


of success is 
1579 7 


P(we meet for lunch) = 3600 ~ 16° 


O 


i” > 


10.3.1 A point (x, y) is chosen at random inside the square with vertices (0,0), (0,1), (1,1), and (1,0). 
What is the probability that 

(a) x+y <0.5? 

(b) x+2y2>1? 

(c) |x-—y| <0.2? 

(d) x2+y2<1? 

(e) the distance from (x, y) to the center (0.5, 0.5) of the square is less than 0.5? 

(f) the distance from (x, y) to (0,1) is greater than 1? 


10.3.2 Steve’s kitchen floor has a tile pattern of square tiles of side length 10 cm. Steve drops a penny 
(which has radius 1 cm) on the floor. What is the probability that the penny lies entirely within one tile? 
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10.3.3. Repeat Problem 10.6, except this time my friend will wait for 20 minutes (while I will still only 
wait for 15 minutes). 


10.3.4 Maryanne’s mail arrives at a random time between 1 p.m. and 3 p.m. Maryanne chooses a 
random time between 2 p.m. and 3 p.m. to go check her mail. What is the probability that Maryanne’s 
mail has been delivered when she goes to check on it? Hints: 21 


10.4 Summary 


» Wecan use geometric tools to solve certain probability problems. The basic formula is 


Size of successful region 


a oe Size of total region 


> Geometric probability can be used in situations where we don’t have a set of individual items to 
“count”; rather, we have infinitely many outcomes which can be nicely represented using some 
geometric object (such as a line segment, a region of a plane, etc.). A more technical way of saying 
this is that we use geometric probability when our outcomes are continuous rather than discrete. 


Some useful ideas: 


7 


tinuous (as opposed to discrete), then we use geometric probability. | 
Bs . : canes = 


If unsure how to proceed with a problem, try a few simple examples. _| 


REVIEW PROBLEMS > 


10.7 Let x be a real number randomly chosen so that —1 < x < 1. What is the probability that x? > 3? 


10.8 ‘Two points P and Q are randomly chosen on a circle C. What is the probability that the smaller 
arc between P and Q measures less than 60°? 


10.9 A point R is randomly chosen on the line segment from (0,0) to (5,10). What is the probability 
that the y-coordinate of R is at least 7? 


10.10 A regular octagon ABCDEFGH is given, and a point S on the octagon is chosen. What is the 
probability that S is closer to A than to any other vertex? 


10.11 Twonumbers x and y are chosen such that 0 < x < 1 and 0 < y < 2. What is the probability that: 
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(a) x<y? 

(b) x+1< y? 

(c) y2+x2>1? 

(d) 4>5? 

(e) the distance from the point (x, y — 1) to the origin is less than 1? 


10.12 A point is chosen at random inside the square with vertices (0,0), (2,0), (2,2), and (0,2). What is 
the probability that this point is closer to (0,0) than to (3,3)? 


10.13. Frankie rides the subway to work. She either takes the local or the express, whichever comes 
first. The local arrives every 15 minutes, at :00, :15, :30, and :45 past the hour. The express arrives every 
20 minutes, at :05, :25, and :45 past the hours. (If both trains arrive at the same time, she takes the 
express.) Assuming that she arrives at the subway station at a random time, what is the probability that 
Frankie rides the express to work? 


10.14 Given that a and b are real numbers such that —3 < a < 1 and —2 < b < 4, and values for a and b 
are chosen at random, what is the probability that the product ab is positive? (Source: MATHCOUNTS) 


I|_Chaltenge Problems filles 


10.15 Three points x, y,z are chosen at random on the unit interval (0,1). What is the probability that 
x<y<z? Hints: 2 


10.16 A line segment is broken at two random points along its length. What is the probability that the 
three new segments form a triangle? Hints: 186, 54 


10.17 A point P is randomly chosen in the interior of the right triangle ABC, as shown in Figure 10.11. 
What is the probability that the area of PBC is less than half of the area of ABC? 


A 


C B 
Figure 10.11: Figure for Problem 10.17 


10.18x Triangle ABC is a 30-60-90 right triangle with right angle at C, ZABC = 60°, and hypotenuse of 
length 2. Let P be a point chosen at random inside ABC, and extend ray BP to hit side AC at D. What is 
the probability that BD < ¥2? Hints: 121 


10.19 Point P is chosen at random inside square ABCD. 
(a) What is the probability that triangle ABP has a greater area than triangle CDP? Hints: 72 
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(b) What is the probability that triangle ABP has a greater area than each of triangles BCP, CDP, and 
DAP? 


(c)* What is the probability that ABP has a greater area than each of triangles BCP and CDP? Hints: 100 


10.20* What is the probability that if three points are chosen at random on the circumference of a 
circle, then the triangle formed by connecting the three points does not have a side with length greater 
than the radius of the circle? Hints: 209 (Source: AMC) 


10.21* Three points are selected randomly on the circumference of a circle. What is the probability 
that the triangle formed by these three points contains the center of the circle? Hints: 86, 75, 169 


Extra! Buffon’s Needle 


=" Suppose we have a floor with rectangular tiles of infinite length occurring at equal 
intervals. We drop a needle whose length is exactly the width of one of the tiles. 
Assuming that the needle has negligible thickness, what is the probability that the 
needle lands on one of the lines separating the tiles? 


Needle hits line ; 


Needle misses lines = 


Obviously this depends on both the location where the needle falls and the angle at 
which it lands. A solution to the problem requires both trigonometry and calculus, but 
the surprising answer is that the probability is exactly 2, which is about 0.637. 

This problem is called Buffon’s Needle, first proposed by the Frenchman Georges de 
Buffon in the 1700s. It can be used to “experimentally” determine 7: if we drop a whole 


bunch of needles and see that they land on cracks with probability p, then n ~ f 
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Life is largely a matter of expectation — Horace 


CHAPTER T T SS — 
PO Expected Value 


11.1 Introduction 


You are probably already familiar with the concept of mean or average. For example, given the three 
numbers 5, 8, and 14, their average is (5 + 8 + 14)/3 = 27/3 = 9. More generally, if we are given numbers 
x ,X2,...,Xn, then their average, often denoted X, is: 


Xp bX te $y 
- 


oI 


If we extend the concept of average to the outcome of a random event, we get what is called expected 
value or expectation. Expected value is the term we use to indicate the average result we would expect 
to get if we did a large number of trials for any experiment. Essentially, expected value is a weighted 
average, in which the more likely the outcome, the more that outcome is weighted. 


Let’s look at a simple example. Suppose that we are flipping a coin. If we get heads, we win $2, but 
if we get tails, we lose $1. If we flip the coin 1000 times, we would expect to get heads 500 times and 
tails 500 times. We would win a total of $1000 from our 500 heads and lose a total of $500 from our 500 
tails, for a total net profit of $1000 — $500 = $500. Since this profit is realized over the course of 1000 
flips, our average profit per flip is 

$500 
1000 ~ $0.50. 
We say that the expected value of each flip is $0.50. In this case, since heads and tails are equally likely, 
the expected value is just the usual average of the two outcomes: 
+$2+(-$1) $1 


However, when calculating the expected value of an event in which different outcomes occur with 
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different probability, we must take a weighted average of the outcomes, as we will see later in this 
chapter. 


11.2 Definition of Expected Value 


We'll start by stating the formal definition, but as we'll soon see, the idea of expected value is not nearly 
as complicated as it may first appear. 


Suppose that we have an event in which every outcome corresponds to some value. (An example is 
rolling a die: the “value” is the number showing on the top face of the die.) We have a list of possible 
values: X1,X2,...X,. Value x; occurs with probability p;, value x2 occurs with probability p2, and so on. 
Note that 


pPitpot-:-+pn=1, 


since the probabilities must total to 1. Then the expected value of the outcome is defined as the sum of 
the probabilities of the outcomes times the value of the outcomes: 


E = px + pox2 +-°+ + pnXxn. 


Traditionally, expected value is denoted by the capital letter E or by the Greek letter p (called “mu”). 


Let’s go back to our coin-flipping example, in which we win $2 for heads but lose $1 for tails. Since 
the probability of heads is 5 and the probability of tails is also 5, we can use the above formula to get 


E= 5 (62) re 5(-$1) = $1 — $0.50 = $0.50, 


which is what we got before. 


11.2.1 In our coin-flipping example, suppose that we win $3 if we flip heads, but lose $2 if we flip tails. 
What is the expected value of our winnings after one flip? 


11.2.2 If every outcome of some event has a positive value, does that imply that the expected value is 
positive? Why or why not? 


11.2.3. If an event has only two outcomes, with values 0 and 1, and the probability of the outcome with 
value 1 occurring is p, then what is the expected value? 


11.3 Expected Value Problems 


iL Problems iil 
Problem 11.1; What is the expected value of the roll of a standard 6-sided die? 
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Problem 11.2: Suppose you have a weighted coin in which heads comes up with probability 3 ‘and 


tails with probability 4. If you flip heads, you win $2, but if you flip tails, you lose $1. What is the 
expected value of a coin flip? 


Problem 11.3: In an urn, I have 20 marbles: 2 red, 3 yellow, 4 blue, 5 green, and 6 black. I select one 
marble at random from the urn, and I win money based on the following chart: 


[Color | Red | Yellow | Blue | Green | Black 
[Amountwon | $10[ $5 | s2 | $1 | 90 


What is the expected value of my winnings? 


Problem 11.4: Suppose I have a bag with 12 slips of paper in it. Some of the slips have a 2 on them, 
and the rest have a 7 on them. If the expected value of the number shown on a slip randomly drawn 


from the bag is 3.25, then how many slips have a 2? 


In this section we'll do some fairly straightforward expected value computations. In all of these 
computations, we are simply taking the weighted average of the possible outcomes, weighted by the 
probabilities of the outcomes. 


‘Problem 11.1: What is the expected value of the roll of a standard 6-sided die? 7 | 


Solution for Problem 11.1: Each outcome of rolling a 6-sided die has probability 4, and the possible 
outcomes are 1, 2, 3, 4,5, and 6. So the expected value is 


3.5. 


1 1 1 1 1 1 21 
gl) + Z(2) + g (9) + ga) a 20) tO) 


Note that since each outcome in Problem 11.1 is equally likely, we can get the expected value simply 
by averaging the possible outcomes: 


14+2+3+4+5+6 21 


3.5. 
6 6 


Also note that we can’t actually roll a 3.5 on any individual roll. Thus, the expected value is not 
necessarily the most likely value, but rather the probability-weighted average of all possible values. 

Problem 11.2: Suppose you have a weighted coin in which heads comes up with probability 3 and 
| tails with probability 4. If you flip heads, you win $2, but if you flip tails, you lose $1. What is the 
' expected value of a coin flip? 


Solution for Problem 11.2: By definition, we multiply the outcomes by their respective probabilities, and 
add them up: 


E = 5 (+82) + 7 (-$1) = $1.50 — $0.25 = $1.25. 
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O 


Another way to think of the expected value in Problem 11.2 is to imagine flipping the coin 1000 
times. Based on the probabilities, we would expect to flip heads 750 times and to flip tails 250 times. We 
would then win $1500 from our heads but lose $250 from our tails, for a net profit of $1250. Since this 
occurs over the course of 1000 flips, our average profit per flip is 


$1250 _ 
‘Problem 11.3: In an urn, I have 20 marbles: 2 red, 3 yellow, 4 blue, 5 green, and 6 black. I select one | 
'marble at random from the urn, and I win money based on the following chart: 


| 
Color [Red | Yellow | Blue | Green | Black 
| 
| 


[Amount won| $10| $5 | s2 | si | $0 


| What is the expected value of my winnings? 


Solution for Problem 11.3: I draw a red marble with probability 4, a yellow marble with probability x, 
and so on. Therefore, the expected value is 


2 3 4 5 6 am _ $48 _ 
5p (910) + 55 ($5) + 55 (82) + 55 (SD) + 55 80) = G5 = $2.40. 


One common use of the expected value in a problem like Problem 11.3 is to determine a fair price to 
play the game. The fair price to play is the expected winnings, which is $2.40. In the long run, if I were 
charging people the fair price to play the game, I would expect to break even, neither making nor losing 
money. If I were running this game at a carnival, I could charge carnival-goers $2.50 to play the game, 
and I would expect to make a 10-cent profit, on average, from each person that plays. 


Problem 11.4: Suppose Ihave a bag with 12 slips of paper in it. Some of the slips have a 2 on them, 
and the rest have a 7 on them. If the expected value of the number shown on a slip randomly drawn 
| from the bag is 3.25, then how many slips have a 2? 


Solution for Problem 11.4: We let x denote the number of slips with a 2 written on them. (This is the 
usual tactic of letting a variable denote what we're trying to solve for in the problem.) Then there are 
12 — x slips with a 7 on them. 


Meek , so the expected value 


The probability of drawing a 2 is 75 and the probability of drawing a 7 is 
of the number drawn is 


x LZ % 84 — 5x 
ak ane aa 
But we are given that E = 3.25, so we have the equation 
84 — 5x 
3.25 = 
12 
This simplifies to 39 = 84 — 5x, which means that x = 9. Thus 9 of the 12 slips have a 2 written on them. 


O 
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I > 


11.3.1 Two fair 6-sided dice are rolled. What is the expected value of the sum of the dice? What is the 
expected value of the product of the dice? 


11.3.2 A very bizarre weighted coin comes up heads with probability 5, tails with probability +, and 
rests on its edge with probability ¢. If it comes up heads, I win $1. If it comes up tails, I win $3. But if it 
lands on its edge, I lose $5. What is the expected winnings from flipping this coin? 


11.3.3 A fair 6-sided die is rolled. If I roll n, then I win $n*. What is the expected value of my win? 


11.3.4 Idraw a card froma standard 52-card deck. If I draw an Ace, I win $1. If I draw a2 through 10, I 
win a number of dollars equal to the value of the card. If I draw a face card (Jack, Queen, or King), I win 
$20. If 1 draw a &, my winnings are doubled, and if I draw a 4, my winnings are tripled. (For example, 
if I draw the 8, then I win $16.) What would be a fair price to pay to play the game? Hints: 156 


11.3.5 A bin has 5 white balls and k black balls in it, where k is an unknown positive integer. A ball is 
drawn at random from the bin. If a white ball is drawn, the player wins $1, but if a black ball is drawn, 
the player loses $1. If the expected loss for playing the game is 50 cents, then what is k? 


11.3.6* <A 6-sided die is weighted so that the probability of any number being rolled is proportional 
to the value of the roll. (So, for example, the probability of a | being rolled is twice that of a gi being 
rolled.) What is the expected value of a roll of this weighted die? Hints: 90, 137 


11.4% A Funky Game 


iL Problems ila 


Problem 11.5: You’re playing a game in which the prize pool starts at $1. On every turn, you flip a 
fair coin. If you flip heads, then the prize pool doubles, and the game continues. If you flip tails, then 
the game ends, and you win the prize pool. What is the expected value of your winnings? 


In this section, we’ll look at a very unusual game, which leads to a paradox. Here’s the game: 


‘Game: You're playing a game in which the prize pool starts at $1. On every turn, | 
you flip a fair coin. If you flip heads, then the prize pool doubles, and the 
game continues. If you flip tails, then the game ends, and you win the prize 
pool. 


| 
| 
| 


The question is: 


Problem 11.5: What is the expected value of your winnings? 
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Solution for Problem 11.5: We'll approach this just like any other expected value problem: we'll list all 
of the possible outcomes, compute the probability and winning amount for each outcome, and then 
compute the expected value. 


Once you flip tails, the game is over. Therefore, any possible outcome for the game is a sequence of a 
bunch of heads (possibly zero heads), followed by a tail. So the list of possible outcomes of the game is 


T, HT, HHT, HHHT, HHAOAT,..., 


where H denotes a head and T denotes a tail. Note that this is a game in which there are infinitely many 
possible outcomes! 


We can make a table of the various outcomes, the probability of each outcome occurring, and the 
winning amount for each outcome: 


Probability | Winning 
: 
HHHT 
HHHHT 
n H’s followed by a T : 


LP 
pd 


fF Fa 
oe) No 


1 


LG 
—_ 
ON 


yA 


fe 
NO 
= 


‘} 
= 
+ 
—_ 


Note that we can compute the probability of flipping n heads following by a tail: each individual 
flip occurs with probability 5, and we have n + 1 total flips. Since each flip is independent of all of the 
other flips, to calculate the total probability, we just multiply the probabilities of the individual flips; 
therefore, 

1 


ze On+l : 


1 n+1 
P(n heads followed by a tail) = @ 


If this occurs, then the prize pool will be doubled n times, once for each head that was flipped. So 


Winning amount = $(2 x 2 x--- x 2) = $2". 


n times 


To calculate the expected winning amount, we must multiply the probability of each outcome times 
the amount won for each outcome, and add them up over all the outcomes. Therefore, the expected 
value is 


P(T)($1) + P(HT)($2) + P(HHT)($4) + P(HHHT)($8) + 
= 191) + 192) + 24) + £z22(98) + 
= $050 + $050 #£+ $0.50 + $0.50 + 
= 0??? 
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The expectation is infinite! How can that be? 


Each outcome contributes $0.50 towards the total expected value. Since there are infinitely many 
outcomes, we have to sum infinitely many copies of $0.50, so our sum is infinite. 


Note that infinitely many outcomes is not an impossible situation, since the probabilities of the 
outcomes still sum to 1: 


P(any outcome) = P(T) + P(HT) + P(HHT) + P(HHHT) + P(HHHHT) + 
1 


1 1 ag 1 
+ ni + 3 + 3 + + 


<= 2 32 

= 1. 

So even though the game is guaranteed to end sometime (since you will get one of the outcomes with 
probability 1, meaning that it is certain), and you are thus guaranteed to win a finite amount of money, 
the expected value of your winnings is infinite. This seems like a paradox! 


The “paradox” is that there is no way that this game could exist in real life, because the person 
running the game would have to have an infinite supply of money in order to pay you, in the event that 
you got really lucky and flipped a large number of heads. Since no real person has an infinite money 
supply, in reality the game would have to have a stipulation that it would end after a certain number of 
flips, in which case the expected winnings would be a finite sum. 


i]___ Exercises ie 


11.4.1 Here is another funky game which leads to an apparent paradox: 


‘Game: _I offer you two sealed envelopes. I tell you that one has twice as much | 

: money as the other one, but I don’t tell you which envelope is which. You 
choose an envelope and open it, at which point you can keep the money that 
you find inside it, or switch and keep the money in the other envelope. | 


men ee ee ee — — oe ee a as eet ——-— — —— = ee a 


You choose one of the envelopes at random, open it, and find $10. 
(a) What is the expected value of your winnings if you switch to the other envelope? 
(b) Should you switch envelopes? 
(c) Does your answer to (b) depend on how much money you find in the first envelope? 


(d)* How do you explain this? Is this a paradox? Hints: 105 


11.5 Summary 


» Expected value, or expectation, is a generalization of the concept of mean or average, in which the 
probability of the various events occurring is taken into consideration. Expected value is typically 
denoted by E or by the Greek letter pu. 
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» Ifthe possible events have probabilities p1, p2,...,pn with pi + po+::-+pn = 1, and the events have 
values X1,X2,...,Xy respectively, then the expected value is given by 


E = pix. + pox2 ++++ + pnXn. 


> If all of the events are equally likely, then the expected value is just the average of the values of the 
possible outcomes. 


II|_REVIEW PROBLEMS | 


11.6 A fair 6-sided die is rolled. If the roll is even, then you win that amount of dollars (so that, for 


example, if you roll Ea] then you win $4). If the roll is odd, you win nothing. What is the expected value 
of your winnings? 


11.7. A penny, nickel, dime, and quarter are simultaneously flipped. What is the expected value of the 
amount of the coins which come up heads? 


11.8 Two fair eight-sided dice have their faces numbered from 1 to 8. 


(a) What is the expected value of the roll of one die? 
(b) What is the expected value of the sum of the rolls of both dice? 


11.9 Bin A has one white ball and four black balls. Bin B has three balls labeled “$1” and one ball labeled 
“$7”. Bin W has five balls labeled “$8” and one ball labeled “$500”. A game is played as follows: a ball 
is randomly selected from bin A. If it is black, then a ball is randomly selected from bin B; otherwise, if 
the original ball is white, then a ball is randomly selected from bin W. You win the amount printed on 
the second ball selected. What is your expected win? 


11.10 Ihave5 marbles numbered 1 through 5 ina bag. Suppose I take out two different balls at random. 


(a) What is the expected value of the sum of the numbers on the balls? 


(b) What is the expected value of the product of the numbers on the balls? 


11.11 The numbers on a standard six-sided die are arranged such that numbers on opposite faces 
always add to 7. The die is rolled, and the product of the numbers appearing on the four lateral faces of 
the die is calculated (ignoring the numbers on the top and bottom). What is the expected value of this 
product? (Source: MATHCOUNTS) 


11.12 The dartboard shown to the right has a radius of 6 inches, and each of the 
concentric circles has a radius two inches less than that of the next larger circle. A 
dart landing in each region scores as shown on the dartboard. If 3 darts are thrown to 
randomly land on the dartboard, what is the expected value of the total score? 


11.13. Show that if all of the outcomes of an event are equally likely, then the expected 
value of the event is simply the average of the values of all of the outcomes. 


172 


CHALLENGE PROBLEMS 


Il_Challenge Problems ila 


11.14 Suppose I have a bag with 8 slips of paper in it. Six of these have a 1 on them and the other two 
have a3 on them. 


(a) What is the expected value of the number shown when I draw a single slip of paper? 
(b) What is the expected value of a draw if I add one 3 to the bag? 
(c) What if I add two 3’s? 


(d) How many 3’s do I have to add to make the expected value equal to 2? 


(e) How many 3’s do I have to add to make the expected value at least 2.5? 


11.15 (a) Three balls labeled “1”, “2”, and “3” are in a bin. The balls are randomly drawn one at a 
time, without replacement. If the number on the ball matches the order in which it is drawn (1 on the 
first draw, 2 on the second draw, or 3 on the third draw), you win a dollar. What are your expected 
winnings? 


(b) Repeat the problem, but with four balls labeled “1”, “2”, “3”, and “4”. 
(c) Intuitively, which answer should be larger, (a) or (b)? Why? 


11.16 Two (possibly equal) integers x and y are chosen at random such that] <x <5and1l<y<5B. 
What is the expected value of the area of the triangle with vertices (0,0), (x,0), and (0, y)? 


11.17x Abinhas 2 white balls and 3 black balls. You play a game as follows: you draw balls at random 
out of the bin, one at a time, without replacement. Every time you draw a white ball, you win a dollar, 
but every time you draw a black ball, you lose a dollar. This looks bad for you, since there are more 
black balls than white balls. But you are allowed to stop the game at any time. Devise a strategy for 
playing this game which results in an expected profit. 


11.18% Acoinis weighted so that it comes up heads with probability p and tails with probability 1 — p, 
for some value p such that 0 < p < 1. keep flipping the coin until heads comes up. What is the expected 
value of the number of flips necessary? (Express your answer in terms of p.) Hints: 70, 195 


11.19* A valuable treasure worth $100,000 fell out of my airplane and landed in a large swamp. If I 
don’t find it within a day, it will sink to the bottom and never be found again. I can hire one or more 
helicopters to search the swamp. Each helicopter costs $1,000 to hire for a day, and has a 90% chance of 
finding my treasure. How many helicopters should I hire? Hints: 6, 40 


11.20* Caitlin and Olivia are playing a game. Caitlin starts with a pile of 1000 pennies and Olivia 
starts with a pile of 500 pennies. On each turn, one of them flips a quarter. If the quarter comes up 
heads, Caitlin gives Olivia a penny. If the quarter comes up tails, Olivia gives Caitlin a penny. The game 
ends when one of them runs out of pennies. (It will probably take a while.) What is the probability that 
Caitlin wins? Hints: 160, 207 
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Extra! 


Carl Friedrich Gauss (1777-1855) 


ee" Carl Friedrich Gauss was certainly one of the greatest mathematicians to have ever lived. 
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We have already seen that he was a brilliant child: at age seven he almost instantly 
computed the sum 

1424342499 +100 
by noticing that it could be written as pairs of numbers which sum to 101. 


While studying at Gottingen University, Gauss discovered a way to construct, using only 
ruler and compass, a regular 17-sided polygon. This was a major breakthrough, for this 
problem had been unsolved since the time of the Ancient Greeks. 


Two of mathematics’ most important theorems are due to Gauss. The Fundamental 
Theorem of Algebra states that every polynomial with real coefficients has a complex 
number root. The Fundamental Theorem of Arithmetic states that every positive integer 
greater than 1 can be uniquely factored as the product of prime numbers. 


Gauss worked in many different areas of mathematics, including algebra, geometry, 
number theory, and statistics. A search for “Gauss” in the excellent online mathematics 
encyclopedia MathWorld (at mathworld.wolfram.com) turns up 324 separate entries. 
Gauss was also an accomplished physicist, especially interested in the properties of 
magnetism, and he was an excellent astronomer. 


The German government has honored Gauss’s many achievements by placing his por- 
trait on several stamps and on the 10-mark note (which was discontinued with the 
introduction of the Euro in 2001): 


AY7831976K1 © 
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Below are some quotes from Gauss. (Notice his somewhat prickly nature.) 


e When a philosopher says something that is true then it is trivial. When he says something 
that is not trivial then it is false. 


@ God does arithmetic. 


e It is not knowledge, but the act of learning, not possession but the act of getting there, 
which grants the greatest enjoyment. When I have clarified and exhausted a subject, then 
I turn away from it, in order to go into darkness again. 


e I confess that Fermat’s Theorem as an isolated proposition has very little interest for me, 
because I could easily lay down a multitude of such propositions, which one could neither 
prove nor dispose of. 


Kind words do not cost much. Yet they accomplish much — Blaise Pascal 


CHAPTER T 2 ——— 7 
Pp gare Triangle 


12.1 Introduction 


In this chapter we'll explore a neat gadget known as Pascal’s Triangle. There’s a good chance that you’ve 
seen Pascal’s Triangle before (although you may not have known the name), but if not, don’t worry — 
we're going to start at the very beginning. 


We will examine Pascal’s Triangle in great detail, and learn that it is more than just a neat little 
pattern of numbers. The experienced counter looks at Pascal’s Triangle and sees many, many counting 
relationships. In this chapter, we’ll see that Pascal’s Triangle is fundamentally a grid of counting numbers 
that we’ve seen before, and we'll see why. 


After learning the basics of Pascal’s Triangle, we'll use it to come up with an interesting relationship 
involving combinations. 


Extra! Blaise Pascal (1623-1662) 


ee Although Pascal is perhaps most famous for the Pascal’s Triangle (which was not actually 


invented by Pascal, but was extensively studied by him), he is also known for many 
other accomplishments. Pascal studied atmospheric pressure and vacuums, eventually 
resulting in Pascal’s Law of pressure. Today the metric unit of pressure is the Pascal, 
which is defined as 1 Newton per square meter. Pascal was also an inventor, and invented 
a mechanical calculator (in the mid 1600s!) to help his father, a tax collector. This aspect 
of Pascal’s genius is honored today with the computer programming language Pascal. 
Finally, Pascal was a theologian and philosopher, who spent much of his later years 
writing on religious topics. Sadly, Pascal died of cancer at age 39. 
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12.2 Constructing Pascal’s Triangle 


Problem 12.1: Imagine we start with an infinite row of zeros: 


0 0 


0 0 0 0 0 


We will make another row beneath it, by adding each pair of consecutive numbers and placing the 
sum beneath the pair. If we do this with our row of zeros, it will look like the following: 


0 0 0 0 0 0 0 
OF “SF “oF SF 7 SH S 
0 0 0 0 0 0 0 0 


Well, that is not very exciting! 
Let’s change things so that we start with a lonesome 1 in the first row. Then our picture looks like this: 


0 0 0 1 0 0 0 
Va a ee a ae ee ae 
0 0 0 1 1 0 0 0 


OK, that’s a little more exciting. We can repeat the process and create more rows. In each row, the 
number is the sum of the pair of numbers above it in the row. What do the first 7 rows look like? 


Imagine we start with a row of zeros: 


0 0 0 0 0 0 0 


We will make another row beneath it, by adding each pair of consecutive numbers and placing the sum 
beneath the pair. If we do this with our row of Zeros, it will look like the following: 


0 0 0 0 0 0 0 
rT NO a a TT ON 
0 0 0 0 0 0 0 0 


Well, that is not very exciting! 


Let’s change things so that we start with a lonesome 1 in the first row. Then our picture looks like 
this: 


0 0 0 1 0 0 0 
i Nd SF HY GS si FS 
0 0 0 1 1 0 0 0 


OK, that’s a little more exciting. We can repeat the process and create more rows. In each row, the 
number is the sum of the pair of numbers above it in the row. What do the first 7 rows look like? 
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If we remove all the extraneous zeros, we get the following picture. 
i” a 
a s - S 
i ri ae N, a % 
a *\ ra a" ae Xs ra N, 


POE oF OOF 
i ee ae i 


This is Pascal’s Triangle. 


Sidenote: In most of the world, the configuration of numbers resulting from the above . 
N construction is called Pascal’s Triangle. It is named after the French math-_ 
ematician Blaise Pascal (1623-1662), who studied it extensively. However, | 
the triangle had been described centuries earlier, by the Chinese mathe- | 
matician Yanghui (c. 1238-1298), and also by the Persian scientist and poet | 
Omar Khayyam (c. 1048-1131). In China today, the triangle is called the 
Yanghui Triangle. 


12.3 Those Numbers Look Familiar! 


Problem 12.3: Suppose that we consider Pascal’s Triangle to be a grid of dots (in other words, 
everywhere there’s a number, we're just going to place a dot). We can count the number of paths from 
the top dot to any of the lower dots, where each step of the path is from a dot to one of the two dots 
immediately below it. 


@ @ 
soa 
@ @ 
~%. & SN 
e @  ] 


x Ne OM oe OS 
@ @ 


/ 
cs] 
SN 


For example, the above diagram shows a path to the circled dot. 


This setup now resembles a problem of counting the number of paths on a grid, as we did in Section 
5.2. How many paths are there from the top dot to the circled dot in the above picture? 
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Problem 12.4: In general, how many paths are there from the top dot in Pascal’s Triangle to the dot 
which is n rows below the top and r dots from the left edge of its row? (For example, in Problem 12.3, 
the circled dot corresponds to n = 4 and r = 3.) 


Problem 12.5: (a) How does the number of paths to the circled dot in Problem 12.3 relate to the 
number of paths to each of the two dots immediately above it? 
(b) How does your answer to (a) correspond to our original construction, which involved adding 
numbers in one row to get the next row? 


The entries of Pascal’s Triangle are just our old friends, combinations! To an experienced counter, 
Pascal’s Triangle looks like this: 


*% i‘ & 
5 5 
@) G3) 
Interesting... this begs us to ask the question: Why are the numbers in Pascal’s Triangle the same as the 


numbers that we get from combinations? 


|Problem 12.3: Suppose that we consider Pascal’s Triangle to be a grid of dots (in other words, | 
| everywhere there’s a number, we’re just going to place a dot). We can count the number of paths 
| from the top dot to any of the lower dots, where each step of the path is from a dot to one of the two 


dots immediately below it. 


i 

& 

fo *% 

| . 6 

7 NS ES 

| = @ € 

FN eo OS 

& ® e a 

| 7 NF s 

| # ® @ ® 

- §\ 4 NF NR A NR UF UNG 
@ a Pa & e « 

| 7 © FN rN 7 NR FN XS 

@ @ é & # & 2 


For example, the above diagram shows a path to the circled dot. 


| This setup now resembles a problem of counting the number of paths on a grid, as we did in Section 
5.2. How many paths are there from the top dot to the circled dot in the above picture? 


Solution for Problem 12.3: We must take a total of 4 steps, since the circled dot is 4 rows below the top 
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dot. Of those 4 steps, 3 of the steps must be down and to the right, and the other step is down and to 
the left. We can take the 4 steps in any order, so long as 3 are to the right and 1 is to the left. Therefore, 
the number of paths to the circled dot is the same as the number of ways to arrange 3 steps to the right 
and 1 step to the left. We must choose 3 of the 4 steps to be to the right, and we know that we can do 
this is & ) ways. So there are . ) paths from the top of the triangle to the circled dot. 0 


We can try to generalize our reasoning from Problem 12.3: 


Problem 12.4: In general, how many paths are there from the top dot in Pascal’s Triangle to the dot 
which is 1 rows below the top and r dots from the left edge of its row? (For example, in Problem 12.3, 
the circled dot corresponds to n = 4 and r = 3.) 


Solution for Problem 12.4: In general, if a dot is n rows below the top of the triangle, and r positions in 
from the left edge, then any path from the top of the triangle to the given dot will consists of n downward 
steps, r of which must be to the right. So the number of paths is equal to the number of ways to choose 
r right steps from a total of n steps, which is (”). 0 


| Problem 12.5: How does computing paths on Pascal’s Triangle correspond to our original construc- 
tion, which involved adding numbers in one row to get the next row? 


Solution for Problem 12.5: Let’s label the two points above our circled dot: 


e@ 
ae 
e@ e@ 
a 
e@ 
ORR. 
i 
we ar ee 


FE eH i NE %, 


Note that every path to the circled dot must pass through exactly one of A or B. Therefore: 
Number of paths to circled dot = Number of paths to A + Number of paths to B. 


But that was exactly how we constructed Pascal’s Triangle in the first place! We obtained every number 
in the triangle by adding the two numbers immediately above it. Also recall we started with a 1 at the 
top, but this works with our path-walking explanation too. There is exactly 1 path from the top dot to 
the top dot, that path being: do nothing! 


So we can see that the number at each entry of Pascal’s Triangle is the number of paths from the top 
to that point in the triangle. But we’ve already seen that this is an Thus the entries of Pascal’s Triangle 
are just combinations. 0 


The entries of Pascal’s Triangle are the combinations (") ; 


Concept: 
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| a 


12.3.1 Explicitly compute the number of paths to the points marked C, D, and E in the diagram below. 
Verify that the number of paths to E is the sum of the number of paths to C and D. 


Bs, 
@ , 
oe 
e e @ 
or a. a 
e e @ ® 
VA YZ *%. 
-— QQ ®D 
ON ONg SM, 
@ e 
a a ft oP 
e e e 


12.3.2 Repeat the previous exercise for the points marked F, G, and H. 


et, 
NN, 
i F&F ® 
@ @ ® e 
FN MH SS FT SS 
@ ® ® @ @ 


Ko SH OST rot \ 
® ® ® 
oS fF Ss FS NY 
@ e & @ ® 


12.3.3 Show that each row of Pascal’s triangle begins with a 1 in the left-most position and an n in the 
next position to the right, where n is the numbers of rows from the top. Hints: 198 


12.4 An Interesting Combinatorial Identity 


i 


Problem 12.6: Verify that the following expressions are correct by calculating the combinations. 


@ ()*()=() 
© (:)+()=(3) 
© +6) 
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Problem 12.7: Based on the examples from Problem 12.6, try to conjecture a rule for combinations. 


Describe how this rule comes from Pascal’s Triangle. 


Problem 12.8: Prove the identity from Problem 12.7 using algebra. 


Problem 12.9: Prove the identity from Problem 12.7 using the following committee-forming argument. 
Consider a club with n members, one of whom is Bob. 


(a) How many r-person committees can be formed? 
(b) How many r-person committees can be formed which include Bob? 
(c) How many r-person committees can be formed which do not include Bob? 


(d) Prove the identity by using your answers to (a), (b) and (c). 


We'll start with a few motivating examples. 


Problem 12.6: Verify that the following expressions are correct by calculating the combinations. 


@ ()*G)=@) 
© (2)+(3)=(3) 
SAOMOMU 
© ()+ (1) -rs1-2 (2) 
w(t) +(*) <6+42r0- (9) 
© (2) +(2) =s5+21=36= (*) 


O 


Do you notice a pattern in the examples in Problem 12.6? 


Problem 12.7: Based on the examples from Problem 12.6, try to conjecture a rule for combinations. | 
Describe how this rule comes from Pascal’s Triangle. 


Solution for Problem 12.7: In each of the examples from Problem 12.6, we’re adding two combinations 
with the same top number, and whose bottom numbers differ by one. The result is a new combination, 
with a top number increased by one, and a bottom number equal to the larger of the two bottom numbers 
of the combinations that we’re adding together. 
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Converting this last paragraph to mathematics, we seem to have the result 


Ga) Cr) 
+ = ; 
r-—1 r r 
Where is this located in Pascal’s Triangle? 


Let’s look at a piece somewhere in the middle of Pascal’s Triangle: 


n-2 . 
2 i r-1 J . 
n—-—1 n—-1 
r-1 r 
So ‘ji he 
- Y rig 
Since we know that each entry is the sum of the two entries immediately above it, we can see that 
ots PG 
+ — 
r-—1 r r 


Problem 12.7 gave us a new identity. It is called (for obvious reasons) Pascal’s Identity. 


‘Important: Pascal’s Identity: 


V CoC) =(). 


Solution for Problem 12.8: We can prove the identity using algebra and our algebraic definition of 
combinations. We start by writing out the algebraic definition of the combinations: 


Pai)+(";")- (n — 1)! fi (n — 1)! 
r-1 r ) (r—-1"(n-1)-(r-1))! rn -1-n! 
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We now can now simplify the denominators, and put both fractions over a common denominator: 


("t+ ("77) = (n — 1)! Z (n — 1)! _Mn- it | (n=r(n-1)t 


r-1 r J (r-Iin-n! r(n-1-n! rl(n-n)! r\(n — r)! 


So now we add the fractions: 


Boa : ("7") _ r(n-1)!+(n-rn)(n- 1)! 
r-1 r J - ri(n —r)! 


Note that (n — 1)! now factors out of the numerator, and we can complete the calculation: 
n-1 “ n-1\ n(n-1)!_— n! _(n 
r—1 r J rn-n! rn-nt \r/ 


We can also see why Pascal’s Identity is true by using a committee-forming argument. 


Problem 12.9: Prove Pascal’s Identity using the following committee-forming argument. Consider | 
a club with n members, one of whom is Bob. 


(a) How many r-person committees can be formed? 
(b) How many r-person committees can be formed which include Bob? 
(c) How many r-person committees can be formed which do not include Bob? 


(d) Prove the identity by using your answers to (a), (b) and (c). 


Solution for Problem 12.9: (a) Given a club with n members, we know that we can form an r-person 
committee in (”) ways. This is just our basic definition of combinations. 


(b) If Bob is on the committee, then we must choose r — 1 remaining committee members from the 
n — 1 remaining club members. So there are ae committees with Bob on them. 


(c) If Bob is not on the committee, then we must choose all r committee members from the n — 1 


remaining club members. So there are i) committees with Bob not on them. 


(d) The situations in (b) and (c) are exclusive cases, so to get the total number of committees, we 


add the number of committees with Bob and the number of committees without Bob. So the number of 
r-person committees is co) + ag? But we already know that the number of r-person committees is 


also ), so equating these two counts, we again get Pascal’s Identity. 0 


So we’ve seen three different ways to prove Pascal’s Identity: 


1. By counting paths on Pascal’s Triangle 
2. By algebra 


3. By committee-forming 


Here’s the moral of the story: 
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‘Concept: There are often several different ways to approach problems. The more we 
: understand that there are many ways to attack problems, the more we see | 
how our methods are related. Specifically, we come to understand how to | 
relate areas of mathematics that previously seemed totally unrelated (like, | 
for example, adding a triangle of numbers being related to counting the 
number of ways you can form a committee). | 


Exercises 


12.4.1* For each of the following identities, prove the identity by as many of our three methods — 
counting paths, algebra, and committee-forming — as you can. Hints: 73 


© (2)()=()(Cc2) am 
(5)() (8) (85) #(0) (Ea) +2) = (029) 
: o)-0) 0 a 


2n 2n 1/2n+2 . 
) 4 (28) 2 (2) nt 


12.5 Another Interesting Combinatorial Identity 


Let’s go back and put the numbers into Pascal’s Triangle: 


1 
A 
1 1 
a 
1 2 1 
- Sci Se 
1 é 3 1 
~ SH “Se ST NS 
1 4 6 4 1 
AN NP Ne Ne 
oS FN A ec fh OF XS 
1 6 15 20 15 6 1 
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We’re going to call the top row (with the single 1) Row 0, the next row (with the two 1’s) Row 1, and so 
on. The reason we’re labeling the rows this way is that Row 0’s entry is (3) , Row 1's entries are 6 and 
GE Row 2’s entries are (4), Ge and G). and so on. 


-WARNING!! Unfortunately, this labeling of the rows is not universal! Some other 
! “< books or contests may call the top row (with the single 1) “Row 1,” 
the next row “Row 2,” and so on. 


Problem 12.10: Add the numbers in each row of Pascal's Triangle. Do you see a pattern? If so, can J 
you prove it? 


Solution for Problem 12.10: We can see what happens in the following chart: 


0 [i 

| 1 [14+1=2 

| 2 (14+2+1=4 

| 3 114+34+3+1=8 


14+4+6+44+1=16 
14+54+10+10+541 = 32 
| 6 |14+64+15+20+15+6+1 = 64 


The sum of each row is a successive power of 2. Specifically, it appears as if the sum of the entries of 
Row nis 2". 


Of course, this is just an observed pattern — now we have to prove that it works! A very important 
first step in trying to prove something like this is to write it as a mathematical statement. 


Since the entries of Pascal’s Triangle can be written as combinations, we can write the entries of Row 
n 


n as ee ), up through t Then the statement that we’re trying to prove is: 


(o) *G) r+) = 


It looks like this could be quite messy to prove using the algebraic definition of combinations, O) = Aan 


so let’s try to approach this using a counting argument. Since the numbers in Pascal’s Triangle correspond 
to the number of paths to a given point, we think to look for a block-walking method first. 


Let’s look carefully at Row n of Pascal’s Triangle. The first number, ale counts the number of paths 
to the first point of the row. The second number, (ap counts the number of paths to the second point 
of the row. In general, the number é counts the number of paths to the (r + 1)st point of the row. So 


when we add them up, 
n , n Pee n 
0 1 n 


counts the total number of paths to any of the points in Row n. 
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But these paths are just any combination of n steps, starting at the top of Pascal’s Triangle. And we 
can directly count how much such paths there are: each step can bea step down-left or a step down-right. 
So there are 2 choices for each step in the path, and there are n steps. Each choice is independent of any 
of the other choices, so we multiply to find that there are 2” paths of length n from the top of Pascal’s 


Triangle. 
n n n ¥ 
6 " () a ~~ 


because both sides of the above equation count the same quantity: the total number of paths from the 
top of Pascal’s Triangle to Row n. The count is performed in two different ways: the left side of the 
equation adds the individual counts of the number of paths from the top of Pascal’s Triangle to each 
individual point in Row n, and the right side of the equation just counts the number of paths of length 
n. OU 


Therefore, 


This is a very common way to prove combinatorial identities. 


ncept: Often, we can prove combinatorial identities by counting the same quantity. 
- in two different ways. 


12.5.1 Prove that 


using a committee-forming argument. Hints: 173 


12.5.2 Show that 


12.5.3% Show that 


using 
(a) a block-walking argument. Hints: 93 


(b) acommittee-forming argument. Hints: 48 


(Note: this is very difficult to prove algebraically using the tools that we know right now. But in Chapter 
14, we’ll see an easy method to prove this identity using algebra.) 
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12.6 Summary 


> 


Pascal's Triangle is constructed by starting with a “1” at the top of the triangle, and then each 
subsequent number is the sum of the two numbers immediately above it (where missing numbers 
are treated as 0). 


The numbers in Row n of Pascal’s Triangle are just combinations. In particular, Row n of Pascal’s 


Taangleis (* 6 8 (") 


The numbers of Pascal’s Triangle also count the number of paths from the top of the triangle to the 
point where the number appears. It is important to understand why this is so! 


(t) * (eta) = (eh) 


Pascal’s Identity: 


Also remember the following important problem-solving concepts: 


: There are often several different ways to approach problems. The more we | 
understand that there are many ways to attack problems, the more we see 
how our methods are related. Specifically, we come to understand how to 
relate areas of mathematics that previously seemed totally unrelated (like, | 
for example, adding a triangle of numbers being related to counting the | | 
number of ways you can form a committee). 


ee Seu eRe ABS eS seh tate ehes wad ie eel 


Often, we can prove combinatorial identities by counting the same quantity 
in two o different ways. 


. 


Prove it: 


(a) by ablock-walking argument. 


(b) by acommittee-forming argument. 


(c) by algebra. 
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12.12 Prove the identity 


(a) by algebra. 


(b) by a committee-forming argument. 
12.13. Explain why bq is always even for any n, using: 


(a) a block-walking argument. 
(b) acommittee-forming argument. 
(c) algebra. 

12.14 Prove that 


(a) by algebra. 
(b) by a committee-forming argument. 


12.15 Determine if each of the following relationships is a valid identity. If it is, prove it using any one 
(or more) of the techniques discussed in this chapter (algebra, block-walking, committee-forming). If it 
is not, provide a counterexample (i.e. a set of values for which the proposed identity fails). 


© (a) 
© (7) #2) el) Cr) 
© ()(2)= (2) 
UL 


12.16 


_ Challenge Problems 


(a) Does every row of Pascal’s Triangle, except for the top row, have an even number of odd numbers? 
If so, why? 


(b) What happens when we add every other term in each row? 


12.17. Prove that 


Hints: 223 
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12.18% Find the smallest value of n such that Row n of Pascal’s Triangle contains three successive 
entries with the ratio 3 : 4: 5. (Source: AIME) 


12.19*x Consider the hexed version of Pascal’s Triangle shown in Figure 12.1. Note that the shaded 
entry 21 on the right side is surrounded by six numbers: 6,15,35,56,28,7. Note further that 


6x 35x 28 = 15x 56x 7. 


Will this pattern hold for any number we choose in the triangle? Prove that it does or find a counterex- 
ample. 


Figure 12.1: Hexed version of Pascal’s Triangle 
12.20x The Fibonacci numbers start with 1,1, then each term is the sum of the preceding two: 
1,1,2,3,0;8; 13, 21,34). 


Try to find a way to generate the Fibonacci numbers from Pascal’s Triangle. Why does your way work? 
Hints: 213 
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Extra! The Leibniz Triangle 


LEAD 1100 11191112 , : ‘ ; : 
cee” We know that in Pascal’s Triangle, each entry is the sum of the two entries above it. What 


if we did it the other way around — what if each entry were the sum of the two entries 
below it? 


To accomplish this, we start by putting the fraction , at each end of the nth row, like so: 


1 


1 1 
2 2 


ah 
wie 
wi 
I 


07 la 
il 


1 1 
6 6 


Then, fill in the diagram so that each entry is the sum of the two entries below it: 


1 
1 1 
2 2 
1 1 1 
3 6 3 
1 i i 1 
4 12 12 4 
1 i J ae 1 
5 20 30 20 5 
1 J as i i 1 
6 30 60 60 30 6 


This is called the Leibniz Triangle, after the German mathematician Gottfried Leibniz 
(1646-1716). Although not nearly as useful as Pascal’s Triangle for counting problems, 
the Leibniz Triangle does have some interesting properties. Here are just two of them 
(see if you can prove these results!): 


e The sum of the entries in the second diagonal is 1; that is: 


er ee pote 
zZ 30 


6* 127 20 oa 


e The sum of the denominators in the row beginning with + is n2"-!. For example, 
when n = 4, we have 
44+12+12+4=32=4x8=4x2°, 


and when n = 5, we have 


5+204+30+20+5=80=5x16=5x 2". 
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I went toa fight the other night, and a hockey game broke out - Rodney Dangerfield 


CHAPTER T 3 


Pe Hockey Stick Identity 


13.1 Introduction 


Strap on your helmet and sharpen your skates — it’s time to learn the Hockey Stick Identity! 


By the end of this chapter, you'll know what the Hockey Stick Identity is and why it’s called the 
“Hockey Stick Identity,” but to tell you now would spoil the surprise! 


Actually, the identity itself is not really that important, although it can be useful and you should 
learn to recognize it in problems. We are spending a whole chapter on it to highlight several important 
approaches to solving tough counting problems. 


We'll start off with a fairly tough-looking problem. There isa quick and pretty solution to the problem, 
which we will discuss. However, not all problems have quick and pretty solutions. Furthermore, even 
if a problem does have a quick and pretty solution, we don’t always find it. 


We'll talk about what to do if we don’t see the pretty solution. First, we simplify the problem and 
solve the simple version. Then we gradually make the problem more complicated and look for a pattern 
to emerge. 


The real value of solving this problem isn’t in finding the answer, but in the techniques and the 
discoveries we will make along the way. 


Stay patient, and try to make sure that you understand why we’re doing what we’re doing. Even if 
you see the quick and pretty solution, pay attention to this other method, which will permit discoveries 
that the quick method doesn’t. 


This problem will give you a good glimpse into the “big leagues” of counting. 
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13.2 The Problem 


Important: Don’t be discouraged if you can’t solve the problem right now. We're. 
going to spend the rest of this chapter solving this problem. At this 
point, just play with the problem a little bit to see if you get any ideas. 


Here’s the problem. It seems simple enough. 


Problem 13.1: I have 12 identical pieces of candy. In how many different ways can I distribute the 
candies to 4 different kids? (All of the candies must be given out.) 


Here are some examples of distributions: 


e We could give all 12 pieces of candy to the first kid, and none to any of the others. We'll denote 
this distribution as (12, 0,0, 0). 


e We could give all 12 pieces of candy to the third kid, and none to any of the others. We'll denote 
this distribution as (0,0, 12, 0). 


e We could give each kid 3 pieces. This distribution is (3, 3, 3, 3). 


e We could give 5 to the first kid, 2 to the second kid, 4 to the third kid, and 1 to the fourth kid. This 
distribution is (5,2, 4,1). 


...and so on. Clearly we can see that it’s probably not going to be a good idea to try and list all the 
distributions! 


There is actually a slick, clever, pretty solution to this problem, but it may not be at all obvious. We'll 
discuss the clever solution a bit later. Let’s proceed with a more straightforward approach. As we'll see, 
a thorough, step-by-step approach to getting the answer is well worth the trip. 


Also, you probably don’t see what this problem has to do with a hockey stick (except maybe for the 
fact that people who eat a lot of candy and people who play hockey have something in common: they 
often don’t have a lot of teeth). Rest assured — all will hopefully be clear by the end of the chapter! 


Extra! Invention, my dear friends, is 93% perspiration, 6% electricity, 4% evaporation, and 2% butter- 
mpm scotch ripple. - Willy Wonka 
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13.3 A Step-by-Step Solution 


Problem 13.1: I have 12 identical pieces of candy. In how many different ways can I distribute the 
candies to 4 different kids? (All of the candies must be given out.) 
Here are the major steps in the solution. Try to see how far you can get. 


(a) Try to solve the problem with a fewer number of pieces of candy. Solve the problem for 0 pieces, 
1 piece, 2 pieces, etc. Can you generalize your solution? 


(b) Try to solve the problem with a fewer number of kids. Solve the problem for 1 kid, 2 kids, 3 
kids. Can you generalize your solution? 


(c) Make a chart with number of pieces of candy down the left side, and number of kids along the 
top. Fill in the solutions from (a) and (b) for each possible spot in your chart. Do you notice a 
pattern? Do the numbers in your chart look familiar? 


(d) Can you determine the formula to solve the problem if we have n pieces of candy and k kids? 


When presented with a complicated problem like Problem 13.1, a useful technique is to try to solve 
a simpler version of the same problem, and then try to generalize our solution to the more complicated 
problem. 


Caneepes” When erick on acomplicaied probleny ty tiedive empler version 1 
_( === | the problem. 


In this case, we can make the problem simpler by reducing the number of pieces of candy that we 
have to distribute. 


For example, suppose we are distributing 0 pieces of candy to 4 kids. This is really simple: we have 
only 1 way to distribute 0 pieces of candy, which is to give 0 pieces to each kid! (Seems kind of cruel to 
the kids, but what can you do?) We denote this distribution as (0,0, 0,0). 


So the answer to the problem with 0 pieces of candy is 1. 


With 1 piece of candy to distribute among 4 kids, we have to choose which lucky kid gets the piece of 
candy (the other 3 kids then get nothing). So our possible distributions are (1, 0,0, 0), (0, 1,0, 0), (0,0, 1,0), 
and (0,0,0,1). 


So the answer to the problem with 1 piece of candy is 4. 
So far, so good, but we haven’t done anything hard yet. 


Now let’s suppose we have 2 pieces of candy to distribute to 4 kids. There are two cases: we can 
either give both pieces to the same kid, or we can give one piece each to two different kids. 


If we give both pieces to the same kids, we have 4 choices: (2,0,0,0), (0,2,0,0), (0,0,2,0), and 
(0,0,0, 2). 
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If we give one piece to each of 2 kids, then we have to choose 2 kids of the 4, which we can do in 
4 


(5) = 6 ways. Indeed, here are our 6 possible distributions: (1,1,0,0), (1,0,1,0), (1,0,0, 1), (0,1, 1,0), 
(0, 1,0, 1), and (0,0, 1,1). 

So there are 4 + 6 = 10 possible ways to distribute 2 pieces of candy to 4 kids. 

It’s still unclear how to generalize what we’ve done, so let’s continue looking at small cases. Let’s 
think about how to distribute 3 pieces of candy to 4 kids. Now we have three cases to consider: 

e Give all 3 pieces to one kid 

e Give 2 pieces to one kid and the third piece to another kid 

e Give one piece each to three different kids 
We can already see that the casework is starting to get ugly for 3 pieces of candy, so imagine what it will 
be like for 12 pieces! 

This is the point at which we might think about starting over, and looking for a different approach. 
Don’t have tunnel vision when solving a problem! This means that you | 
shouldn't be afraid to start back at the beginning if it looks like your 


solution method isn’t going to work. 


a! ea a aa ne eee 


Instead of simplifying the problem by reducing the number of pieces of candy, maybe we should 
instead think about reducing the number of kids. 


Suppose there is only 1 kid. Then it doesn’t matter how much candy we start with — we only have 
one choice, which is to give all of the candy to the kid. 


Now suppose that we have 2 kids. We’ll have to decide some number of candies to give to the first 
kid, and the rest to the second kid. 


For example, if we had 5 pieces of candy to distribute between two kids, we could give, 0, 1, 2, 3, 4, 
or 5 pieces to the first kid, and whatever was left to the second kid. Thus our choices are (0,5), (1,4), 
(2,3), (3,2), (4, 1), or (5,0). So there are 6 possibilities. 


In general, if we have n pieces of candy to distribute between 2 kids, we can give the first kid 0, 1, 2, 
..., up through n pieces of candy, and then we have to give the rest of the candy to the second kid. So 
we have n + 1 possible distributions. 


Now we have the 2-kid problem mastered. What happens if we have 3 kids? 


We have to decide how many pieces to give to the first kid. Once we do this, the problem reduces to 
the 2-kid problem, which we know how to solve! 


Let’s look at an example. Suppose we have 3 pieces of candy to distribute among 3 kids. 


e If we give the first kid 0 pieces, then we have 3 pieces left to give to the other 2 kids, which we’ve 
already seen that we can do in 4 ways. 
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e If we give the first kid 1 piece, then we have 2 pieces left to give to the other 2 kids, which we’ve 
already seen that we can do in 3 ways. 


e If we give the first kid 2 pieces, then we have 1 piece left to give to the other 2 kids, which we’ve 
already seen that we can do in 2 ways. 


e If we give the first kid 3 pieces, then we have no pieces left to give to the other 2 kids, which we’ve 
already seen that we can do in 1 way. 
So the number of ways to distribute 3 pieces of candy to 3 kids is the sum of the number of ways in 
each of these cases, which is 4+ 3+2+1 = 10 ways. 
Now we can look at the general case of the 3-kid problem. Suppose that we have n pieces of candy 


to distribute among 3 kids. We can make the following chart: 


Number of pieces | Number remaining | Number of ways we can distribute 


we give to first kid | to give to other 2 kids remaining pieces 
0 n+1 
1 n 
2 n—1 
i= 2 3 
a Z 
n 1 


So the number of ways to distribute n pieces of candy to 3 kids is just the sum of the numbers in the 
third column, which is 


(n+1)+n+(n—-1)+---+34+2+1= 


(n+1)(n+2)  (n+2 
2 i 
Now we're finally ready to tackle the 4-kid case! 


If we have 12 pieces of candy to distribute to 4 kids, we first choose how many pieces to give to the 
first kid. Then we have to distribute the remaining candies to the other 3 kids. But we already know how 
to count this! — we just use our above formula. 


On the next page is a chart for 12 pieces of candy and 4 kids: 


Extra! A couple of anonymous quotes about candy: 


eit" “Anyone who uses the phrase “easy as taking candy from a baby” has never tried taking candy 


from a baby. 


There are four basic food groups: milk chocolate, dark chocolate, white chocolate, and chocolate 
truffles. 
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Number of pieces | Number remaining | Number of ways we can distribute 


we give to first kid | to give to other 3 kids remaining pieces 

(8) =91 
(8) =78 
, (2) = 66 
3 9 Gyrus 
4 8 (y) =45 
5 7 (3) = 36 
6 6 (5) = 28 
7 5 6) S21 
8 4 oes 
9 3 (3) =10 
10 2 (5) =6 

11 1 3) e3 

12 0 (5) =1 


So the number of ways to distribute 12 pieces of candy among 4 kids is just the sum of the numbers in 
the rightmost column of the above table, which is: 


91+ 78+ 664+ 55+ 454+ 36+ 284+ 214+154+10+64+3+4+1 = 455. 


There is perhaps an easier way to get the answer of 455 than what we did. Take a look at the following 
chart: 


Number of kids 

1 2 

0/1 1 

1/1 2 

2/1 3 

o 3/1 4 

2 4)/1 5 

S 5|1 6 

(Oil 7 

ao /|1 8 
E 8/1 9 45 165 
Z 9/1 10 55 220 
10;1 11 66 286 
11|/1 12 78 364 
12/1 13 91 455 


Do the numbers in the above chart look familiar? 


Maybe if you tilt your head by 45 degrees.... 
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They’re exactly the numbers in Pascal’s Triangle, arranged in diagonals instead of rows. Compare: 
1 
— 
1 1 
a a 
1 2 1 
iS a SS 
1 3 3 1 
fo NA ye N {7 Ss 
Ye SH , BNF nF 
1 5 10 10 5 
i 7 UF ST HF OS 
1 6 15 20 15 6 1 


So we can think of the solutions to the candy distribution problem as combinations: 


Number of kids 

1 2 3 «4 

0} 6) G) G) ( 

1} (a) G) G) ¢ 

2} (9) G) G) ( 

ge 3) G) G &) ( 
Sl) 0) 8 | 
S5lQ) 6) @ | 
5 6! (5) G) ) | 
£710) @ @ | 
Z 8) (0) G) () ( 
9} (a) Gi) () | 

10} (o) (1) (2) ( 

11} (o) (1) (2) ( 

12|(¢) (7) G) G 


Now we can see immediately that the number of ways to divide 12 candies among 4 kids is 


455. 


15\  15x14x13 | 
3) — 6 7 


More generally, we can guess from the above chart that the number of ways to distribute n candies 
to k kids is ("77"). 


| __ Exercises ie 


13.3.1 In how many ways can we distribute 10 pieces of candy among 5 kids? 
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13.3.2 In how many ways can we distribute 11 pieces of candy among 4 kids, provided that every kid 
gets at least 1 piece of candy? Hints: 200 


13.3.3x Ihave 5 pieces of cinnamon candy and 6 pieces of butterscotch candy. In how many ways can 
I distribute the candy among 4 kids? Hints: 110 


13.4 A Clever Solution 


Problem 13.1: I have 12 identical pieces of candy. In how many different ways can I distribute the 
candies to 4 different kids? (All of the candies must be given out.) Here are the steps for a somewhat 
more clever solution to the problem. Let’s denote a piece of candy by % and a “divider” by |. 


(a) Describe how arranging 12 %’s and 3|’s in a row corresponds to a distribution of 12 pieces of 
candy among 4 kids. 


(b) In how many ways can we arrange 12 %’s and 3|'s in a row? 


(c) Can you generalize this method to solve the problem for n pieces of candy and k kids? 


In the previous section, we solved Problem 13.1 by a methodical, step-by-step solution to get the 
answer 455. But after looking at the problem a little more closely, we saw that our answer was just ear 


When we do a complicated process that yields a fairly simple answer like & ) , it is likely that there is a 
simple process which yields the simple answer. 


A complicated process giving a simple answer often means that there is a ! 
simpler explanation for the simple answer. : 


i 
| 


So let’s try to think of a direct counting or committee-forming argument that will give us the answer 
immediately. 


Let’s denote a piece of candy by %. Then we can think of the 12 pieces of candy all arranged in a 
row, as follows: 


3 9S 36 96 96 96 96 96 96 96 96 96 


We can think of a distribution of the candy among the 4 kids as inserting 3 “dividers” into our list of 
12 pieces of candy. For example, suppose we give 5 pieces to the first kid, 2 to the second kid, 3 to the 
third, and 2 to the fourth kid. This is the distribution that we have been denoting as (5, 2,3, 2), and we 
could diagram it as: 
36.96 26 36 20/26 26] 96 26 96/26 9¢ 


The first kid gets the candy to the left of the first divider, the second kid gets the candy between the 
first and second dividers, the third kid gets the candy between the second and third dividers, and the 
fourth kid gets the candy to the right of the third divider. 
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If we want a kid to get no candy at all, we just put two dividers immediately adjacent. For example, 
the following diagram represents the distribution (7,0, 1, 4): 
96 96.9696 96 96 26] 20] 96:96 96.96 


and the following diagram represents the distribution (0,0, 12, 0): 
||9¢:9¢:9¢:9¢ 96:96 9¢:9¢ 96:96 96 9¢| 


So deciding on a distribution of 12 candies among 4 kids is the same as inserting 3 dividers into a 
row of 12 candies. This is also equivalent to arranging a line of 15 symbols, 12 of which are % and 3 of 
which are]. But we know that we can do this in 


15! /15 
12!3! \3 


ways. So the number of ways to distribute 12 candies among 4 kids is simply cae 


We can see that this method also gives us a solution to the general problem, where we wish to 
distribute n pieces of candy among k kids. In this case, we need to place k — 1 dividers in a line of n 
pieces of candy. This is equivalent to arranging n %’s and k — 1|’s in a row, which can be done in 


(n+k-1)! | cy 
ni(k — 1)! =( k-1 


ways. So the number of ways to distribute n candies among k kids is just Gare? Note that this is the 
same answer that we observed from our chart in the last section, and now we have a reasonably simple 
explanation for it. 


rxercises > 


13.4.1 In how many ways can we distribute 16 pieces of candy to 6 kids? 


13.4.2 In how many ways can we distribute 13 pieces of candy to 5 kids, if the oldest kid must receive 
at least 2 pieces? Hints: 64 


13.4.3x In how many ways can we distribute 12 pieces of candy to 4 kids, if two of the kids are twins 
and must receive an equal number of pieces? Hints: 76 


13.5 The Identity 


Problem 13.2: Compute 


Problem 13.3: Compute 
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Recall that when we first worked through the straightforward solution to the candy distribution 
problem, the key step in our reasoning was as follows: If we want to distribute 3 pieces of candy to 3 
kids, we first decide how many pieces to give to the first kid, then we have to distribute the remaining 
pieces to the other 2 kids. In other words, 


# of ways to give 3 candies to 3 kids = # of ways to give 3 candies to 2 kids 
+ # of ways to give 2 candies to 2 kids 
+ # of ways to give 1 candy to 2 kids 
+ # of ways to give 0 candies to 2 kids 


If we use our knowledge of the solution to the candy problem, we can replace the above terms with 


combinations, and we get 
5\ (4 n 3 2 2 Pt 1 
oe ae a 1 1 iva 


Note that if we compute the combinations, this is just 10 =4+3+2+1. 


Let’s look at where these terms appear on Pascal’s Triangle: 


‘O  @ 


a 


The highlighted entries of Pascal’s Triangle are supposed to remind you of a hockey stick. 


ae eG 6 


More generally, if we wish to give n pieces of candy to k kids, we can first decide how many pieces to 
give to the first kid, then worry about distributing the rest of the candy to the other k — 1 kids. In other 
words: 
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# of ways to give n candies to k kids = # of ways to give n candies to k — 1 kids 
+ # of ways to give n — 1 candies to k — 1 kids 
+ # of ways to give n — 2 candies to k — 1 kids 


+ 
+ # of ways to give 1 candy to k — 1 kids 
+ # of ways to give 0 candies to k — 1 kids 


If we replace the above terms with their corresponding combinations, we get the expression 


tee l\. fn bie=2 rn n+k-—3 ” n+k—-4 data k-1 r k-2 
k-1 / \ k-2 k-2 k-2 k-2 k-2) 
Once again, we can identify these terms on Pascal’s Triangle. The diagram below shows only the relevant 
terms. 


As before, the shape of the terms in the diagram is supposed to make you think of a hockey stick. 
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We can make our expression look a little bit nicer by relabeling the entries of the Pascal’s Triangle 
shown above, as follows: 


‘\ OY 
7 Ne (" n 
A soN 


ae ce 
\ 
mon . 
ee 


Then, when we write the terms in the opposite order, we get the common form of: 


Important: The Hockey Stick Identity: foranyr>Oandn>r, = | 


MN Ore Q)-62) 


So far, we’ve only observed, based on our work in Problem 13.1, that the Hockey Stick Identity 
appears to be true. This is not really a proof, though, so let’s try to prove it now. 


As we've seen with other identities, there are several ways we can prove the Hockey Stick Identity. 
We'll prove it using algebra right now, and leave some other proofs as exercises. 


Since we’re dealing with an identity which involves adding combinations together, we may want to 
use some previously proven simpler identity as a tool to help prove the current, more complicated one. 
So we think about using Pascal’s Identity, 


* ° be we 
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to help us with the proof of the Hockey Stick Identity. 


But there’s a problem: in Pascal’s Identity, we’re adding combinations that have the same “top” 
component (namely, 1), whereas in the Hockey Stick Identity, we’re adding combinations that have the 
same “bottom” component (namely, r). So how are we going to be able to use Pascal’s Identity to prove 
the Hockey Stick Identity? 


What we can do is change the first term in the Hockey Stick Identity, using 


()= (C41): 


Then the left-side of the Hockey Stick Identity becomes 


Ca CP) CP) a CP) 4) 


Now we can apply Pascal’s Identity on the first two terms: 


r+1 A r+1\ _ r+2 
r+1 r Need)’ 
so we have 
r+1 r+1 r+2 n—-1 n r+2 r+2 
+ + +eeet + = + + 
tes es ee) 


But now we can apply Pascal’s Identity again on the first two terms: 


C3) (07) = Ca) 
a) Ce eee Ce) a) Cr C2) 


We can keep doing this, applying Pascal’s Identity over and over. Eventually we'll be left with two 


terms: 
n : n 
r+1 r}’ 


and we use Pascal’s Identity one final time: 


(aa) = (Fa) 


So that’s the algebraic proof of the Hockey Stick Identity! 


await, 


to get 


Let’s see a couple of examples of the Hockey Stick Identity in action. 


(3) +(3) +--+ (3). 


Problem 13.2: Compute 


3 
3 


4 
3 


203 


CHAPTER 13. THE HOCKEY STICK IDENTITY 


Solution for Problem 13.2: This is just a straightforward application of the Hockey Stick Identity, using 


r=3andn=11. So we have 
3 4 11 12 
(3) + (3) + (3) = (2) = 


Sometimes it is not immediately obvious how to use the Hockey Stick Identity, as in the next problem. 


(1) + (4) +--+ (2): 


Solution for Problem 13.3: We'd like use the Hockey Stick Identity with n = 15 and r = 4. But in order to 
do that, we would need the sum to start at Fe not Ge In other words, the Hockey Stick Identity tells 


™ (2) «(Se+(3)= (9) 


We have the same expression, but with the first four terms missing. So we know that 


(a) (a) + Ca) = (5) “(C+ @) + @) GQ) 


But we can also apply the Hockey Sticky Identity to the expression in parentheses: 


(00) 
(3) -(6)-@)-o0-s-on 


‘Problem 13.3: Compute = 


Therefore, 


_ 


13.5.1 Use the Hockey Stick Identity to compute the following sums: 
5 C 4 7 
OG) -Qe-@ 
5 6 7 10 
© (3)+(3) +6) ++ (3) 
© (S)+*({)+(3)+ 15 
AOMORI hamatd 


13.5.2 Prove the Hockey Stick Identity 


Exercises 


(a) Using a block-walking argument 


(b) Using a committee-forming argument 
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13.6 Summary 


> 


> 


n+k—-1 


The number of ways to distribute k pieces of candy to n kids is ( k-1 


) Knowing this fact is 


not nearly as important as knowing how to derive it. 


The Hockey Stick Identity states: 
(") ( + i (' + " 8 (" + 3 
+ + treet = , 
r r r r r+1 
You should be able to “see” the Hockey Stick Identity on Pascal’s Triangle — it looks like a hockey 
stick! 


The Hockey Stick Identity can be used to prove other combinatorial identities. 


Although we only solved one counting problem in this chapter, and derived a new identity, you 
hopefully also learned several important lessons along the way. 


> 


When confronted with a tough problem, we can sometimes make an easier version of the same 
problem which helps us solve the tough problem. Once you’ve knocked off the simpler problem, 
see if you can make it gradually more complex, using your answers to simpler problems to tackle 
the harder ones. 


Look for patterns. In counting problems, the numbers in Pascal’s Triangle pop up everywhere. Be 
on the lookout for them. 


Look at the answer to our original question about distributing candies to kids: Ce) We went 


through a pretty painstaking argument to get to this answer. However, the answer has a very 
simple form, which suggests that there must be some way to view the problem as equivalent to 
choosing 3 objects from among 15. Usually, problems with answers in a simple form have a simple 
explanation (though sometimes, as in this case, it’s hard to see). When you finish a complicated 
problem and get a simple answer, look for a simple explanation. 


HL_Review ProsLems [ig 


13.4 


(a) 
(b) 
(c) 
(d) 


For each of the following, determine the number of ways to distribute: 

11 pieces of candy to 4 kids 

18 pieces of candy to 7 kids 

22 pieces of candy to 6 kids, provided that each kid must receive at least one piece of candy 


8 pieces of candy to 10 kids 
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(e)x 16 pieces of candy to 5 kids, provided that the youngest kid must receive no more pieces of candy 
than any of the others 


13.5 Compute the following sums: 
(a) : + 2 + : treet Z 
4 4 4 4 
6 7 8 11 
© (5) +3) +G)+-+(3) 
(c) 3 n 4 * 5 Septet 10 
ie) eae Gy alle 7 
(a) (My (ME 4 (PEP) ae (2) 
n n n n 
13.6 In how many ways can we distribute 16 chocolate donuts, 13 glazed donuts, and 15 jelly donuts 


among 4 people if each person insists on receiving at least 2 of each variety of donut? 


13.7 3 students are running for class president in a class of 70 students. How many different vote 
counts are possible: 


(a) if every student votes? 


(b) if some student(s) do not vote? 


ML_Challenge Problems _[iilag 


13.8 Which of the identities below are valid? For the valid identities, prove the relationship using any 
method you like. For the invalid ones, provide a counterexample (meaning find values for which the 
proposed identity doesn’t work). 


Co) *(a') +(e) = Cana) 


(b) (1x23) + (2x34) + (3x 4X5) 45+ (n= 2) x (2-1) xn) =6(" 7) 


4 
3 3 3 3 3 
(c) ON el OV et OY, donna yan 
0 1 Z n n 
13.9 Use the Hockey Stick Identity to solve the following problems. 


(a) Find an expression for the number of nonnegative integer triples (x, y,z) which are solutions of 
the equation x + y + z = n, where 7 is a positive integer. 


(b) Find an expression for the number of nonnegative integer quadruples w, x, y,z for which w + x + 
y +z =n, where n is a positive integer. 


(c) Can you generalize? 
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13.10 In how many ways can we distribute 7 pieces of taffy and 8 pieces of licorice to 5 kids, such that 
each kid receives exactly 3 pieces of candy? Hints: 126 


13.11 Evaluate the following without using a calculator: 
3 4 5 13 14 
12 +11 1 rr A 
a (3) o(3) + ity 
13.12 Find a formula for the sum 12 + 22 +--- +n. Hints: 11 


("| ' (me) Sue (me). 


Hints: 23 


13.13. Find a formula for 


Hints: 143 


Extra! Coloring Pascal’s Triangle 


ayaa Suppose we color Pascal’s Triangle so that every odd entry is black and every even entry 


is white. Let’s do this for the first seven rows: 


So far, perhaps this is not so interesting. 
continued on next page... 
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Extra! 


... continued from previous page 


i> But if we zoom out and color 100 rows, we see a remarkable pattern! 


The pattern seems to be repeating. 
Of course this is not a coincidence! Can you figure out why the above pattern occurs? 


You can explore further using the applet at the terrific math website Cut-the-Knot, which 
is linked to our links page at 

http://www.artofproblemsolving.com/BookLinks/IntroCounting/links. php 
This applet will also allow you to play with coloring the Leibniz Triangle that we dis- 
cussed at the end of the last chapter. 


a PP 


My view ts that one should not break up a winning combination — Richard Nixon 


CHAPTER 


Pe Binomial Theorem 


14.1 Introduction 


Combinations aren’t just for counting problems! In this chapter, we'll apply combinations to algebra, to 
discover the famous Binomial Theorem. 


You may already be somewhat familiar with the Binomial Theorem, but make sure that you read this 
chapter carefully, to fully understand why the Binomial Theorem has as much to do with counting as it 
has to do with algebra. If you can understand the Binomial Theorem as just a simple result of counting, 
then you'll be able to see how to apply it to a wide variety of problems quickly and accurately. 


14.2 A Little Algebra 


A binomial is a polynomial with two terms, such as x + 2y or 2? — 3. 


Problem 14.1: Expand 
(a) (x+y)? 


(b) (x+y) 
(c) (x+y)’ 
(e) Do you see a pattern in your answers for (a)-(d)? _ 
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Let’s begin with a little algebra exercise, oe the binomial ms + ¥): 


‘Problem 14.1: Expand 
(a) (x+y) 
(b) (x+y)? 
(c) (x+y) 
(d) (x+y) 


: (e) Do you see a pattern in your answers for (a)-(d)? 


Solution for Problem 14.1: This is just an exercise in doing some algebra. 


(x + y)* = = (x + y)(x + y) =x +2xy+y’. 
(x+y) =(x+y)(x+y) 
= (x + y)(x? + 2xy + y’) 
=x 4 3x7y + 3xy" + y?. 
(x+y) =(x+y)(x+y) 
= (x + y)(x? + 3x7y + 3xy* + y’) 
= x44 dy + 6x77 + 4xy? + 7. 
(x + yy = (x+ y)(x + y)* 
= (x + y)(x* + 4x? y + 6x7y* + 4xy? + y') 
=x? + 5xty + 10x? y? + 10x7y? + Sxy* + y?. 


Let’s list the results from parts (a)-(d) of Problem 14.1, and see if we notice anything interesting: 


(x+y)? = 1 

(xt+y)) = x+y 

(x+y)? = x74+2xy+y? 

(xtyP = 2 4+3x*y4+3xy+¥° 

(x+y)? = x44+40y+ 6x7 +4xy? + y' 

(x+y) = x +5x4y + 10x°y? + 10x7y? + 5xy* + y? 


Let’s try to ignore the x’s and y’s, and just focus on the coefficients of the polynomials on the right-hand 
side. We’ll list just the coefficients in a chart below: 


Extra! If you have to prove a theorem, do not rush. First of all, understand fully what the theorem says, 
impnapnapt try to see clearly what it means. Then check the theorem; it could be false... When you have 
satisfied yourself that the theorem is true, you can start proving it. - George Pélya 
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1 

1,1 

2,1 

i Bis Pre fe | 
1,4,6,4,1 

1,5, 10, 10,5,1 


It’s looking vaguely familiar. .. maybe if we lined them up differently: 


Why, it looks like our old friend Pascal's Triangle! 0 


14.3 The Theorem 


It appears that the coefficients of (x + y)” are the entries of Row n of Pascal’s Triangle. For example, 
we've already seen that 


(x+y) = 2 +5x4y 4 10x°y? + 10x7y? + 5xy* + y? 


G)e+ (Spo Cee ere Cr 


We can see that the coefficients of (x + y)° are the entries of Row 5 of Pascal’s Triangle. 


‘Problem 14.2: Why are the coefficients of (x + y)" equal to the entries in Row n of Pascal’s Triangle? 


Solution for Problem 14.2: Let’s go back to our example with n = 5, and write out (x + y)° as a product of 
binomials: 

(x+y) = (x+ y(x+ yx + Ya + YX + Y). 
To carry out the multiplication on the right hand side of the above expression, we must multiply together 


a choice of x or y from each of the 5 terms, and then add up the product over every possible choice of x 
or y from each term. 
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This may sound confusing, so let’s look at how this works for (x + y)?: 


(x + y)(x + y) 
XX +XY + YX + YY 


(x + y)? 


x? + 2xy ty’. 


On the second line above, we get four terms: each term corresponds to choosing x or y from the first 
term, then choosing x or y from the second term, and multiplying them together. After simplification, 
we get our usual result on the third line above. 


Just to make sure that it’s clear what’s happening, let’s also look at how this works for (x + y)’: 


(x + yx + y)(x + y) 
= XXX + XXY + XYX + xyy + YxXx + yxy so YYXx + yyy 
x3 + 3x7y + 3xy* + y?. 


(x+ y) 


As before, in the second line above, each term is a product of x or y from the first term, times x or y from 
the second term, times x or y from the third term. We take these products for every possible choice of x 
or y from each term, and then add them up. When we simplify, we get our usual expression for (x + y)’. 


Now we can see where the coefficients come from. For example, the coefficient of the x?y term in 
(x+y) is 3. That’s because there are 3 ways to choose two x’s and one y: xxy, xyx, and yxx. Alternatively, 
we can think of this as the number of ways to arrange two x’s and one y to make a three-letter “word”. 
And we know how to count this! It’s 

3! 3 
2'! () 


We can also think of this as the number of ways to choose one “slot” for the y in our 3-letter word. 


Now let’s go back to the general case of (x + y)”. Every term in the product results from choosing an 
x or y from each of the n different (x + y) terms in the product. So if, for example, we choose k y’s, the 
other n — k choices will be x’s, and we'll get an x"-*y* term in the product. But k y’s can be chosen from 


n terms in (7) ways. Therefore, the coefficient of x"~*y is (7). 0 
Thus we have a proof of: 
Important: The Binomial Theorem: for any positive integer 1, the coefficient of the 
WW ys term of (x + y)” is i): In other words, 


(x+y)" = (5) + (D)etysens (tty Paes Cy" 


Before we continue, we'll once again give you the anti-memorization sermon. Don’t memorize the 
Binomial Theorem! Understand it. If you understand why it works, then you'll be able to use it quickly 
and easily. 


One other note: because of their role in the Binomial Theorem, the combinations ) are frequently 
called binomial coefficients. 
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14.4 Applications of the Binomial Theorem 


HL Probiems ils 
Problem 14.3: Expand (x + y)’. 


Problem 14.4: Expand (x + 3)4. 


Problem 14.5: Expand (2z - 1)’. 


Problem 14.6: What is the coefficient of the term of (x + 2y’)® with a y° in it? 


In this section we'll do some problems which involve using the Binomial Theorem to quickly expand 
polynomials. 


ee es ee tls. es ee le eae a a + 


‘Problem 14.3: Expand(x+y).. 
Solution for Problem 14.3: This is a straightforward application of the Binomial Theorem: 


Co)? + (a) (a) + 2) e+ e+ G) e+ (chess Gr)? 


x! + 7x°y + 21x? y* + 35xty? + 35x7y! + 21x2y? + 7xy? + y’. 


(x + y)! 


O 
ea a rae ggg ow Oe a eee Rg Mg TTT EIT TRA eT Teg Nee eT Pe 
‘Problem 14.4: Expand (x + 3)’. | 
Solution for Problem 14.4: We just use the binomial theorem with y = 3: 


(x + 3) 


1x* + 4x3(3) + 6x7(3*) + 4x(3°) + 1(3*) 
x* + 12x? + 54x* + 108x + 81. 


O 


Problem 14.5: Expand(2z-1, CC 
Solution for Problem 14.5: Don’t be thrown by the funny-looking terms: this is still the Binomial Theorem, 
with x = 2z and y = -1: 


(2z -1) 1(2z)> + 5(2z)*(-1) + 10(2z)?(-—1)* + 10(2z)?(-1)? + 5(2z)(-1)* + 1(-1)° 


32z° — 80z* + 80z° — 40z* + 10z - 1. 
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WARNING!! Don’t get tripped up by the minus sign in (2z — 1)°. Remember that | 
“S the Binomial Theorem is in terms of (x + y)", so we must have x = 22) 
and y = —1. In other words, make sure that the minus sign is included 
in the y term. 


| 
| 
| 
| 
| 
[ 


'Problem 14.6: What is the coefficient of the term of (x + 2y2)® with a y in it? 


Solution for Problem 14.6: This problem, more than the previous three problems, really tests our 
understanding of the Binomial Theorem. How do we get a term in the expansion of (x + 2y*)® witha y® 
in it? The answer is that the term with a y? in it is the term that has a (2y*)* in it. We know that when 
expanding (x + 2y”)°, we have to choose 4 copies of 2y* from the six (x + 2y*) terms in order to get a 
term with y° in it. This can be done in (2) ways. We then take an x from each of the remaining two 
(x + 2y*) terms that didn’t contribute a 2y*. Therefore, the relevant term in the expansion of (x + 2y*)° is 


(2) x?(2y7)* = 240x*y®. The answer is 240. O 


Exercises 


14.4.1 Expand (x + 3)°. 

14.4.2. Expand (2y - 1)*. 

14.4.3. Expand (#7 - 1)°. 

14.4.4 Expand (z? + 3z)°. Hints: 218 

14.4.5 Find the coefficient of the term with x° in the expansion of (2y + 3x)*. Hints: 167 


14.4.6 Find the constant term (i.e. the one without a variable) in the expansion of 


Hints: 28, 45 


14.4.7 Use the Binomial Theorem to write (2 + ¥3)° in the form a + b ¥3 for some numbers a and b. 
Hints: 9 


14.5 Using the Binomial Theorem in Identities 


ee 


Problem 14.7; Use the Binomial Theorem to prove that for any n, 


()* Gre = 
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Now that we know the Binomial Theorem, we can use it to prove identities. We already know the 
identity in the following problem, but now we can use the Binomial Theorem to Bet a gen pee 


Problem 14.7: Use the Binomial Theorem to f prove that for any 1 n, 


Geen 


| 
{ 
| 
| 


Solution for Problem 14.7: The sum of combinations should definitely remind us of the Binomial Theorem! 


Let’s state the theorem: 
(x+y)" = MY (TT \erdy a a (yn 
Yy = 0 1 y n y : 


Well, those are the same coefficients, but we have all those pesky x’s and y’s. How can we make them 
go away? 


Plug in x = 1 and y = 1. This makes all the x’s and y’s go away! 


Concept: _ Often we can solve a problem by taking a general expression (which is | 
stated in terms of variables) and plugging in some nice values for the | 
variables to make them go away. _ | 


ge re a die tS 


After we plug in x = 1 and y = 1, we're left with: 


That’s what we wanted to prove, so we’re done! O 


| Exercises 


n n n ee x. 
14.5.1 Prove that (3) - 4 + eo —-++-+(-1) a = 0. 
14.5.2 Finda formula for # +2 i +4 (3) tee 4D" (" . Hints: 78 


14.5.3. Find a formula for 5” e aS aie # + 5n-2 Ea +-+++(-1)" (") . Hints: 19 


14.5.4% Compute 
19 19 19 19 19 
16(‘) | +13(77) +14(7)) + 4(-2)(78) +(-3)(45). 


Hints: 180, 146 
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14.6 Summary 


» The Binomial Theorem states: 


(x+y)" = 8 xry? + fe xrtyl (xy fre (, ‘ jay + (") xy", 


» In particular, note that the coefficients of (x + y)” are the entries of Row n of Pascal’s Triangle. 


44 dt 


» There’s nothing special about “x” and “y” in the Binomial Theorem — we can substitute anything 
in for them. 


» Wecan often establish combinatorial identities by plugging in clever values for x and y into the 
Binomial Theorem. For example, letting x = y = 1 gives us the identity 


noo n i ie eee 7 
*=(o)+(1) +(2) ++ (0) 
» Often, combinatorial identities can be proven in (at least) 3 ways: by algebra, by a committee- 
forming argument, or by a block-walking argument (usually using Pascal’s Triangle). 


Review ProsLems [iii 


14.8 Expand the following: 
(a) (2x+y)° 
(b) (2x-1) 
(c) (vz + 2z)" 
(d) (4-2x’) 


(e) (x + 44 


x 


14.9 What is the coefficient of the x! term in 


9) 7 
(5 - 3x) ? 


14.10 Write (3 — 2 ¥5)° in the form a + b V5 for some integers a and b. 


14.11 Compute 
16 Fi 16 i 16 pci 16 
0 2 4 16) 
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14.12 Find the sum of the coefficients of the terms in the expansion of (x + 2y)’. 


HL_Challenge Problems __ 


14.13 How many terms of (z — 2 z)? have an odd coefficient? Hints: 51 


14.14 The Binomial Theorem is also valid for exponents that are not integers. That is, for all real 
numbers x, y, and r with |x| > ly|, 


(x+y) =x + 7x77 ya qr xa? 4+ enim 2) 3B 4... 


For example, if x > 1, then 


Vx+1=(x+1)? 
3(-3)(-3) 5 


_3 
2 Dee age ee 


1 1 1 5 
Se eg. og ee 
2x2 8x2 16x2 128x2 


(a) Use this expansion to estimate V5 to 2 decimal places. 
(b) Compute the first 4 terms in the expansion of (x + 1)'/3. Use this to approximate V9. 


14.15* Canyou find a general expression for the coefficient of the x'y/z“ term in the trinomial (x+ y+z)"? 
Hints: 203 


14.16x Compute the sum 
20\ | (20 (3) + 20 (3) + 
20 18/ \2 16/ \2 


14.17 How many terms are in the expansions of: 


Hints: 34 


(a) (x+y)? 

(b) (x+y)? +(x-y)? 

(c) (x+y)8-(x-y) 

(d)x (a+b+c)® Hints: 190 

(e)x (a+b+c)®+(a+b-—c)® Hints: 149 
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Extra! Pascal’s Pyramid 


“Let's try to construct a 3-D version of Pascal’s Triangle, which will be a triangular 


pyramid. 


We'll start with a 1 at the very top, and then each number in the pyramid will be the 
sum of the three numbers directly above it. This can be a bit hard to visualize, so we'll 
describe each layer of the pyramid, starting at the top. 


The top level is just a single 1. 


The next level has three 1’s. 
1 
1 1 


The next level is where is gets interesting. There are 6 numbers total. The three corners 
are just 1. The other three numbers on edges are 2, since they’re each the sum of two 1's 
above them. 


1 2 #1 


The next level has ten numbers total. The 6 in the center is the sum of the three 2’s above 
it, and the 3’s on the edges are each the sum of a 1 and a 2 in the level above. 


Just as Pascal’s Triangle gives us the coefficients of (x + y)", Pascal’s Pyramid gives us 
the coefficients of (x + y +z)". For example, 


(xtytzparty $2? 4 3x7y + 3x2z 4 3yx + 3y°z + 327% + 3z7y + 6xyz, 
and the coefficients 1,1,1,3,3,3,3,3,3,6 are exactly the entries of Level 3 of Pascal’s Pyramid 
(where we think of the single 1 at the top as Level 0). 


Explore with the pyramid a bit and see if you can figure out why this is so! Another 
interesting feature to explore is that the sum of the numbers on Level n of the pyramid 
is 3”. 
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Pure mathematicians just love to try unsolved problems — they love a challenge— Andrew Wiles 


CHAPTER 


Piper Challenging Problems 


15.1 Introduction 


In this final chapter, we'll look at some problems which are somewhat more challenging than most of 
the problems that we’ve seen before. These problems use many of the different techniques that you’ve 
been learning throughout this book. 


Through working on these problems, you should develop some instinct for when to use each 
particular tool, as well as a greater understanding of how the basic counting concepts that you’ve 
learned can be combined and applied to challenging problems. 


15.2 Problems 


ribcledastek nm 


Problem 15.1: Alpine High School’s table tennis tournament has 64 participants. In the first round, 
the 64 players are paired in 32 games. The loser of each game is out of the tournament, and the winner 
advances to the next round. The second round consists of the 32 winners being paired off, with the 
losers being out of the tournament and the winners advancing, as before. The tournament continues 
until there is only one person left, who is declared champion. How many games are there in the 
tournament? 


Problem 15.2: Every day, the 15 students in Mr. Singh’s Advanced Chemistry class are randomly 
divided into 5 lab groups of 3 students each. What is the probability that three of the students — Linda, 
Martin, and Nancy - are in the same lab group today? 
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Problem 15.3: 6 points are placed evenly around a circle as in Figure 15.1, and are labeled A, B,C, D, E 


and F at random. What is the probability that the two triangles ABC and DEF do not overlap? (Source: 
USAMO) 


Figure 15.1: Six points around a circle 


Problem 15.4: Start with Pascal’s Triangle. On the first (left-most) diagonal, multiply everything on 
it by 1 (which of course means do nothing). On the next diagonal, multiply everything by 2. On the 
next diagonal, multiply everything by 4. On the next diagonal, multiply everything by 8, and so on. 
Now add the numbers in each row. What is the pattern, and can you prove it holds? 


Problem 15.5: The great rhombicuboctahedron is a convex polyhedron (otherwise known as a 3- 
dimensional solid). It has 26 faces: 12 square faces, 6 regular octagonal faces, and 8 regular hexagonal 
faces. At each vertex of the great rhombicuboctahedron, one square, one hexagon, and one octagon 
meet. How many of the segments formed by connecting two of the vertices are inside the polyhedron 
(rather than along an edge or on a face)? (Source: AIME) 


Problem 15.6: Three pairs of twin women are each married to twin men in such a way that each 
woman’s twin sister is married to her husband’s twin brother. If all twelve of them enter a mixed 
doubles tennis tournament, in how many ways can they be arranged as six mixed pairs (i.e. in each 
pair there is one woman and one man) so that no one is paired with their spouse or their twin’s spouse? 


Problem 15.1: Alpine High School's table tennis tournament has 64 participants. In the first round, | 
the 64 players are paired in 32 games. The loser of each game is out of the tournament, and the J 
winner advances to the next round. The second round consists of the 32 winners being paired off, 
with the losers being out of the tournament and the winners advancing, as before. The tournament § 
continues until there is only one person left, who is declared champion. How many games are there J 
in the tournament? | 


Solution for Problem 15.1: We could proceed by a constructive approach: 


There are 32 games in the first round. 
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In round 2, there are 32 players left, so there are 16 games. 

In round 3, there are 16 players left, so there are 8 games. 

In round 4, there are 8 players left, so there are 4 games. 

In round 5, there are 4 players left, so there are 2 games. 

In round 6, there are 2 players left, so there is 1 game, and a champion is declared. 
So there are a total of 32 + 16+8+4+2+1 = 63 games in the tournament. 


But there’s a much faster, “think about it” approach to solving this problem. Since there are 64 
players, and only 1 champion, there are 63 losers. Each game produces exactly 1 loser. So there must be 
63 games! 0 


Problem 15.2: _ Every ry day, the 15 students in Mr. Mr. Singh’s A Advanced C1 Chemistry class are re randomly 
divided into 5 lab groups of 3 students each. What is the probability that three of the students — 
| Linda, Martin, and Nancy — are in the same lab group today? 


Solution for Problem 15.2: We could go about this in a straightforward way by counting the total number 
of ways to divide the 15 students, and then counting the number of ways in which the 3 named students 
are together. Although this is not too difficult, it is unnecessarily complicated — there’s a much simpler 
solution. 


We will take a constructive approach to solving this problem, by looking at the problem from Linda’s 
point of view. What’s the probability that she will be matched with her friends Martin and Nancy? 


2 of the other 14 students are randomly chosen to be paired with her. There are i) = 91 ways that 
this can be done, and only 1 of those ways pairs Martin and Nancy with her. 


Therefore, the probability is 5. 0 


This last problem is a mixture of using “think about it” to make the problem simpler, then using 
basic counting tools to compute the answer. Always consider counting problems from multiple angles 
— you'll often find one that jumps to the answer much faster than others. (And if you’re lucky, or good, 
you'll find more than one so that you can check your answer.) 


Concept: Try to look at problems { from multiple directions, and try to find the v way, 
SS of looking at the problem that leads to the simplest solution. 


Problem 15.3: 6 points a are re placed evenly around a circle as in in Figure 15.2, and are labeled A, B,C, D, E| 
lana F at random. What is the probability that the two triangles ABC and DEF do not overlap? 
| (Source: USAMO) 


Extra! If there is a 50-50 chance that something can go wrong, then 9 times out of ten it will. 
via §=— Paul Harvey 
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Figure 15.2: Six points around a circle 


Solution for Problem 15.3: This looks like a very difficult problem to do using geometric probability, but 
let’s step back and think about the problem. What determines whether two triangles overlap or not? 


The three triangles will not overlap if and only if ABC and DEF are each all consecutive on the circle, 
as in Figure 15.3. If they’re not consecutive, then the triangles will overlap, as in Figure 15.4. 


D A 


B B 
Figure 15.3: Two non-overlapping triangles Figure 15.4: Two overlapping triangles 


Now that we understand the condition, we can look for a good counting approach. 


We know how to count the number of ways to place labels on the six points. There are 6 ways to 
label the first points, then 5 ways remaining to label the second point, and so on. So there are 6! ways to 
label the 6 points, right? 


Well, remember what we learned in Section 3.4 about arranging items around a circle. We have 
overcounted, and we have to divide by the 6 to account for all the rotations. So there are really 
6!/6 = 5! = 120 ways to arrange the labels, where we don’t care about rotations. 


Now, we must count how many of these arrangements have ABC all together and DEF all together. 
There are 3! = 6 ways to arrange ABC, and also 3! = 6 ways to arrange DEF. So does this mean that there 
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are 6 X 6 = 36 to arrange them all together? 


Yes: we think of our arrangements of all 6 labels as first writing our arrangement of ABC, then writing 
our arrangement of DEF; an example is ACBFDE. In this case a valid arrangement is determined by the 
arrangement of ABC in the first 3 positions, and DEF in the last 3 positions. We are not overcounting 
rotations here, so there are 36 valid arrangements. 


So the probability is 33 = 3.0 


Let’s clarify why we needed to divide our original count of 6! by 6 to account for rotations, but why 
we didn’t need to divide in our count of arrangements with non-overlapping triangles. Our initial 6! 
would have counted the arrangements ABCDEF, BCDEFA, CDEFAB, DEFABC, EFABCD, and FABCDE 
all separately, when in fact they all give the same arrangement upon rotation. So in our initial count, 
we needed to divide by 6 to correct for this overcounting. On the other hand, when we counted the 
arrangements with non-overlapping triangles, we only counted ABCDEF once, and thus didn’t have to 
correct for overcounting. 


Important: Keep careful track of exactly when and how you're overcounting. 
| 


a4 


There is a simpler solution to Problem 15.3. As we discussed above, ABC and DEF don’t overlap if 
and only if A, B, and C are selected to be three adjacent points. There are 6 ways in which we can select 


3 adjacent points (since there are 6 different choices for the middle point of the three), and & = 20 ways 


to choose any 3 points, so the probability of choosing 3 adjacent points is 2 = x. 


Let’s now revisit our old friend Pascal’s Triangle. 


‘Problem 15.4: Start with Pascal’s Triangle. On the first (left-most) diagonal, multiply everything on 
‘it by 1 (which of course means do nothing). On the next diagonal, multiply everything by 2. On the 
next diagonal, multiply everything by 4. On the next diagonal, multiply everything by 8, and so on. 
‘Now add the numbers in each row. What is the pattern, and can you prove it holds? 


Solution for Problem 15.4: If you follow the procedure described, you should get the following triangle: 
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Now we can add up the numbers in the rows: 


1 = 
142 = 3 
1+4+4 = 9 


14+64+12+8 = 27 
14+84+244+32+16 = 81 
14+10+40+80+80+32 = 243 
1+12+60+ 160+ 2404+192+64 = 729 


You probably didn’t need to add all seven shown rows in order to see the pattern: the sum of every row 
is a power of 3. Specifically, the sum of Row n is 3”. 


Now that we’ve seen the pattern, it’s time to try to prove it. We start by writing the sum in terms of 
combinations and powers of 2. For example, the sum for Row 5 can be written as: 


5 5 2/d 3/9 4{9 5/95 
2 
(3) #2(2) #2 () +2 () + ¥ 2 a 5 
In general, we can write the sum for Row nas: 


4 +2(1) ro 2k(7) ro t2("). 


This type of expression ought to look somewhat familiar by now. It looks an awful lot like the Binomial 
Theorem. But there are no x’s and y’s. Recall the general form of the Binomial Theorem: 


nH a n q n—- eee ke n—k eee ia n 
(x + y) = (5) +(T)s ly 4 +(f)s yf + +(")y 


Now, how do we make the general form look like what we want? We just plug in x = 1 and y = 2, and 


we get: 
3° = (14+2)" = (5) + (ates (ate (2 


Well, that’s what we wanted to prove! 0 


= : : ante ee nner ee RO 
Whenever you see an expression involving a sum of combinations with | 
the same “top” number, think about using the Binomial Theorem. | 


‘Problem 15.5: The great rhombicuboctahedron is a convex polyhedron (otherwise known as a 3- 
dimensional solid). It has 26 faces: 12 square faces, 6 regular octagonal faces, and 8 regular hexagonal 
faces. At each vertex of the great rhombicuboctahedron, one square, one hexagon, and one octagon 
meet. How many of the segments formed by connecting two of the vertices are inside the polyhedron 
(rather than along an edge or on a face)? (Source: AIME) 


| 
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Solution for Problem 15.5: First of all, if you can see this thing clearly in your head, then you’re a much 
better geometrician that I! 


We need to start counting things that we can count. Let’s start by counting the number of vertices. 
Each square has 4 vertices, so the squares contribute 12 x 4 = 48 vertices total. 

Each hexagon has 6 vertices, so the hexagons contribute 8 x 6 = 48 vertices total. 

Each octagon has 8 vertices, so the octagons contribute 6 x 8 = 48 vertices total. 


So that’s a total of 48 + 48 + 48 = 144 vertices. But wait! Each vertex is counted three times, since 
the problem explicitly tells us that at each vertex, a square, a hexagon, and an octagon meet. Therefore 
we've overcounted, and we must divide by 3 to correct for the fact that each vertex has been counted 3 
times. So the number of vertices in the great rhombicuboctahedron is 144/3 = 48. 


Now we can start counting edges. Since there are 48 vertices, there are ) = 1128 segments 


connecting pairs of vertices. However, we only want the interior segments. We can either count them 
directly, or use complementary counting and count the edges and face diagonals. For practice, and to 
check our answer, let’s do both. 


To directly count the interior segments, we need to ask ourselves: given a fixed vertex, how many of 
the other 47 vertices give an interior segment with our fixed vertex? 


There are 3 other vertices on the square face, 5 other vertices on the hexagonal face, and 7 other 
vertices on the octagonal face, to which we can’t connect. However, 3 of those vertices are counted 
twice, since they sit on more than one face connected to our fixed vertex. So there are3+5+7-—3=12 
vertices which do not give an interior segment. Therefore, there are 47 — 12 = 35 interior segments 
attached to each vertex. 


Since each interior segment is connected to 2 vertices, there are a total of Sie) = 840 interior 
segments. 


We could have also proceeded by complementary counting of the edges. We already counted that 
there are 1128 total segments between vertices. We now need to count the number of edges and face 
diagonals, and subtract this count from out total, to get the number of interior segments. We will use 

n(n—3) 


the formula, computed in Problem 3.8, that the number of diagonals of an n-gon is ~~ 


Each of the 12 squares contributes 4 edges and 2 interior diagonals, for a total of 48 edges and 24 
interior diagonals. 


Each of the 8 hexagons contributes 6 edges and 9 interior diagonals, for a total of 48 edges and 72 
interior diagonals. 


Each of the 6 octagons contributes 8 edges and 20 interior diagonals, for a total of 48 edges and 120 
interior diagonals. 


However, each edge is counted twice (since it lies on two faces), so we must divide our edge total by 
2. Therefore, there are a total of S**#8 = 72 edges and 24 + 72 + 120 = 216 face diagonals. 


So the number of interior segments of the great rhombicuboctahedron is 1128 — 72 — 216 = 840. 


We did it two ways, and got the same answer. (Always a good sign!) 0 
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By the way, Figure 15.5 shows a picture of the great rhombicuboctahedron. 


Cc = a ieee Se, GSR hay 


[Problem 15.6: Three pairs of twin women are each married to twin men in such a way that each J 
‘woman’s twin sister is married to her husband’s twin brother. If all twelve of them enter a mixed § 
‘doubles tennis tournament, in how many ways can they be arranged as six mixed pairs (i.e. in each J 
‘pair there is one woman and one man) so that no one is paired with their spouse or their twin’s § 
spouse? 


| 


Solution for Problem 15.6: This problem is initially terrifically confusing. One big challenge in many 
counting problems is just parsing the question, figuring out exactly what you are counting, and deter- 
mining what the restrictions are. 


Our first step should be to express the problem with symbols that will allow us to think about 
the problem more clearly. In other words, we need to convert the English problem statement into 
mathematics. This is one place where the “art” of problem solving comes into play. 


For this problem, suppose we let the women be Aj, A2, B1, Bz, C; and C2, and then men be 41, a2, b1, 
by, C1, and cp, where the women and men with the same letter are twins (so, for example, B, and B2 are 
twin sisters). Also, the married couples have the same letter and number (so, for example, C; and c; are 
married). Stop for a moment and verify that this notation incorporates all of the conditions mentioned 
in the first sentence of the problem. 


Now we can examine the condition about how the people are to be divided into pairs. The condition 
that “no one is paired with their spouse or their twin’s spouse” means that two people with the same 
letter cannot be paired (for example, Aj-42 would be an illegal pairing). 


So now that we have a symbolic way to think about the problem, how can we proceed with the 
counting? 


We can try a constructive approach. Let’s try to construct a valid set of pairings, and keep track of 
the number of choices that we have along the way. 


Let’s start with woman A;. We have 4 choices for her partner: b,, bz, c1, or cz. (Remember that she 
can’t be partnered with either her husband a, or her brother-in-law a2.) Since for the purposes of the 
construction of the pairings, it doesn’t matter which one she picks, let’s assume that it’s b} - but we must 
remember that we had 4 choices at this step. 
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So now let’s deal with Az. We have 3 choices for her partner: b2, cj or cz, since b; has already been 
paired with A;. However, for the subsequent steps of the construction, it makes a difference whether A2 
is paired with b2, or whether A2 is paired with one of the c’s. So we now have two cases to consider. 


Case 1: Az is paired with b2 
In this case, the C’s must now be paired with the a’s, since there are no b’s left. Hence the B’s must now 
be paired with the c’s. Each of these pairings can be done in 2 ways (for example, we could have C)-1, 
C2—-a2 or C)-22, C221). So in this case, there are a total of 4 possible choices. 


Case 2: Az is paired with one of the c’s 
There are 2 choices for which c that Az is paired with. It doesn’t make any difference for the rest of the 
construction, so suppose A? is paired with c). Then the remaining unpaired players are: 
By, Bz, Cy, C2 and a1, a2, b2, C2. 


The remaining choices are: 


e b2 must be paired with one of the C’s. This has 2 choices. 
@ c2 must be paired with one of the B’s. This has 2 choices. 


e The two a’s must be paired with the remaining two women. This has 2 choices. 


So there are a total of 2 x 2 x 2 x 2 = 16 choices in this case. 
Therefore, between the two cases, we have 4 + 16 = 20 choices of how to complete the pairings. 


But remember that our initial step had 4 choices! Everything that we did after our initial choice is 
the same no matter which initial choice that we made, so each of the 4 initial choices leads to 20 ways to 
complete the pairings. (Notice how we’ve taken advantage of the symmetry here!) 


Therefore, the number of possible pairings of the six couples is 4 x 20 = 80. O 


We used a lot of counting tools to solve this last problem, so that seems like a good problem with 
which to finish! 


| _ Challenge Problems 


15.7 Each of 2 teams has 10 players numbered from 1 to 10. In the first game, the two #1s play each 
other. The loser of each game is eliminated and replaced by the next player of the same team, until 
all players from one team have been eliminated. What is the number of possible sequences of games? 
Hints: 210 


15.8 The distance from a point (x, y,z) in space to the origin is ,/x* + y* + z. A lattice point is a point 
in space which has coordinates which are all integers. How many lattice points are exactly 7 units away 
from the origin? Hints: 61 


15.9 A 7-digit number is chosen at random. Which is more likely: the number has no 1’s among its 
digits or the number has at least one 1 among its digits? Hints: 81 
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15.10 A ternary sequence is a sequence of digits made up entirely of 0’s, 1’s, and 2’s, such as 002221102. 


(a) How many 3-digit ternary sequences have exactly one 1? 
(b) How many 4-digit ternary sequences have exactly one 1? 
(c) How many 4-digit ternary sequences have exactly two 1's? 


(d) How many n-digit ternary sequences have exactly k 1’s (where n and k are nonnegative integers 
with k < n)? Make sure that the expression that you get produces the answers that you found in 
parts (a)-(c). Hints: 164 


15.11 How many 20-digit numbers are there such that the sum of their digits is even? Hints: 187 


15.12 Six points on a circle are given. Four of the chords joining pairs of the six points are selected at 
random. What is the probability that the four chords form a convex quadrilateral? Hints: 183 (Source: 
AMC) 


15.13 The integers 1,2,3,4,5,6,7,8 are placed in a list so that each value is either bigger than all the 
numbers that precede it or is smaller than all the numbers that precede it. For example, 


49,0; 3; 2717150 


is one such list. How many such lists are possible? Hints: 14 (Source: AIME) 


15.14 Weare given a table with j rows and k columns. A box in the mth row and nth column is chosen. 
How many rectangles formed by boxes in the table contain the chosen box? (Your answer should be 
written in terms of j,k,m, and n.) Hints: 116 


15.15 A regular 9-sided polygon is inscribed in a circle. Three of the polygon’s vertices are chosen at 
random, and the triangle formed by connecting these three vertices is drawn. What is the probability 
that the center of the circle lies inside the triangle? Hints: 98 


15.16 A 3-digit number is created with three different digits randomly chosen from 1 to 5, inclusive. 
What is the probability that the number is divisible by 15? Hints: 67, 132 


15.17 A large cube is painted red on all six sides, and then cut into 64 smaller congruent cubes. 


(a) How many of the small cubes are painted red on exactly one side? 
(b) How many of the small cubes are not painted red on any sides? 
(c) Accube is selected at random and rolled. What is the probability that it has a red side facing up? 


(d) Repeat part (c), except now assume that the large cube is cut into n° smaller congruent cubes 
(where n is an arbitrary positive integer). Hints: 159 


15.18 Rose writes all the 7-digit numbers in which all the digits are different and each digit is greater 
than the one to its right (so the tens digit is greater than the units, the hundreds greater than the tens, 
and so on). 


(a) How many numbers are there in Rose’s list? 
(b) One of Rose’s numbers is chosen at random. What is the probability that the tens digit is a 1? 


(c)* Rose circles the middle digit of each number, then adds up all the circled digits. What sum does 
she get? Hints: 101 
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15.19 [have a bag with 5 quarters and 3 nickels. I randomly draw coins out one at a time. What is the 
probability that I haven’t removed all 3 nickels after 4 draws? Hints: 31 


15.20 A piece of string is cut into two pieces at a point selected at random. What is the probability that 
the length of the longer piece is at least 4 times the length of the shorter piece? 


15.21 Three fair 6-sided dice are tossed. What is the probability that the sum of the numbers on two of 
the dice equals the third? Hints: 193 


15.22 Annette, Babette, Colette, and 13 other girls are playing in a 16-player, single-elimination tennis 
tournament. The 16 players are placed at random in the first column of the bracket shown in Figure 
15.6 to play 8 games in Round 1. The winners of every match are then written into the bracket and play 
in Round 2, and so on. The tournament proceeds until only one player remains. Given that Annette is 
the best player of the 16 in the tournament, Babette is 2nd best, and Colette is 3rd best, and that the best 
player always wins each match, find the probability that: 


(a) Annette wins the tournament. Hints: 55 
(b) Babette is the runner-up of the tournament (she gets to the finals, but loses). Hints: 87 


(c)* Colette is the runner-up of the tournament. Hints: 170 


Figure 15.6: Tennis tournament bracket 


15.23% A bag has marbles of 4 colors: red, white, blue, and green. Assume that if we take four marbles 
out at random (without replacement), each of the following is equally likely: 


(a) one marble of each color is chosen 
(b) one white, one blue, and two reds are chosen. 
(c) one blue and three reds are chosen. 


(d) all four are red. 
What is the smallest possible number of marbles in the bag? Hints: 135 (Source: AMC) 


15.24 Describe the positive integers n for which the expansion of the expression 


1 n 
(eo 
x 
has a constant term (a term with no x appearing in it). For those values of n, what is the coefficient (in 
terms of n)? Hints: 177 


15.25 My basketball team has eight games next month. We’re pretty good; we have a 3 chance to win 
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in each game. What is the probability we have a winning streak of at least four games at some point 
during the month? Hints: 17 (Source: Mandlebrot) 


15.26 Carlos has chosen 12 different CDs he would like to buy: 4 are rap music, 5 are country music, and 
3 are heavy metal music. (Carlos has very eclectic tastes in music!) Unfortunately, he has only enough 
money to afford to buy 5 of them (they all cost the same price). So he selects 5 of them at random. What 
is the probability that his purchase includes at least one CD from each of the three categories? 


15.27, A3x3 x3 wooden cube is painted on all six faces, then cut into 27 unit cubes. One unit cube is 
randomly selected and rolled. After it is rolled, 5 of the 6 faces of the cube are visible (only the face on 
the bottom in unseen). What is the probability that exactly one of the 5 visible faces is painted? (Source: 
MATHCOUNTS) 


Extra! Where do we go from here? 


“—ne* Tt seems like we've covered a lot of counting and probability in this book —- and we have! 


But this book is only Introduction to Counting & Probability. In the next book in the series, 
called Intermediate Counting & Probability, we'll explore some more advanced counting 
and probability techniques, including: 


e Conditional Probability 

e 1-1 Correspondences 

e Recursion 

e The Principle of Inclusion and Exclusion 
e Generating Functions 


e ...and more! 


If you enjoyed this book and learned from it, we hope you will continue with the 
Intermediate book, which should be available in late 2006. 
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Hints to Selected Problems 


. How many choices do I have for the first book? Then how many choices do I have for the second 


book? For the third book? 


. Think about it! 
. First use Pascal’s Identity. 


. Set up a Venn diagram for the Fencing club where the circles are “middle school students” and 


“boys.” Now you can fill in all of the regions in terms of x. 


. Is there an easy way to solve this? 

. What is the probability that I’ll recover the treasure if I hire n helicopters? 
. Each vertex is adjacent to 5 edges, so each vertex has 6 interior diagonals. 
. The rules don’t require that a player must aim at another player. 


. Terms with (V3) with k even will be integers. Terms with (V3) with k odd will have a V3 term in 


them. 


. Use complementary counting: count the number of words with no vowels. 
. Convert n? into combinations, so that we can apply the Hockey Stick Identity. 


. Here’s one way to divide the problem into 3 cases: numbers of the form xyx, numbers of the form 


xyz where x # z and z is nonzero, and numbers of the form xy0. 


. 3 lattices points will not give a triangle with positive area if and only if they are all on the same 


line. 


. Start at the end of the list, and work backwards. How many choices at each step? 


. Use constructive counting to count the number of words which have no two consecutive letters the 


same. 


. Count the number of pairs of crossing diagonals. 
. Use casework based on when the first game in the winning streak occurs. 


. What is the probability that I can roll 6 times without rolling a 
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19. 
20. 
21. 


22. 


23. 
24. 
29; 
26. 


Zi. 


28. 
29. 
30. 


31. 
cya 
33. 
34. 
35. 
36. 


37. 


38. 
39. 
40. 


41. 
42. 
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Compare with (5 — 1)”. 
Be careful not to overcorrect for the symmetry. 
You can solve this geometrically, but there’s also a “think about it” solution. 


Assign a variable to the probability that a & 3) is rolled. Then sum the probabilities that & through 
are rolled. What must this sum equal? 


You may have to use the Hockey Stick Identity 13 times to solve this one. 
Are any of 5!, 10!, and 15! factors of each other? 
Use complementary probability. 


You can take care of the “assuming that two seatings are the same...” condition by not counting 
where the first student sits. 


The product of two integers is odd if and only if the two integers are themselves odd. 


9-k ee 
Each term is going to be some coefficient times (x2)* (-2) . When will this be a constant? 
Organize your casework using the length and the width of the rectangles. 


Note that Timmy must always win the middle game, also he also has to win either the first game 
or the last game. 


Perhaps the probability that I have removed all 3 nickels is easier to compute. 

Once n! is divisible by 9, are all larger m! (with m > n) also divisible by 9? 

What is the probability of Wayne winning on his first turn? On his second turn? On his nth turn? 
Compare (1 + 5)”° and (1 — 5)”. 

Start by finding the largest perfect cube less than 500. 


What are the fair probabilities of A and B winning? Then P(C) = 1 — P(A) — P(B), and you can use 
this to set fair odds for C. 


Imagine a club with n members: you want to choose a committee with m members and a subcom- 
mittee of the committee with r members. 


Use casework based on the number of A’s in the word. 
Do any of the other digits matter? 


What is my expected recovery value if I hire n helicopters? (Don’t forget to subtract the cost of 
hiring the helicopters.) 


Break into cases where one digit is zero and where all digits are nonzero. 


Use casework. There are 6 cases, corresponding to the (5) = 6 possible choices for the two properties 
which match (and the other two which don’t match). 


43. 
44. 


45. 
46. 
47. 


48. 


49. 
50. 
51. 


52. 
53. 
54. 


55. 
56. 
57. 
58. 
59. 


60. 
61. 
62. 


63. 
64. 


65. 
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Think of this problem as choosing two separate committees. 

Are the events “the Grunts will win” and “Biff will score” necessarily independent? 
6 

You want the term corresponding to (x7)? (-2) ; 


You'll have to do separate cases where k is even and k is odd. 


This will require casework. You'll need separate cases for when the first card is the 4@ and for when 
the second card is the 24. 


Call a committee “good” if it has an even number of members, and a committee “bad” if it has an 
odd number of members. You need to show that the number of good committees and the number 
of bad committees are equal. 


Let x be the number of middle school boys in the club. 
If you’re stuck, plug in some actual numbers for m and f and compute the probabilities. 


Don’t let the z and yz throw you off. They’re irrelevant. (Do you see why?) So you can replace 
them with x and y if you like. 


How many symmetries does this table have? 
First place the twins, then place the sister, then the boys. 


Let x < y be the two chosen points. Set up the 3 Triangle Inequality expressions, and represent 
them as regions on the triangle with vertices (0,0), (0, 1), (1, 1). 


Think about it! 

In how many ways can you choose a 7-person committee from a club of 5 members? 
It is possible to see all of 3 sides of the big cube from a single point. 

Count the number of paths to the point in the middle of Row 2n. 


First count how many ways you can place 5 D’s and 5 R’s around the table to meet the condition. 
Then count how many ways you can place the individual Senators. 


You'll probably want to make a chart. 
Solve x* + y* + 2” = 49. Use casework. 


Count the total number of outfits without restrictions, and subtract the number of outfits all of one 
color. 


Is the answer the same if we just look at 0 < y < 1? 


Start by giving 2 pieces to the oldest kid. Now you've reduced it to a problem that you know how 
to solve! 


Count how many integers can be written as a sum of two cubes where 1° is the smaller cube, then 
count how many can be written where 2° is the smaller cube, and so on. 
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66. 


67. 
68. 
69. 
70. 


71. 
ips 


73. 


74. 
79. 
76. 
77. 


78. 
79. 
80. 
81. 
82. 


83. 
84. 
85. 
86. 
87. 
88. 
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Use casework. One case is where the first card is the Ace of >, and the other case is where the first 
card is a > of another rank. 


What does the last digit have to be? 
Break into two cases: planes which contain a face of the cube, and planes which don’t. 
Does it matter where the other 98 numbers go? 


Compute the probabilities that you get the first head on the 1st flip, on the 2nd flip, on the 3rd flip, 
and so on. 


First seat Alice. Then how many choices are there for Bob’s seat? 


Think about it! If we reversed the condition (so that ABP has a smaller area than CDP), what would 
the answer be? 


For this problem, we give hints to what is arguably the most natural proof method. But also try to 
find proofs using a different method! 


Rather than computing tay use our identity to give yourself a simpler computation. 
An inscribed triangle contains the center in its interior if and only if all of its angles are acute. 
You'll need to use casework for this one, based on the number of pieces given to the twins. 


To have a successful outcomes, one of the integers must be between 20 and 29 inclusive, another 
must be between 30 and 39 inclusive, and so on. 


Compare with (1 + 2)”. 

Count the number of 5-digit numbers with no zeros. 

Compute the number of ways to flip 0 heads, 1 head, or 2 heads. 
Which is easier to calculate? 


Count the choices for Charlie and Danny first, then the choices for Anna and Betty, then the choices 
for the other 3 kids. 


Do we need to consider all rectangles? 

Don’t read random hints! 

How many such diagonals emanate from each vertex? 

There is a simple condition on an inscribed triangle for it to contain the center — look at the angles. 
She’ll only miss the finals if she has to play Annette before then. 


Choose the goalie first. Then the rest of the team is like a committee chosen from the remaining 
players. 
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89. 


90. 
91. 
92. 


93. 
94. 


95. 
96. 
97. 
98. 
99. 
100. 
101. 


102. 
103. 
104. 
105. 
106. 
107. 
108. 
109. 
110. 
111. 
Lz. 


113. 


Let n be the number of tiles per side of the bathroom (so that there are n* tiles total). Write the 
number of blue tiles in terms of n. 


Let the probability of rolling a [+ |be x. Then what is the probability of rolling a ir 
In how many ways can I invite 3 out of n friends to dinner? 


We need either the quarter to come up heads, or both the nickel and the dime to come up heads. 
The penny is irrelevant. 


Group all the paths to Row n by which point they pass through on Row n — 1. 


Use the formula for P(n,k) and you should find that some terms cancel when you multiply 
P(n,k)P(n — k, }). 


Find the number of ways to flip at most 1 tail in terms of n. 

Regardless of whether x; is odd or even, how many choices do we have for x2? 

What is the probability that I end up with more tails than heads? 

Use careful casework. 

First determine how many interior diagonals there are from each vertex. 

All of these triangles have the same base, so the relationships of the areas are based on the heights. 


This requires casework to count the number of numbers in the list with each different possible 
middle digit. 


Find the sum from 1 to k, and the sum from 1 to j — 1. 

Use casework based on the number of men. 

The smallest set is {1, 2,3, 4}. To find the largest set, use the fact that 17* < 100,000 < 18. 
There is no really good answer to this one. 

Count the number of white ball combinations and the number of red ball combinations. 
Compare P(at least 4 heads appear) and P(at least 4 tails appear). 

Use complementary counting. 

It is fairly easy to calculate the probability of an all-boy or all-girl committee. 

Distribute the two types of candy separately. 

In how many points can two circles meet? 


Let n be the number of times that I take a picture. Find the probability, in terms of n, that in each of 
my n pictures, somebody is looking away. 


Remember that the area of a triangle is base times height divided by 2. We know what the base is, 
so how much does the height have to be? 
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114. 


115. 
116. 
117. 
118. 
119. 
120. 
121. 
122. 
123. 
124. 


125, 
126. 


127. 
128. 


129. 
130. 


131. 
132. 


133. 
134. 
135. 
136. 
137. 
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Start with the first number. Then how many choices are there for the second number? The number 
of choices for the second number will depend on your choice of first number. 


All that matters is the order in which the marksman selects the columns. 

Think about how you would choose the four corners of the rectangle. 

Add 1 to each term. 

Try reversing the list first. 

The answer is somewhat surprising. Think outside the box! 

Any “committee” of 3 vertices will determine a unique triangle. 

Find the points where BD = v2. 

Imagine a club with m men and n women, and we want to choose an r-person committee. 
Make sure you have a systematic way of keeping track of the items in your list. 


Imagine the missing line is filled in. Count the number of paths from D to E without restriction, 
and count the number of paths from D to E which use the path from F to G. 


Don’t compare apples to oranges! 


Do you really need to worry about distributing both types of candy? Once you distribute the taffy, 
the licorice distribution is automatic. But beware: no kid can receive more than 3 pieces. 


A long way is to use casework based on the number of the marble that Mathew chooses. 


Look at the Aces one at a time. What is the probability that the second Ace is not in the same hand 
as the first Ace? What is the probability that the third Ace is not in the same hand as either of the 
first two Aces? Finally, what is the probability that the fourth Ace is in the fourth hand? 


Try adding n to the sum in a clever way. 


If we think of C as having coordinate 0 and D as having coordinate 6, and P as having coordinate 
x, then the condition is equivalent to the inequality x < (6 — x)’. 


You should be able to read this information from the Venn diagram. 


The last digit ensures it will be divisible by 5. What is the condition for the number to also be 
divisible by 3? 


First count the number of choices for the 3 cards which are the same rank. 
For each diagonal, how many other diagonals are parallel to it? 

Let r be the number of red marbles, b the number of blue marbles, and so on. 
How many steps does Mack have to take in each direction? 


Use the fact that the sum of the probabilities of rolling each of the six sides must sum to 1. 


138. 


139. 


140. 
141. 


142. 
143. 
144. 
145. 
146. 
147. 
148. 
149. 
150. 
151. 


152. 
153. 
154. 
155. 
156. 


157. 
158. 
159. 
160. 
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Let x be the number of students who take physics (since that’s what we’re trying to find). Set up a 
Venn diagram where some of the entries will depend on x. 


You need the amount that you win on the winning horse to exceed the amounts you lose on the 
other two horses. 


Organize your casework using the lengths of the base and the legs of the triangles. 


Use a Venn diagram with 3 circles. Remember to start filling in from the inside and work your way 
out. 


Don’t do casework! You can answer this problem very quickly if you just think about it! 
Subtract two “hockey sticks.” 

How many choices does each subsequent student have? 

This is a bit of a trick question! 

Use algebra to simplify the expression 4 Grd ). 

Given four distinct digits, in how many ways can they be arranged to form a snakelike number? 
It is much easier to calculate the probability of drawing 3 white balls or 3 black balls. 

Which distributions from part (d) get canceled out? 

How many rows are there? (The answer’s not 20.) 


Use casework. One case is where the first card is the King of 9, and the other case is where the first 
card is a King of another suit. 


Recall that a cube has 6 faces and 8 vertices. 

Do any four vertices uniquely determine a pair of crossing diagonals? 
Remember that a 5-digit number cannot begin with 0. 

Use casework, with three cases: rain on 0 days, rain on 1 day, and rain on 2 days. 


It may be easier to calculate if you compute the expected value for one of the suits (say, the 9s), 
and then take an appropriate weighted average. 


Determine how many students are taking French only, and how many are taking Spanish only. 
Remember that a number cannot begin with 0. 
Among all of the little cubes, count the number of red faces and the total number of faces. 


What is the expected value of the number of pennies in Caitlin’s pile after 1 turn? After 2 turns? 
After 100 turns? After n turns, for any positive integer n? 


Use complementary counting. In how many ways could someone hold all 3 positions? 


23/7 


HINTS TO SELECTED PROBLEMS 


162. 
163. 
164. 


165. 


166. 


167. 
168. 
169. 


170. 
171. 


172. 


173. 
174. 
175. 


176. 


177. 


178. 


179. 
180. 
181. 
182. 
183. 


238 


It might be easier if you multiply the entire list by 3, to get rid of the fractions. 
Count the paths from D to F and the paths from G to E. 


Break the problem up into parts. First count the number of ways that you can place the 1’s. Then 
count the number of choices for the other digits. 


For the outcome to be successful, we need the dime to come up heads, or we need both the penny 
and the nickel to come up heads. 


You can start by fixing the coloring of one face. Then, how many ways are there to color the 
remaining faces? 


You’re looking for the coefficient of the term with (3x*)° in it. 
Choose the goalie first, then choose the other 10 players. 


It doesn’t matter where the first point is chosen. Think of the first point as cutting the circle; you 
can then consider the other two points are being chosen on a line segment. 


A couple of things have to happen for this to occur. 


Each division is a round-robin tournament. Then you need to count the number of games between 
teams of different divisions. 


First count the handshakes involving at least one man. Then count the handshakes between 2 
women. 


Count the number of ways to form a committee of any size. 
Seat the child in the center first. 


Let x be the number of students with blue eyes (remember, it’s usually a good idea to set a variable 
to be what we want to find). 


You need to determine all of the possible outcomes for which the sum of the numbers is 6. 


ee -k 
All terms are of the form of some coefficient times (x)* (+) "™ for some k. So x3-" must be a constant 
for some k. What does that imply about n? 


Count the number of 0’s in the 1-digit numbers, then the number of 0’s in the 2-digit numbers, and 
so on. Don't forget to count 256 (a 9-digit number in binary) at the end! 


Choose the first block. How many of the remaining 119 blocks satisfy the condition? 

If you add 3( es ) + ) treet Gay you may find the resulting expression easier to deal with. 
Note that all the terms differ by 5. 

Use casework. What are good choices for the different cases? 


Count the number of ways to choose 4 chords. Is there then an easy way to count the number of 
possible quadrilaterals? 
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What happens if you divide the sum by 2? 


To compute the units digits of the sum, you only need to know the units digit of each term in the 
sum. 


Three lengths a,b,c form a triangle if and only if they satisfy the triangle inequality in all possible 
ways:a+b>c,a+c>b,andb+c>a. 


Think about it! 


This problem can be solved in a manner similar to that of Problem 2.10: assume x < y < z and 
make a chart of the number of possible y’s for each x. 


We want to find the smallest 1 such that (3) > 365. 
This is a distribution problem. In how many ways can we distribute 8 slots to 3 variables? 


You can use the formula for P(n,k) and plug in k = n, or you can use your knowledge of what 
P(n,n) means in a counting sense. 


First determine how many eligible lattice points there are. 


Separately treat the cases where all three dice show different numbers, and where two of the three 
dice match. 


First count how many ways you can place 5 D’s and 5 R’s around the table to meet the condition. 
Then count how many ways you can place the individual Senators. 


Find an expression which relates E to pE, and solve for E. 

Compute separately the number of paths from E to F and the number of paths from F to G. 
Let b be the number of boys and g be the number of girls. You’re trying to find be 

How many paths are there to a point on the far left end of any row? 

Count the number of seatings in which Paul and Wilma are seated next to each other. 

Start by giving each kid a piece of candy. Then we have 7 pieces left to distribute. 

Factor 8! as 8 x 7!. 


This is just like all the problems we've done before, except with books instead of letters. 


For each copy of x'y/z*, where i + j + k =n, you need to choose i of the n slots for x to occupy, j of 
the n slots for y to occupy, and k of the n slots for z to occupy. 


The answer is the same if we look at a 1 x 2005 rectangle with its center square shaded. 
Since casework gets rather complicated, use complementary counting. 


What sizes of rectangles cannot contain 4 black squares? 
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If Caitlin wins, then she has 1500 pennies. If she loses, then she has 0 pennies. What is the expected 
value of the number of pennies that Caitlin has at the end of the game? 


Use complementary counting. 


It doesn’t matter where the first point is chosen. Think of the first point as cutting the circle; you 
can then consider the other two points are being chosen on a line segment. 


Can we use some of the symmetry present in the problem? 


Start counting with the kids who have the most severe restriction, then the kids with the less severe 
restriction, then the kids with no restrictions. 


At some point, does the units digit of n! become zero? 
Look at some diagonal lines in Pascal’s Triangle. 


Now count the number of choices for the other 2 cards. Be sure not to count full houses (where the 
other two cards match in rank) or four-of-a-kinds (where one of the other two cards matches the 
first 3 cards). 


Count the number of ways to seat Fred and Gwen first. 
First solve the problem for 2 Senators. What happens if you then add a third Senator? 


Use casework. Count the outcomes where they’re both heads and the outcomes where they’re both 
tails separately. 


You may find this easier if you factor it first: (z* + 3z)P = 2(z+ 3). 
Do separately for n even and n odd. 
First choose where the Grand Pooh-Bah sits. 


Count the number of ways that I can choose my marbles. Once I’ve chosen my marbles, how many 
choices does Mathew have? 


All such paths must pass through exactly one point in Row n, so you can count the paths by using 
casework, where each case is determined by which point in Row n the path passes through. 


Count the number of ways to form an (n — 1)-person committee from n men and n women. 
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The Art of Problem Solving (AoPS) is: 


e Books 


For over 12 years, the Art of Problem Solving books have been used by students as a resource 
for the American Mathematics Competitions and other national and local math events. 


Every school should have this in their math library. 
— Paul Zeitz, past coach of the U.S. International Mathematical Olympiad team 


e Classes 


The Art of Problem Solving offers online classes on topics such as number theory, counting, 
geometry, algebra, and more at beginning, intermediate, and Olympiad levels. 


All the children were very engaged. It’s the best use of technology I have ever seen. 
~— Mary Fay-Zenk, coach of National Champion California MATHCOUNTS teams 


e Forum 


As of October 2005, the Art of Problem Solving Forum has over 13,000 members who have posted 
over 325,000 messages on our discussion board. Members can also join any of our free “Math 
Jams”. 


I'd just like to thank the coordinators of this site for taking the time to set it up... I think this is a 
great site, and I bet just about anyone else here would say the same... 
— AoPS Community Member 


e Resources 


We have links to summer programs, book resources, problem sources, national and local com- 
petitions, and a [4TgX tutorial. 


I'd like to commend you on your wonderful site. It’s informative, welcoming, and supportive of 
the math community. I wish it had been around when I was growing up. 


— AoPS Community Member 


e ...and more! 


Membership is FREE! Come join the Art of Problem Solving community today! 


www.artofproblemsolving.com 


